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Introduction 



In this thesis we prove four local normal form theorems in Poisson geometry using several techniques. 

Theorems 1 and 2 are normal form results around symplectic leaves, which are both proven geometrically. 
While Theorem 1 is in the setting of symplectic foliations, Theorem 2 treats arbitrary Poisson manifolds. 
Theorem 3 is a formal equivalence result around Poisson submanifolds with an algebraic proof that uses 
formal power series expansions of diffeomorphisms and multivector fields. Theorem 4 is a local rigidity 
result around Poisson submanifolds with an analytic proof involving the fast convergence method of Nash 
and Moser. This result implies a strengthening of Theorem 2. As a more surprising application of Theorem 
4, we obtain a description of the smooth deformations of Lie- Poisson spheres (Theorem 5), which repre- 
sents the first computation of a Poisson moduli space in dimension greater or equal than three around 
a degenerate (i.e. non-symplectic) Poisson structure. We also present a new approach to the existence 
problem of symplectic realizations (Theorem 0). 

Poisson geometry 

Poisson geometry has its origins in the Hamiltonian formulation of classical mechanics, where the phase 
space of certain mechanical systems carries a Poisson bracket. In general, a Poisson structure on a manifold 
M is defined as Lie bracket {•, •} on the space of smooth functions on M that acts by derivations in each 
entry. Explicitly, the operation {•, •} is required to satisfy: 

{f,9} = -{gJ}, 

{f,9h] = {f,g}h^{f, h}g, 
{/, {g, h}} + {ff, {K /}} + {h, {/, g}) = 0. 

The second equation shows that every function / S C°°{M) induces a vector field Hf (the Hamiltonian 
vector field of /) via LHf{g) ~ {f,g}- 

A Poisson structure can be described also by a bivector field tt e r(A^rM) satisfying [tt, tt] = for the 
Schouten bracket. The relation between the bivector and the bracket is given by 

{f,g} = {n,dfAdg). 

The beauty and the strength of Poisson geometry lies in the fact that it brings together various fields 

of differential geometry: 

Foliation Theory. A Poisson manifold carries a natural partition into immersed submanifolds, called 
leaves. Two points that can be connected by flow lines of Hamiltonian vector flelds belong to the same 
leaf, and in fact, this relation defines the partition. If the leaves have the same dimension, one deals with 
standard foliations and one says that the Poisson structure is regular. 

Symplectic Geometry can be seen as the nondcgenerate version of Poisson geometry. Namely, the 
condition that a nondcgenerate two-form is closed is equivalent to its inverse being a Poisson bivector. The 
relations between symplectic and Poisson geometry are actually deeper: the leaves of a Poisson manifold are 
(canonically) symplectic manifolds, while the global object associated to a Poisson structure is symplectic 
(the Weinstein groupoid). 

Lie Theory. Lie algebras are the same as linear Poisson structures: a Lie algebra (g, [•,•]) induces 
a canonical Poisson structure TTg on g*, whose Poisson bracket extends the Lie bracket [•, •] form linear 

functions to all smooth functions; conversely, any Poisson bivector on a vector space whose coefficients are 
linear functions is of this form. In fact, for any Poisson manifold (M, tt), the normal spaces to the leaves 
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are linear Poisson, i.e. for x £ M, the annihilator of the tangent space to the leaf through x carries a Lie 
algebra structure. This is called the isotropy Lie algebra at x and is denoted by [q^i [•,•])■ 

In contrast with symplectic geometry, Poisson geometry is interested even locally, and a large part of 
the research is motivated by such local issues. The study of local properties of Poisson manifolds begins 
with the work of Weinstein (75]. We mention here (see loc.cit.): 

The local splitting theorem. Locally, a Poisson manifold decomposes as the product of a symplectic 
manifold (which is a small open in the symplectic leaf) and a Poisson manifold with a fixed point (which 
is the Poisson structure induced on a small transversal to the leaf) . 

Local existence of symplectic realizations. Around every point in (A/, vr), there exists an open U 
and a symplectic manifold (S,aj) with a surjcctive Poisson submersion (S,w) — >■ ([/, tt). 

Formal linearization. If the isotropy Lie algebra Qx at a fixed point x is semisimple, then the Poisson 
structure is formally isomorphic around x to the linear Poisson structure TTg^ . 

Weinstein also conjectures the following theorem, proven by Conn |10) . 

Conn's linearization theorem. If the isotropy Lie algebra Qx at a fixed point x is semisimple and 
compact, then the Poisson structure is isomorphic around x to the linear Poisson structure tt^^ . 

Conn's proof is analytic, based on the Nash-Moser method. We rewrite his proof with some simplifi- 
cations in section 11.31 Conn's result is a "first order normal form theorem" , in the sense that both the 
hypothesis and the local model depend only on the first jet of the Poisson bivector at the fixed point. 

The main results of this thesis 

We briefiy explain our main results. The order of the presentation is different from that of the thesis, 
but more natural for this introduction. 

Theorem 2: The normal form theorem around symplectic leaves 

One of the main results of this thesis is a first order normal form theorem around symplectic leaves 
(Theorem 2 below), which generalizes Conn's theorem. Consider a Poisson manifold (M, tt) with a sym- 
plectic leaf {S,uJs)- The vector bundle 

carries the structure of a transitive Lie algebroid over S, and the pair (^5,0^5) encodes the first order jet 
of TT at S. Out of this pair one builds the local model of tt around S, which generalizes the linear Poisson 
structure from Conn's theorem. This is the Poisson-geometric first order approximation of tt at S, and 
was first constructed by Vorobjev [68l[69]; we describe it in detail in chapter [4l where we present also new 
approaches. The conditions of Theorem 2 are expressed in terms of the 1-connected integration of As, 
called the Poisson homotopy bundle of S and denoted by P. 

Theorem 2. // the Poisson homotopy bundle P of S is smooth, compact and H^{P) — 0, then tt is 
isomorphic around S to its local model. 

The proof of Theorem 2 is based on the geometric proof of Conn's theorem of Crainic and Fernandes 
|18] . In particular, we follow the same steps: first, we reduce the problem to a cohomological one using the 
Moser path method; second, using the Van Est map and vanishing of cohomology of proper groupoids, we 
show that integrability implies vanishing of the cohomological obstructions; in the third step we show that 
integrability is implied by the existence of some special symplectic realizations; finally, we constructs such 
realizations using the space of cotangent paths. Compared to [181 , we describe explicitly the symplectic 
structure on transversals in the space of cotangent paths via a simple formula; this is presented in section 

Theorem 0: On the existence of symplectic realizations 

The formula for the symplectic structure on transversals in the space of cotangent paths served as an 
inspiration for a new approach to the existence problem of symplectic realizations, which we explain in 
the sequel. Let (M, tt) be a Poisson manifold. A "quadratic" vector field V^r on T*M with the property 
that V,r,5 projects to 7r''(^), is called a Poisson spray. Such vector fields are easily constructed. Using the 
principles of "contravariant geometry" , in section 11.21 we prove the following: 
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Theorem 0. Let (M, tt) he a Poisson manifold and let V-^ he a Poisson spray with flow ipt- There exists 
an open U C T*M around the zero section so that 

UJ -.^ {iftY^candt 
JQ 

is a symplectic structure onlA and the canonical projection p : {U,uj) — > (M, tt) is a symplectic realization. 



Theorem 1: Reeb stability for symplectic foliations 

Another main result proven in this thesis (Theorem 1 form chapter [3]) is a normal form result for 
symplectic foliations (Af, J^, cj) (i.e. regular Poisson structures), which is the Poisson-geometric version of 
the Local Reeb Stability Theorem from foliation theory. Compared to Theorem 2, this is not a first order 
normal form result, in the sense that the conditions of Theorem 1 depend on the holonomy of the foliation. 
We will use the cohomological variation of the symplectic structure at the leaf S through x, denoted by 

where us.x is the normal space to S at x, and S is the holonomy cover of S. 

Theorem 1. Let (AI,J-,uj) he a symplectic foliation and let S <Z M be an emhedded symplectic leaf. If S 
is a finite type manifold with finite holonomy and surjective cohomological variation then, around S, the 
symplectic foliation is isomorphic to its local model. 

The proof of Theorem 1 is substantially easier than that of Theorem 2: we use a version of Reeb's 
theorem for non-compact leaves to linearize the foliation and then Moser's argument to put the symplectic 
structures on the leaves in normal form. 

Theorem 3: Formal rigidity around Poisson submanifolds 

The next main result that we describe (Theorem 3 from chapter [SJ is a formal rigidity result, which 
generalizes Weinstein's formal linearization theorem from fixed points to arbitrary Poisson submanifolds. 

Theorem 3. Let tti and tt2 be two Poisson structures on M and let S C M he an emhedded Poisson 
suhmanifold for both structures. If tti and 112 have the same first order jet along S and their common Lie 
algehroid As satisfies 

then the two .structures are formally Poisson diffeomorphic. 

This result relies on an equivalence criterion for Maurer-Cartan elements in complete graded Lie alge- 
bras. The proof of the criterion uses a sequence of elements in the algebra that converges formally to an 
element whose exponential realizes the gauge equivalence. Our original motivation for proving Theorem 3 
was to understand the algebraic steps needed to construct such a sequence, and to use this sequence in an 
analytic proof of Theorem 2. The outcome is Theorem 4. 

Theorem 4: Rigidity around Poisson submanifolds 

Using the fast convergence method of Nash and Moser, in chapter [S] we prove a rigidity result for 
integrable Poisson structure around compact Poisson submanifolds (Theorem 4 below) . A Poisson structure 
TT is called C^-C^-rigid around a submanifold S, if every Poisson structure tt that is C^-close to tt around 
S is isomorphic to tt around 5 by a Poisson diffeomorphism C^-close to the identity. 

Theorem 4. Let (A/, tt) be a Poisson manifold for which the Lie algehroid T*M is integrable by a Hausdorff 
Lie groupoid whose s-fibers are compact and their de Rham cohomology vanishes in degree two. For every 
compact Poisson submanifold S of M we have that 

(a) IT is C^-C^ -rigid around S, 

(b) up to isomorphism, tt is determined around S by its first order jet at S. 
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A consequence of (b) is a strengthening of Theorem 2: namely, it suffices to assume existence of some 
compact P integrating As such that H^{P) — 0; P does not have to be 1-connected. 

The proof of Theorem 4 is mainly inspired by Conn's proof. We deviate the most from his approach 
in the construction of the tame homotopy operators. For this we prove a general result on tame vanishing 
of Lie algebroid cohomology with coefficients: the Tame Vanishing Lemma, which is presented in the ap- 
pendix]^ This result can be applied to similar geometric problems. To illustrate this, we briefly discuss 
in the appendix [X] a theorem of Hamilton on rigidity of foliations. 

Theorem 5: Smooth deformations of the Lie-Poisson sphere 

The last main result of this thesis is a rather unexpected application of Theorem 4 to the Poisson 
moduli space of the Lie-Poisson spheres. Let g be a compact semisimple Lie algebra. We define the Lie- 
Poisson sphere as the unit sphere in g* with respect to an Aut{Q)- invariant inner product. Endowed with 
the restriction of the linear Poisson structure TTg, the sphere becomes a Poisson manifold, denoted 

W),7rs). 

Combining Theorem 4 with a nice geometric argument, in chapter [7] we describe all Poisson structures on 
S(g*) around TTg. Using a Lie theoretical interpretation of the cohomology of the leaves of 7r§, we determine 
which of these Poisson structures are isomorphic. The outcome is: 

Theorem 5. (a) There exists a C^-open W C X^(§(g*)) around tts, such that every Poisson structure in 
yV is isomorphic to one of the form /tts, where f is a positive Casimir function. 

(h) For two positive Casimirs f and g, the Poisson manifolds (§(g*), /tts) and (§(g*), (^tts) are isomorphic 
precisely when f and g are related by an outer automorphism of q. 

In other words, the Poisson moduli space is parameterized around TTg by 

G:osim(§(0*),7rs)/OMt(g), 

where (rosim(S(g*), tts) is the space of Casimirs and Out{g) is the finite group of outer automorphism. 
Using classical invariant theory, we give a more explicit description of this space at the end of chapter [T) 
This result represents the first computation of a Poisson moduli space in dimension greater or equal to 
three around a degenerate (i.e. not symplectic) Poisson structure. 

Other contributions of the thesis 

There are some smaller contribution of the thesis which we consider of independent interest. Some of 
these are auxiliary results used in the proofs of the main theorems, others are new approaches to well-known 
results. 

A detailed proof of Conn's theorem. In section 11.31 we revisit Conn's theorem presenting it as 
a manifestation of a rigidity phenomenon. We rewrite the proof with some simplifications. The major 
novelly in our approach lies in the construction of the homotopy operators, which uses classical Hodge 
theory. As in the proof of Theorem 4, the construction of these operators follows from the Tame Vanishing 
Lemma, but for clarity of the exposition we include the construction in this case. Actually, section 11.31 is 
a toy model of the proof of Theorem 4, but which is still involved enough to capture the main technical 
difficulties. 

Existence of invariant tubular neighborhoods. In subsection 12.1.41 we prove a result (Lemma 
I2.1.ip on the existence of invariant tubular neighborhoods around invariant submanifolds of the base of a 
proper Lie groupoid. This result is used in the proof of Theorem 4. The proof relies on results from |62) . 
and to experts such as the authors of loc.cit. our lemma should be obvious, yet we couldn't find it in the 
literature. 

Integration of ideals. In subsection l2.2.5l we prove that an ideal of a Lie algebroid A can be integrated 
as a representation to any s-connected Lie groupoid of A (Lemma I2.2.2p . This is precisely what happens 
also in classical Lie theory. This result is used later in the proof of Theorem 4. 

Symplectic realizations from transversals in the manifold of cotangent paths. Section 12.61 
presents a finite-dimensional, explicit approach to the space of cotangent paths of a Poisson manifold. We 
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give a simple formula for the symplectic structure on transversals to the foliation induced by cotangent 
homotopy. This formula turns out to be an efficient computational tool, which allows us to prove many of 
the properties of these transversals explicitly. The results obtained in this section were mostly known from 
the infinite-dimensional construction of the Weinstein groupoid as a symplectic reduction [51 [T51 [TH] , yet 
it is likely that our approach can be further used to give a more explicit description of the local groupoid 
of a Poisson manifold. The results of this section are used in the proof of Theorem 2. 

Local Reeb Stability Theorem for non-compact leaves. In the appendix 13.41 of chapter |3] we 
prove a non-invariant version of the Local Reeb Stability Theorem around non-compact leaves (Theorem 
I3.2.ip . The proof is an adaptation of the proof of the classical result from [58 . This result is used in the 
proof of Theorem 1. 

The local model around symplectic leaves. Chapter 2] contains several new descriptions of the 
local model of a Poisson structure around a symplectic leaf. We also extend the algebraic framework 
developed in [T7] in order to handle Vorobjev triples and their linearization. This framework is of interest 
on its own, since it describes several other geometric structures that are transverse to the fibers of a bundle 
(flat Ehresmann connections, Dirac structures) and their linearization. 

Equivalence of Maurer Cartan elements in complete graded Lie algebras. In the appendix 
15.51 of chapter [SI we prove a general criterion (Theorem I5.5.5P for equivalence of Maurer-Cartan elements 
in graded Lie algebras endowed with a complete filtration. This result is used in the proof of Theorem 3. 
The analogue of this criterion for differential graded associative algebras can be found in the Appendix A 
of [U. 

Continuity of the volume function. In subsection 16.2.11 we prove that on a Poisson manifold, 
integrable by a groupoid with compact s-fibers, the function that associates to a regular leaf its symplectic 
volume multiplied with the number of elements of its holonomy group, can be extended continuously by 
zero to the singular part (Lemma 16.2. ip . This result implies that there is no compact Poisson manifold 
satisfying the conditions of Theorem 4. 

The Tame Vanishing Lemma. In the first part of the appendix [Xj of the thesis, we present a 
general construction of tame homotopy operators for the complex computing Lie algebroid cohomology 
with coefficients (the Tame Vanishing Lemma). This result is used in the proof of Theorem 4, and a 
particular case of this construction in the proof of Conn's theorem from section [T31 When combined with 
the Nash-Moser techniques, the Tame Vanishing Lemma is a very useful tool that can be applied in similar 
geometric problems. 

Hamilton's theorem on rigidity of foliations. In the second part of the appendix [XJ we revisit 
a theorem of Richard S. Hamilton [33] on rigidity of foliations. We briefly rewrite Hamilton's proof using 
the language of Lie algebroids, and we show that the Tame Vanishing Lemma implies "tame infinitesimal 
rigidity", which is a crucial step in the proof of this result. 
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Chapter 1 

Basic results in Poisson geometry 



This chapter contains an introduction to the basic notions in Poisson geometry and the proofs of two 
classical results of this field: the existence of syinplectic realizations and Conn's theorem. 

1.1 Preliminaries 
1.1.1 Poisson manifolds 

In this subsection we recall some standard notions and results in Poisson geometry. As a reference to this 
subject, we recommend the monographs pSl 157] . 

Definition 1.1.1. A Poisson structure on a smooth manifold M is a Lie bracket {•,•} on the space 
C°°{M), satisfying the Leibniz rule 

{/, gh} = {/, h}g + {/, g}h, f,g,he (Af ). 

A Poisson structure can be given also by a bivector tt G X^(Af), involutive with respect to the Schouten 
bracket, i.e. [tt, tt] — (for the Schouten bracket, see section fL^^ . The bivector and the bracket are related 
by: 

{f,g}^{7T,dfAdg), f,gGC^{M). 

The bivector tt e X^(M) induces a map T*M TM denoted by 

J:T*M — >TM, 7r«(a) := 7r(a, •)• 

A Poisson structure on M can be thought of as partition of AI into symplectic submanifolds; more 
precisely: 

Proposition 1.1.2 (Theorem 2.12 ^7\). Let (M, tt) be a Poisson manifold. Then tt'^{T*M) is a completely 
integrable singular foliation, and the Poisson structure induces symplectic forms on the leaves. More 
precisely, AI has a partition into immersed, connected submanifolds, called symplectic leaves, such that the 
leaf S passing through x d M satisfies T^S = n'^{T*AI) and carries a symplectic structure 

cos :=7r|^^ e n^iS). 

The main ingredient in the proof of the proposition is that tt^{T*M) is spanned by Hamiltonian vector 
fields. The Hamiltonian vector field of a function / e C°°(Af) is defined by 

Hf = {f,-} = -[nJ]eX{M). 

Set theoretically, the symplectic leaf through x is the set of points that can be reached starting from x 
by flow lines of Hamiltonian vector fields. The Hamiltonian vector fields satisfy [Hf,Hg] = H{f,g} and 
LhjTt — 0. In particular they are infinitesimal automorphisms of (M, tt). A function / for which Hf = is 
called a Casimir function on M. Equivalently, a Casimir is a smooth function constant on the symplectic 
leaves. 
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1.1.2 Examples 
Symplectic manifolds 

Symplectic geometry is the nondegenerate version of Poisson geometry. For a symplectic manifold (Af, w), 
the inverse of the symplectic structure is a Poisson structure and conversely, the inverse of a nondegenerate 
Poisson structure tt (i.e. for which tt" is invertible) is a symplectic structure. In other words, the equation 
do; = is equivalent to [tt, tt] = 0, for tt := lu~^. 



Quotients of symplectic manifolds 

Let (S,tLi) be a symplectic manifold and let G be a Lie group with a free and proper action on S by 
symplectomorphisms. The quotient space inherits a Poisson structure 

(Af,^) (S,c^)/G. 

If p : E — i' M denotes the projection, the Poisson bracket on M is such that 

{f,9}°P^{fop,gop}, /,geC°°(M). 



Linear Poisson structures 

Let (g, [•, •]) be a Lie algebra. The dual vector space g* carries a canonical Poisson structure TTg, called a 
linear Poisson structure. It is defined by 

TTfl.? :=eo[.,.]eAV-A2(r^0*). 

Let {ci} be a basis of g and let {xi} be the induced coordinates on g*. The corresponding structure 
constants of g are the coefficients Cf in 



k 

Using these numbers, the bivector tt^ is given by 
Conversely, if a Poisson structure 

1 , , (9 d 

on R" has linear coefficients, i.e. 7Tij{x) — J^k j^k, then the mmrbers Gf^ form the structure constants 
of a Lie algebra. 

The Hamiltonian vector field associated to X € g, viewed as a linear function on g*, is the infinitesimal 
(right) coadjoint action of X on g*, 

Hx.i = -ad*xiO - a[X, •]) e 0* = T^g*. 

Let G be a connected Lie group integrating g. Then G acts by Poisson diffcomorphisms on (g*,7rg), 
via the (left) coadjoint action 

G X g* ~> g*, {g, ^ ^d^-i (0 C ° Ad^-, . 

For ^ € g*, the coadjoint orbit through ^ coincides with the symplectic leaf through ^ and we denote it by 
{0^,uj^). If G^ denotes the stabilizer of ^, then G/G^ = O^. Consider the (left) G-equivariant map 

The puUback of o;^ by p is given by 

p*{Lo^) = -de, (1.1) 
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where := it is the left invariant extension of ^. To see this, observe that both 2-forms are left 

invariant, so it is enough to check the equality on X, y G g. The left side gives 

p*iLo^){X,Y) ^ Lu^{dp,{X),dp,{Y)) ^ u:^{ad*x{0,ad*YiO) = 

= ^4(7r»(X),^«(r)) = {nliY),J^onliX))=7r,iY,X) = -^IX^Y]). 

Denoting by X'-, Y^ the left invariant extensions of X, Y, we have 

d^iX^Y') = L^^i^iY')) ~ Ly^i^iX')) ~ e[X\Y'] = a[X,Y]), 
where we have used that is constant. This implies 

1.1.3 Maps and submanifolds 

A map between two Poisson manifolds 

^ : (Mi,7ri) (M2,7r2), 
is called a Poisson map, if (p*(7ri) — tt2, or equivalently, if 

^*:(C-(M2),{-,-})^(C-(Afi), {.,.}) 

is a Lie algebra homomorphism. 

A symplectic realization of a Poisson manifold (M, tt) is a Poisson map from a symplectic manifold 
that is a surjective submersion 

^i:{^,Lo) (A/,^). 
A submanifold N of (A/, tt) is called a Poisson submanifold, if 

TTiJv e X^{N). 

Equivalently, is a Poisson submanifold if for every symplectic leaf 5 of Af , the intersection NOS is open in 
5*. If N satisfies this condition, then tti^v is a Poisson structure on N such that the inclusion map is Poisson. 

A Poisson transversal in (Af , tt) is a submanifold N C M that satisfies 

TM\N =TN ®Tr^{TN°), (1.2) 

where TN° C T*Af|jv denotes the annihilator of TN. If N satisfies this condition, then it carries a 
canonical Poisson structure ttn (see Proposition 1.4 in [75]), determined by 

ttI^{^^tn) = T^HO, V e such that 7r»(0 e TN. 

Geometrically, Poisson trans versality means that N intersects every symplectic leaf {S,ijJs) transversally 
and that uJs\Nns is nondegenerate. The symplectic leaves of tt^v are the connected components of these 
intersections. The standard name used for this notion is cosymplectic submanifold [151 IZZ]) yet we 
consider that "Poisson transversal" is more appropriate. For example, a Poisson transversal in a symplectic 
manifolds is the same as symplectic submanifold, and it would be awkward to call it a cosymplectic 
submanifold. 

Small enough transversal submanifolds to the symplectic leaves, of complementary dimension, are 
Poisson transversal: if {S,ujs) a symplectic leaf, x £ S and C Af is a submanifold through x such that 

then, around a;, A^ is a Poisson transversal. This holds since (jl.2p is an open condition and it is satisfied 
at X. Weinstein's splitting theorem [75] gives a local decomposition of (A/, tt) around x: there are open 
neighborhoods of x, C Af, Sx C S and A^^; C A^ (such that it is Poisson transversal), and a Poisson 
diffeomorphism (which fixes Sx and A^^;): 

{Mx,tt\mJ = {Sx,ujs\sJ X {Nx,ttnJ- 
The lemma below will be useful later on. 
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Lemma 1.1.3. Let fi : (S,a;) — >■ (M, tt) be a symplectic realization, N G M be a submanifold. Let U G N 
be the open where N is Poisson transversal, and denote by Yijj :— fi~^{U). Then J^jj is the nondegeneracy 
locus o/a;|^-i(-7v), and moreover, /i restricts to a symplectic realization 

Proof. Denote also by S^r := fi^^(N). For x E W|5]„ is nondegenerate at x if and only if the map 

{uj^^Y ■■ TxTj°^ — > TxT,/TxT,N 
is an isomorphism. Since d^ induces an isomorphism between the spaces 

(dfi) : T^^/T^^N — ^ T^^.,)M/T^^^)N, 
and /I is Poisson, this is equivalent to invertability of the map 

hence to n{x) E U. This proves the first part. 
Consider x eT^u, ^ E T*,.N and denote by 

To prove that is Poisson, we have to check that diJ,{X^) = 7r^(^). By the definition of ttu, there is some 
77 € T*^^^M such that r?|TAr = £, and Tr'^{r]) = 7r^(^). Since fj, is Poisson, the vector Xjj (u}~^)'^ {fj,* {t])) 
projects to 7r'*(77). In particular, X,, E T^'^u, thus 

This shows that X,, = X^, hence X^ also projects to n'^{ri) — Trjj{£_). □ 
1.1.4 Poisson cohomology 

The notions of Casimir function and of Hamiltonian vector field fit into the framework of Poisson coho- 
mology. 

Definition 1.1.4. The Poisson cohomology of a Poisson manifold (Af , tt) is the cohomology computed 
by the complex 

{X'{M),d^), d^:^[Tr,-]. 
The resulting Poisson cohomology groups are denoted by H*{M). 
In low degrees these groups have a geometric interpretation: 

• H^{M) is the space of Casimir functions. 

• H^{M) is the space of infinitesimal automorphisms of vr modulo Hamiltonian vector fields. 

• H^{M) is the space of infinitesimal deformations of tt modulo "geometric deformations", i.e. defor- 
mations coming from diffeomorphisms. 

To explain the interpretation given to H^{M), let ttj be a family of Poisson structures, with ttq = tt. 
Taking the derivative at t = in [7rt,7rt] = 0, we obtain that dTrii^o) = 0. Now if ttj = ^^{tt), where $4 
is a family of diffeomorphisms of M, with $0 = Wai, then ttq = d7r(^o)- So H^{M) has the heuristical 
interpretation of being the "tangent space" at tt to the moduli space of all Poisson structures on M. 

For example, every Casimir function / E H^{M) gives a class [fir] E H^{M). This class corresponds 
to the deformation of tt given by ttj = c'^tt. Geometrically, the leaves of ttj are the same as those of tt, but 
the symplectic form on S for ttj is e~*^u)s (these deformations are relevant in chapter [7]). 

The space X*(M), of multivector fields on M, can be regarded as the space of multi-derivations of 
C°°(M), i.e. skew-symmetric maps 

C°°(M) X ... X C°°(M) — > C°°{M), 
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satisfying the Leibniz rule in each entry. Then, the Poisson differential can be given also by the formula 

d^w{fo, ...jp) =^(-i)H/., w{fo, fp)}+ 

i 

for W e XP{M) and /o, ■ • ■ , /p G C°°(Af). So, Poisson cohomology can be computed using a subcomplex 
of the Eilenberg-Chevalley complex of the Lie algebra (C°°(M), {•, •}). 

The Poisson cohomology of (M, tt) is related to de Rham cohomology of M by the chain map 

i-iy+^A'J : {n'{M),d) {X'{M),d^). (1.3) 

The induced map in cohomology we denote by 

H{J):H'iM)~^H^iM). 

When TT is nondegenerate, i.e. tt = lu^^ for a symplectic structure lu, then (jl.3p is an isomorphism. So, 
in this case, the Poisson cohomology is isomorphic to the de Rham cohomology. 

In the next subsection we explain the infinitesimal deformations of tt coming from elements in H{tt^){H'^{M)). 

1.1.5 Gauge transformations 

Let w be a closed 2-form on a Poisson manifold (M, tt). On the open where 

Id + a;'o7r« (1.4) 

is invertible, one defines a new Poisson structure, denoted by tt'^, called the gauge transformation of tt 

by uj 

The fact that tt'^ is Poisson will be explained when we discuss gauge transformations of Dirac structures. 
Geometrically, the leaves of tt"^ are the same as those of tt, but the symplectic form on S for tt'^ is CJ5 + W|5. 
The paths 1 1— >■ tt*'^ is the deformation corresponding to the class 

H{J)[lo] e Hl{M). 

To see this, we differentiate the equation 

Tr'^^'^o (Id + iw'o7r«) =7r1, 

and obtain 

^(tt*'^'") o (Id + tJ o 7r«) = -7r*'^'« ojo ttK 
Multiplying with (Id + tw" o tt")^^ from the right, this gives 

^TT*'" = -(A2^*"'«)(c^). (1.5) 

At t = 0, we obtain that [^vrf^] = H{tt^)[uj\. 

By skew-symmetry of tt and cj, the dual of the map (|1.4p is (Id -I- Tr'w"); thus, if one is invertible, then 
so is the other. This plays a role in the following lemma, whose proof we explain in the next section. 

Lemma 1.1.5. Let U be the open on which (Id + w^tt'^) is invertible. The Poisson manifolds {U,tt'^) and 
{U, tt) have isomorphic cohomology; an isomorphism between their complexes is the chain map 

A'(Id + 7r«tj«) : {X'{U),d,,u,) {X'{U),d^) 

We give now the Poisson geometric version of the Moser Lemma from symplectic geometry. 
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Lemma 1.1.6. Assume that the class H{Tr^)[uj] G H^{M) vanishes, and let X £ X{M) be a solution to 

d^{X) = -(A2^«)(l.). 
The flow $t of the time dependent vector fi,eld 

Xt = ild + tTT^J)-\X) 
sends tt to tt*", whenever it is defined. In particular, for uj = da, 

Xt^X ^ J{a). 

Proof Using Lemma [TXSl and that (Id + tir^ui'^y^n'^ = tt*"'*, we obtain 

Lx.TT*" = -d^t^Xt = ~{A\ld + t7T^Jy^){d^X) = (A27r*"^«)(w). 
Using p.5p . we obtain that $j (tt*'^) is constant 

Since $o — Wm, the resuh follows. □ 
1.1.6 Dirac structures 

Dirac geometry is the common framework for several geometric structures: foliations, closed 2-forms and 
Poisson bivectors. Our main application for Dirac structures is to the study of the local model for a Poisson 
manifold around a symplectic leaf, in chapter |4l the resulting structure is globally Dirac and only on an 
open around the leaf it is Poisson. As a reference to Dirac geometry we indicate [71 IT^. 

Definition and first properties 

Let M be a manifold. The vector bundle TM © T*M carries a symmetric, nondegenerate paring of 
signature (dim(M), dim(M)), 

{X + ^,Y + rj) ■.= aX)+v{Y), X + tY + t^(^T^M®T;M, 

and its space of sections carries the so-called Dorfman bracket 

[X + ^,Y + r,]z3 := [X, Y] + LxV - ^vd^, (1.6) 

for X,Y a X(M) and rj,^ E il^(M). This bracket satisfies the Jacobi identity, but fails to be skew- 
symmetric. 

Definition 1.1.7. A Dirac structure on M is a maximal isotropic suhhundle L C {TM (B T*M, (•, •)), 
which is involutive with respect to the Dorfman bracket. 

Note that the failure of the bracket of being skew-symmetric is given by 

[X + ^,Y + r^]D + [Y + Tj,X + C]d - d(X + e, y + v)- 
Therefore, the space of sections of a Dirac structure is a Lie algebra. 

Presymplectic leaves 

Let L be a Dirac structure on M. Denote by px and p^ the projections of TM T*M onto TM and 
T*M respectively. As for Poisson structures, the singular distribution pt{L) is involutive and integrates 
to a partition of M into immersed submanifolds which carry closed 2-forms. These submanifolds are called 
presymplectic leaves and the closed 2-form on the leaf S' C M is given at x by 

u:s{X, Y) ^Y) = X + ^,Y + TjeL,. 
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Foliations 

A smooth distribution B c TM induces a maximal isotropic subspace 

Lb := B ® B° c TM T*M, 

and Lb is a Dirac structure if and only if B is involutive. For such Dirac structures L b , the presymplectic 
leaves are the leaves of the foliation corresponding to B and the closed 2-forms vanish. This class of 
examples corresponds to Dirac structures L such that L = pt{L) ® pt* {L). 

Poisson structures 

A bivector tt € (M) induces a maximal isotropic subspace 

:= UHO+i\^&T*M}, 

and the condition that is Dirac is equivalent to tt being Poisson. In this case, the presymplectic leaves 
of are the symplectic leaves of n with the corresponding symplectic structures. 
Under the isomorphism 

T*M^L„, ^^^ + 7r«(0, 

the Dorfman bracket becomes 

[a, := L^siaP - L^tpa - dir^a, /3). 
Poisson manifolds are Dirac structures L satisfying pr* {L) = T*M. 
Definition 1.1.8. The Poisson support of a Dirac structure L is 

supp(L) := {x e M|pT.(ix) = T*M}. 
It is maximal open set on which L is Poisson. 

Closed 2-forms 

A 2-form co G 0^(M) gives a maximal isotropic subspace 

L^ := {X + ixi^\X gTM}, 

which is Dirac if and only if w is closed. In this case, if M is connected, (M, ui) is the only presymplectic 
leaf. This class of examples corresponds to Dirac structures L such that Pt{L) = TM. 

Dirac maps 

For Dirac structures there are both pullback and push forward maps, generalizing the pullback of foliations 
and 2-forms, and the push forward of Poisson bivectors. A map between Dirac manifolds 

tf : {Mi,Li) — > (M2,L2) 

is a forward Dirac map, if for all x G Mi, 

-^2,(p(x) =V*{Li,x) ■■= W*{X) + + (fi* {^) e Li,x}. 
The map (fi is called a backv^rard Dirac map, if for all x G Mi, 

Li,^ = ^*(i2,y(x)) := {X + ^*{0\MX) + € e ^2,v.(x)}- 

A Poisson map is a forward Dirac map; the inclusion of a Poisson transversal of a Poisson manifold is a 
backward Dirac map. 
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Rescaling 

We have also the operation of rescaling of Dirac structures, defined by 

tL := {tX + ^\X + £,e L}, t ^ 0. 
Foliations are the only Dirac structures invariant under rescaling. 

Products 

Two Dirac structures Li and L2 on Af, such that Li + L2 — TM © T*M are called transverse Dirac 
structures. If Li and L2 satisfy pt{Li) + pt{L2) = TM, then we say that Li and L2 are i-transverse. 
Define the product of t-transverse Dirac structures Li and L2 by 

Li * L2 + 6 + 61^ + 6 e ii, ^ + 6 e L2}. 

Notice that, by t-transversality, the map 

Li(BL2^ TM, {Xi + a) ® {X2 + 6) ^ Xi - X2, 

is surjective, thus its kernel A" is a subbundle. We claim that the map 

K^Li^ L2, [X + Ci) (X + 6) ^ ^ + Ci + 6, 

is an isomorphism, therefore Li * L2 is a (smooth) subbundle of TM T* M . The map is surjective by 
definition. An element in its kernel is of the form (^, — ^), for ^ G Li n L2 n T*M . Since Li and L2 are 
isotropic, 

{0} = + L2) = aPT{Li)+PT{L2)) = ^TM), 

therefore ^ = 0, and this proves injectivity. This argument also shows that Li *L2 has the right dimension. 
The fact that it is isotropic and involutivity follow easily. We conclude that Li is a new Dirac structure. 
This operation has the usual algebraic properties 

TM ^L = L^ TM = L, 

L\ * L2 = L2 * Li, 

Li * {L2 * L3) — (Li * L2) * L3, 

whenever these products are defined. 

Geometrically, taking the product of Li and L2 amounts to intersecting the underlying singular fo- 
liations and adding the restrictions of the presymplectic structures. Observe that the product has the 
following property 

Li * L2 is Poisson Li and — L2 are transverse. 

This product generalizes several constructions: 

• Addition of 2-forms. 

• Intersection of transverse foliations. 

• The gauge transformation of a Dirac structure L by a closed 2-form oj 

L'^ ■.= L*L^ = {X + i + LxLu\X + e e i}. 

Observe that for Ltt, where tt is a Poisson structure, the Poisson support of is given by the open where 
the map p.4p is invertible. On this open, 

and this proves that tt"^ is indeed Poisson. 

• The product of Poisson structures from QB]. Transversality of the Dirac structures and —L-^^, with 
TTi and TT2 Poisson, is equivalent to nondegeneracy of tti + tt2- In this case, we obtain a new Poisson 
structure tti * 7r2 , which corresponds to the product 

More explicitly, this Poisson tensor is given by 

(tti * 712)' := ttJ o (tt} + n^y^ o tt\. 
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Cohomology 

The cohomology of a Dirac structure L, is computed by the complex 

(r(A'L*),di), 

where the differential is given by a Koszul-type formula 

dLa{Xo, . . .,Xp) =^(~l)*Lp^(Xi)(a(Xo, ...,Xi,.. .,Xp)) + 

i 

+ Xj]d,...,X,,...,Xj,..., Xp). 

For a Poisson structure tt, the cohomology of the associated Dirac structure is isomorphic to the 
Poisson cohomology. The natural identification L* = TM induces an isomorphism between the complexes. 

For Lu a closed 2-form and L a Dirac structure, it is easy to see that the isomorphism of bundles 

e^-.L^L'^, X + X + J{X)+^, (1.7) 

induces an isomorphism between the Lie algebras 

e.:(r(L),[.,.]z,)^(r(L"), [,.],,). 

Therefore, the dual map induces a chain-isomorphism 

A'e: : (r(A'L"'*),di.) — > (r(A*r),di). 

For a Poisson structure tt, identifying L* = TM = L* , this map becomes 

e* ^ (Id + Jtt^)* = (Id + J J). 

This remark implies Lemma ll.1.51 
1.1.7 Contravariant geometry 

The basic idea of contravariant geometry in Poisson geometry is to replace the tangent bundle TM of a 
Poisson manifold (M, tt) by the cotangent bundle T*M. The two are related by the bundle map tt". The 
main structure that makes everything work is the Lie bracket [•, on f2^(A/), which is the contravariant 
analogue of the Lie bracket on vector fields 

[a, /3]^ := L^t^P - L^if^a - d7r(a, (3). 

The Lie bracket [•, -J^r has the following properties: 

• the map tt" is a Lie algebra map 

^«([a,/3],) = [^«(a),^«(/3)]; (1.8) 

• the de Rham differential is a Lie algebra map 

d{f,9} ^ [df,dg]^; 

• it satisfies the Leibniz identity 

[a, //3]^ = f[a, /3]^ + L^t^if)/]. 
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In other words (T*M, [•, -J^, tt") is a Lie algebroid, cahed the cotangent Lie algebroid of (M, tt), and 
contravariant geometry is the geometry associated to this Lie algebroid (this notion will be discussed in 
chapter [5]). 

Here are the contravariant versions of some usual notions (see [T51 150] ). 

A contravariant connection on a vector bundle E over (M, tt) is a bilinear map 

V : n^{M) X r{E) — > r{E), (a, s) ^ V„(s) 

satisfying 

V/„(s) = /V„(s), V„(/s) = /V„(s) + L,,M)s- 

The standard operations with connections (duals, tensor products, etc.) have obvious contravariant ver- 
sions. Note also that any classical connection V on E' induces a contravariant connection on E 

y^^y^ta- (1-9) 

A cotangent path in (Af, tt) is a path 7 : [0,1] — > M with a "contravariant speed", that is a map 
a : [0, 1] — ?> T*M sitting above 7 that satisfies 

Given a contravariant connection V on a vector bundle E, one has a well-defined notion of derivative 
of sections along cotangent paths: Given a cotangent path (0,7) and a path u : [0,1] E sitting 
above 7, Va(u) is a new path in E sitting above 7. Writing u{t) — st{'^{t)) for some time dependent 
section st of E, 

Va(w) = Va(st)(x) ^(x), at X = -f{t). 

at 

Given a contravariant connection V on T*M, the contravariant torsion of V is the tensor Ty defined 

by 

Tv (a, /3)=V„(/3)-V/3 (a) 

Given a metric g on T*M, one has an associated contravariant Levi-Civita connection, which is 
the unique contravariant metric connection on T*M whose contravariant torsion vanishes: 

5(V^/3, 7) + 5(/3, Vfl:7) = i.«c5(/3, 7), T^v. = 0. 

The corresponding contravariant geodesies are defined as the (cotangent) paths a satisfying VaO = 0. 
They are the integral curves of a vector field V| on T*M, called the contravariant geodesic vector 
field. In local coordinates {x,y), where x are the coordinates on M and y the coordinates on the fibers. 



V^{x,y) = Y.^,^^{x)y~ -J2Tl^(x)y.y~, (1.10) 



where ^(a;) are the coefficients in 



^lM^^)=Y.^U^^dx,. 

k 

Geodesies and the geodesic vector field are actually defined for any contravariant connection V on T*M, 
not necessarily of metric type (for example, the connection from (11.91) '). 
The geodesic vector is an example of a Poisson spray. 

Definition 1.1.9. A Poisson spray or contravariant spray on a Poisson manifold (Af, tt) is a vector 
field Vtt on T*M satisfying: 

(1) (dp)aK,c) = 7r«(e) for all ^ G T*M, 

(2) fi*t{V^) ^ tV^ for all t > 0, 
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where p : T* M ^ M is the canonical projection and fit : T* M ^ T* M is the fiberwise multiplication by 
t > 0. 

Condition (1) means that the integral curves of V^r are cotangent paths, it also appears in |75) under 
the name "second order differential equation" . Actually, this definition is equivalent to the local expression 

The discussion above implies: 

Corollary 1.1.10. For every Poisson manifold (M, tt), contravariant sprays exist. Any contravariant 
geodesic vector field is a contravariant spray. 

Recall also (cf. e.g. [15 ) that any classical connection V induces two contravariant connections, one 
on TM and one on T*M, both denoted V: 

V„(X) - JVx{a) + [J{a),Xl V„(/3) = V,,^(a) + (1.11) 

The two are related as in the lemma below, a direct consequence of (|1.8p . 

Lemma 1.1.11. For any classical connection V, 

V„(^«(/3))=^"(Va(/3)). (1.12) 

The next lemma shows that if the classical connection V is a torsion-free, then the two contravariant 
connections are in duality. 

Lemma 1.1.12. //V is a torsion-free connection, then the connections from satisfy the duality 

relation 

(V„(/3),X) + V„(X)) = L,,„(/3,X). 
Proof. Using the formulas for V, the left hand side becomes 

(V,s^(a) + [a,l3]^,X) + {p,JVx{a) + [7r»a,X]). (1.13) 
For the two terms involving V we find 

(V,.^(a),X) + (/?,^«Vx(a)) = (V,,^(a),X) - (Vx(a),^«/3) = 

- L^,0{a,X) - {a,V^,p{X)) ~ Lx{a,n^(i) + (a, Vx(7r«/3)) = 
= L^,p{a,X)+Lx{^[a,f3)) + (a, [X,7r«/?]), 

where we have used the antisymmetry of tt, and then passed from V on T*M to its dual on TM , and used 
that V is torsion- free. For the remaining two term in (|1.13p . using the definition of we find 

([a,/3],,X)-(-(/3, = 

= J/3) - L,>p{a) - dnia, P), X) + (/?, L,>^X) = 
= - L,,p{a,X) + (a, [7r»/3,X]) - Lx{n{a,fi)). 

Adding up, the conclusion follows. □ 

This duality can be expressed also using the covariant derivatives. 

Lemma 1.1.13. //V is a torsion-free connection and a : [0, 1] — > T* M a cotangent path with base path 
7, then for any smooth paths in T* M and v in TM , both above 7, the following identity holds: 

{v,[e),v) + {e,v,{v)) = j^{e,v). 

Proof. Choose a time dependent 1-form A = A{t,x) such that a{t) = A{t,'y{t)) and similarly a time 
dependent 1-form Q corresponding to 9, and a time dependent vector field V corresponding to v. Using 
the definition of the derivatives Va along cotangent paths and then Lemma 11.1.121 we obtain 

{Vai9),v){t) + {9,Va{v))it) - (V^(e) + ^,V){t,^it))+ 

+(e, v^(u) + ^){t,i{t)) = L.M(e,F)(i,7(i)) + j^{e,v){t,j{t)). 

Since Tr'^A{t,j{t)) — ^{t), we obtain the identity from the statement. □ 
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1.2 Existence of symplectic realizations: a new approach 

The content of this section was pubhshed in 

1.2.1 Statement of Theorem 

Recall that a symplectic realization of a Poisson manifold (M, tt) is a symplectic manifold (S, uj) together 
with a surjective Poisson submersion 

M:(S,c^)^(M,^). 

Although the existence of symplectic realizations is a fundamental result in Poisson geometry, the known 
proofs are rather involved. Originally, the local result was proven in |72j and a gluing argument was 
provided in [TT] ; the same procedure appears in [33] . The path approach to symplectic groupoids [5] [TS] 
gives a different proof. Here we present a direct, global, finite dimensional proof, based on the philosophy 
of contravariant geometry. 

Theorem 0. Let (M, tt) be a Poisson manifold and a contravariant spray with flow iff There exists 
an open U G T*M around the zero section so that 

LO := I {(pt)*UJcandt 
JQ 

is a symplectic structure onlA and the canonical projection p : (U,uj) — > (M, tt) is a symplectic realization. 

When M is an open in K." and tt^ j are the components of tt, the simplest contravariant spray is 
^■K{x,y) = jT^i,j{x)yi^p, where x are the coordinates on M and {x,y) the induced coordinates on 
T*M. It is not difficult to see that the resulting ui coincides with the one constructed by Weinstein [7^ . 

One may expect that the proof is "just a computation" . Although that is true in principle, the com- 
putation is more subtle than expected. In particular, we will make use of the principle of "contravariant 
geometry" which is intrinsic to Poisson geometry. The fact that the proof cannot be so trivial and hides 
some interesting geometry was already observed in the local case by Weinstein [72]: the notion of con- 
travariant spray, its existence, and the formula for uj (giving a symplectic form on an small enough U) all 
make sense for any bivector tt, even if it is not Poisson. But the fact that the push-down of (the inverse of) 
w is TT can hold only for Poisson bi vectors. Nowadays, with all the insight we have gained from symplectic 
groupoids, we can say that we have the full geometric understanding of this theorem; in particular, it can 
be derived from the path-approach to symplectic groupoids of [8 and the resulting construction of local 
symplectic groupoids [T^ (see Remark [2. 6. 5p . 

1.2.2 The first steps of the proof of Theorem 

We will first look at w at zeros G T*M. At such points one has a canonical isomorphism To^(T*M) = 
T^M © T*M denoted by f H' (tJ, 9^)^ and the canonical symplectic form is 

Wcan,0,(w, W) = {O^.v) - {9v,w). (1-14) 

From the properties of V,r, it follows that (pt{Ox) = Ox for all t and all x, hence (pt is well-defined on a 
neighborhood of the zero section, for all t G [0, 1] (see the Tube Lemma [L4)) . The properties also imply 
that 

{dcpt)o^:ToAT*M)^ToAT*M) 

is given in components by: 

{v,9^) ^ {v + t7T^9y,9^). 
From the definition of a; and the previous formula for Wcan, we deduce that 

uJo,iv,w) = {9w,v) - {9y,w) +Tr{9y,9w)- (1-15) 

This shows that w is nondegenerate at all zeros Oa, G T*M . Hence, we can find a neighborhood of the zero 
section U C T*M such that tp^ is defined on U for all t G [0, 1] and ijj\u is nondegenerate (again, use the 
Tube Lemma [L^ . Fixing such an we still have to show that the map 

{dp)^ : TiU Tp^^^M 
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sends the bivector associated to w to tt. The fact that this holds at ^ = 0^: follows immediately from (|1.15p . 
so our task is to show that it holds at all ^ GU. Recall the following result (see e.g. Theorem 1.9.7 25 ). 

Theorem 1.2.1 (Libermann's Theorem). Let {U,uj) he a symplectic manifold and let p : U M be a 

surjective submersion with connected fibers. The bivector uj^^ can be pushed down to a bivector on M 
precisely when the symplectic orthogonal ofTT{p) = ker{dp), denoted by TT{p)^ C TU, is involutive. 

What happens in our case is that the foliation tangent to TF{p)^ is 

F{p)^=F{pi), (1.16) 
where J'{pi) is the foliation given by the fibers of 

pi := po ipi -.lA — > M. 

However, it turns out that the ingredients needed to prove this equality can be used to show directly that 
p is a Poisson map, without having to appeal to Libermann's result. 

1.2.3 A different formula for u 

In this subsection we give another description of w. The resulting formula generalizes (ll.lSp from zeros 
Ox to arbitrary ^ € U. It will depend on a connection on TM which is used in order to handle vectors 
tangent to T*M . Hence, from now on, we fix such a connection V which we assume to be torsion-free 
and let V denote the corresponding contravariant connections defined by (|l.lll) . With respect to V, any 
tangent vector v G T(_{T*M) is determined by its projection to M and by its vertical component 

v = {dp)^{v) £ Tp^^)M, 9,^v- hor^iv) e r;(^)M. 

Of course, when ^ = 0^;, these coincide with the components mentioned in the introduction. The fact that 

V is torsion-free ensures the following generalization of the formula (|1.14p for cjcan at arbitrary ^. 

Lemma 1.2.2. //V is torsion-free, then for any v,w £ T^{T*M), 

UJci>,niv,w) = {0w,v) ~ {dy,w). (1-17) 

Proof. Since V is torsion free, the associated horizontal distribution H C T{T*M) is Lagrangian with 
respect to cJcan- This implies the formula. □ 

As above, let lA C T* M be an open around the zero section on which ipt is defined up to t = 1 and uj 
is nondegenerate. To establish the generalization of (ll.lSp . we introduce some notation. Fix £^ £ U and 
consider 

a:[0,l]^U, a{t)^cptiO, 

which, by the properties of V^r , is a cotangent path. We denote by 7 = p o a its base path. The push 
forward by 1^94 of a tangent vector vq £ T^IA gives a smooth path 

t^vt:^{^t)*{vo)&T,(t)U. (1.18) 

The components of v with respect to V are two paths above 7, one in TM and one in T*M, denoted by 

V and 9y 

t^vt£ T^(t)M, t ^ 9,,^ £ T;^^^M. 

They are related by: 

Lemma 1.2.3. For a, v and 9y as above, we have that W = ir'^Oy. 

Proof. We start with a remark on derivatives along vector fields. For any smooth path of vectors V tangent 
to 14 along a, 1 1-^ V{t) £ Ta(^t)^, one has the Lie derivative of V along V^, again a smooth path of tangent 
vectors along a, defined by 

LvAVm = {d^-s)a(s+t){Vis+t)) £ T,^t)U. 

ClS |s— 

Note the following: 



19 



Chapter □ 



1. For vertical V, i.e. corresponding to a l-form Oy on M along 7, we have that {dp){L\)^{V)) = 
—Tr^{9Y). This follows immediately from the first property of the spray (e.g. by a local computation). 

2. For horizontal V, {dp){Lv^{V)) = Va(V^), where V = {dp){V) is a tangent vector to M along 7. To 
check this, one may assume that y is a global horizontal vector field on M, and one has to show that 
{dp)n{L\;^{V)) = V^(y) for all ry e T*M. Again, this follows immediately by a local computation. 

Hence, for an arbitrary V (along a), using its components {V,9y), 

dpiLvjV)) = -t:\0v) + Va{V). 

Finally, note that for v as in (|1.18p . Ly^{v) — 0. □ 

We have the following version of (|1.15p at arbitrary ^ in U. 

Lemma 1.2.4. Let ^hi and vq,wo £ T^[T*M). Let v — Vt be as before and let 6y be a path in T*M, 
which is a solution of the differential equation 

VaiOv) = 0,. (1.19) 

Similarly, consider w — Wt and 6^ corresponding to wq . Then 

ujivo,wo) = {{e^,v)- {e,,W) - 7r(9„9.^))\l. (1.20) 
Proof. Since V is torsion- free. Lemma [1.2.21 implies that 

uj{vo,wq)= I {{9^,v) - {6y,W))dt. 

Hence, it suffices to show that 







{9yj,v) - {9y,w) = ^{{9w,v) - {9y,w) - n{9y,9i^)). 
dt 

Using (|1.19p for 9v and 9^, followed by Lemma [1.1.131 we obtain 

{9^,v) ~ {9,,w) = - {9^,w)) ~ {9^,Vaiv)) + {9^,Vaiw)). 

The last two terms can be evaluated as follows: 

-{9^,ya(v)) + {9,ya{w)) = -{9^,TT^{9,)) + {9^,tt\9^)) = 

= ~{9^,Tl\^a{9v))) + {9.y{^a{9^))) = 

= -K,^a{^HQv))) - (ya{9-^),^K0v)) = 

dt dt 

where we have used Lemma (|1.2.3p . equation (|1.19p . the fact that 7r'(VQ(6'^)) = Va(7r*'(0^)), the antisym- 
metry of tt'^ and Lemma 11.1.131 □ 

1.2.4 Proof of Theorem 

We start by proving the equality (jl.l6p . By counting dimensions, it suffices to prove that for ^ e iY, we 
have that a;(uo, wq) = for all 

vo e T^-F(p), and wo G T^J^{pi). (1.21) 

Using the same notation as before, conditions 11.211 are equivalent to v{0) = and w{l) = 0. We remark 
that (I1.19p . as an equation on is a linear ordinary differential equation; hence it has solutions defined 
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for all t € [0, 1] satisfying any given initial (or final) condition. Hence one may arrange that 6*1, (0) = 0, 
~ 0. Lemma 11.2.41 immediately implies that ijj{vq,wo) = 0. 

Finally, we show that p is a Poisson map. We have to show that, for £ U and E T*M {x ~ p{0)j 
the unique vq S T^U satisfying 

p*{e)^ = i,„{uj) (1.22) 

also satisfies {dp)^{vo) ~ n'^{9). From (jl.22l) . it follows that vq G T^J-{p)^, hence vn G T^F{pi), therefore 
v{l) — 0. Next, we evaluate (jl.22l) on an arbitrary wq G T(U. We use the formula 11.201 where 9y and 0^ 
are chosen so that 6y{l) = and 6*^(0) = rj E T*M is arbitrary. We find: 

e{wm = (^,(0),iZ;(0)) + (r/,^«^„(0) -^J(O)). 

Since this holds for all wq and all -q, we deduce that 9 = 0^(0) and 7r'*0^(O) = v{Q). Hence it'^[9) = v{Q) = 
{dp)^{vo). 

1.2.5 Some remarks 

Here are some remarks on possible variations. First of all, regarding the notion of contravariant spray, the 
first condition means that, locally, V,r is of the form 

d d 

z,j p 

The second condition means that each "fP(x,y) is of the form rlq ri^)yqyr- While the first condition 
has been heavily used, the second was only needed to ensure that a; is well-defined and nondegenerate at 
elements 0^ G T^M. 

Another remark is that one can show that U can be made into a local symplectic groupoid, with source 
map p and target map pi (see also |44| ) . 

Let us also point out that we used that tt is Poisson only in the compatibility relation (I1.12p which 
in turn was only used at the end of the proof of Lemma 11.2.41 However, it is easy to keep track of the 
extra-terms that show up for general bivectors tt. At the right hand side of (11.121) . one has to add the term 
iaApiXTr) where Xtt — [7r,7r], and to (jl.20p the term XiTici,9v,9w)dt. This is useful for handling various 
twisted versions. For example, for a cr-twisted bivector tt on M (i.e. satisfying [7r,7r] = tt^{<j), where cr is a 
given closed 3-form on M [SS]), the interesting (twisted symplectic) 2-form on U is the previously defined 
uj to which we add the 2-form Ua- given by (compare with [9]): 

w<T = / ip*t{iv^P*{(^))dt. 

JQ 

1.3 Conn's theorem revisited 

Conjectured by Weinstein [72], Conn's normal form theorem [TU] is nowadays one of the classical results 
in Poisson geometry. Conn's original proof is analytic, based on the fast convergence method of Nash 
and Moser. A geometric proof of this result is also available [18]. However, Conn's argument seems 
stronger than the geometric one; in particular, it also implies a local rigidity property. We have adapted 
both approaches (the geometric and the analytic) to the case of symplectic leaves. The outcomes are the 
normal form Theorem [5] and the rigidity Theorem 2] In this section we present a simplified version of 
Conn's original proof. 

1.3.1 The statement 

Let (A/, tt) be a Poisson manifold. A point a; G Af is called a fixed point of tt, if tt^, = or, equivalently, 
if {x} is a symplectic leaf. Conn's theorem (lOj gives a normal form for (A/, tt) near a;, built out of the 
isotropy Lie algebra at x. Recall that Qx = T*M, with Lie bracket defined by 

[dxf,dxg] = dx{f,g}. 
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The hnear Poisson structure (g* , tTj,^ ) plays the role of the first order approximation of tt around x in the 
realm of Poisson geometry. 

Theorem 1.3.1 (Conn's Theorem [10|). If Qx is semisimple of compact type, then a neighborhood of x in 
(A/, tt) is Poisson diffeomorphic to a neighborhood of the origin in (s^jTTg^). 

1.3.2 Rigidity of the linear Poisson structure 

Conn's theorem follows from a rigidity property of the linear Poisson structure, which we explain in the 
sequel. 

Throughout this section, we fix (g, [•, •]) a compact semisimple Lie algebra and (•, •) an invariant inner 
product on g*. Denote by Br C Q* the open ball of radius r centered at the origin. Let {xt} be linear 
coordinates on g* corresponding to an orthonormal basis of g. We define C"-norms on the space of 
multivector fields on the closed ball B^- for / e C°°{Br), let 

Q\a\j 

|1/|1„,^ := sup sup \^r-^{.x)l 

fi<\a\<nxeB^ 

and for W £ X'{Br), let ||M^||„,,. := sup^^^^^^ || W^ii,...,iJ|n,r, where 

For R> r, denote the restriction map X*{Bii) — >■ X*{Br) hy W W\r- 
The linear Poisson structure tt^ has the following rigidity property. 

Theorem 1.3.2. For some p > and all < r < R, there is a constant S = S{r, R) > 0, such that for 
every Poisson structure tt on Bfj satisfying 

Ik ~ '^bIIp,-r < 

there is an open embedding (p : B^ ^ Bji, which is a Poisson map between 

(f : {Br,TTg) — > {Br,tt). 
Remark 1.3.3. For p we find the (most probably not optimal) value: 

p = 7Ldim(0)/2j +17. 
Conn's theorem is a consequence of this rigidity property. 

Proof of rigidity linearization. Let tt be a Poisson structure whose isotropy Lie algebra at a fixed point 
X is g. Taking a chart centered at x, we may assume that tt is defined on Bji, for some i? > 0, and so, it 
is given by 

n ^ -J2n,j{x) — A — , with 7r,j(0) = 0. 
The linear Poisson structure is 

The two structures can be connected by a smooth path of Poisson bivectors tt* g X^(i?jj), with — tt 
and 7r° — T^g, given by 

-^E-..(^-)^aA ,,[0,1]. 

Let < r < i?. By Theorem [1X21 for t > such that 

lk*-7rg|lp,fl<(5(r, R), 
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there exists an open embedding cp : Br ^ Bj^ such that TTg = (p*{7r*). Notice that tt* — t/i*(7r), where /it 
denotes multiplication by t > 0, and, since tt^ is linear, that /i^/j(7rg) = tiTg. Therefore 

Thus ij^ :— iJLt o If o nift is an open embedding and a Poisson map between 

lj) : (Sir, TTg) > {BtR,TT). 

□ 

Remark 1.3.4. In fact, by making i5 small enough, we prove that (p from Theorem 11.3.21 can be made 
arbitrary C^-close to the identity. In particular, we may assume that G (p{Br), and so, in the proof 
above, that £ ^{Btr)- Since is the only fixed point of TTg the Poisson map sends to 0; and this is 
how Conn states the conclusion of his theorem [TO] . 

1.3.3 Tame homotopy operators 

One of the main ingredients in the proof of Theorem 11.3.21 is the existence of tame homotopy operators 
for the second Poisson cohomology of TTg. Here is where our proof deviates the most from Conn's. A 
more general construction, which applies to Lie algebroid cohomology with coefficients, is presented in the 
appendix (The Tame Vanishing Lemma). 

The Poisson cohomology as the invariant part of (G) 

The results in this subsection hold for any Lie algebra g. 

The space of multivector fields on g* can be identified with the space of forms on g with values in 

X'ig*)^A'g*®C°°{Q*). 

With this, the Poisson differential becomes the differential computing the Eilenberg Chevalley cohomology 
of g with coefficients in the representation C°°(g*), and it can be written using the Poisson bracket as 

fe 

d^M^o, . . . , ^fe) = J2^-iy{X,, uj{Xo, Xk)}+ 

i=0 
i<j 

for u! e A'^g* (E) C°°{g*), where we regard Xi G g as linear functions on g*. 

Let G be the 1-connected Lie group integrating g. Let X^ G X{G) be the right invariant extension 
of A e g, i.e. Xg = drg{X). By our convention (see section [T^ . the map X (->• X"^ is a Lie algebra 
homomorphism. Therefore, the map associating to a form on g its right invariant extension 

A'g* 3uj^uj^ e n'{G), Lol rl-^{u) 

is a chain map between the Eilenberg Chevalley complex of g and the de Rham complex of G 

{A'g*,d,)^{n'{G),dG). 

We have a version of this also with coefficients in C°°{g*). Let 57', (G) denote the space of sections of 
A'T*G X 0* G X g*. Regarding the elements in il*. (G) as smooth maps 

a; : g* — > n'{G), ^ ^ w^, 

fig, (G) can be endowed with the "pointwise de Rham differential" : 

daiio)^ :=dG(^«), ees*, c^er!'.(G). 

Poisson cohomology is the G-invariant part of the resulting cohomology. 
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Lemma 1.3.5. The Poisson complex of (g*,7rg) is isomorphic to the G-invariant part of the complex 
(17** (G), dc) via the map 

J:(X'(0*),d,J~^(r!'.(G),dG), 

Ji^)ia,i)i^i^ ■ ■ • '^fc) ^Ad-_-^{oidrg-^{Xi), . . . ,drg-i{Xk)), 
for uj e X'^(g*), where the action of G on il*,{G) is 

Proof. The fact that J is an isomorphism between 

A'Q*^C"^{g*)^ni,{Gf, 
is straightforward; we only note that a left inverse of J is the map 

P : n;, (G) A*0* ® C^{g*), PHe ^i\A'T,G- 

On forms with constant coefficients, i.e. forms in A*g*, the map J is just the right invariant extension, 
thus it commutes with the differentials. So is suffices to check the statement for / e G°°(g*). For X ^ q, 
we have 

{dGJifMdrgiX)) = I {J{fUeM^X)g)) |,=o = 

3 g 

and this finishes the proof. □ 
Homotopy operators for the de Rham complex of G 

The assumption that g is compact and semisimple is equivalent to the compactness of G. The simply 
connectedness of G implies that H^{G) — (see e.g. [l^)- The invariant inner product on g extends to a 
bi-invariant Riemannian metric m on G. Integration against the volume density corresponding to m gives 
an inner product on the space of forms 

(77,61) / m{ri,e)\dVol{m)l ri,e C,n'{G). 
Jo 

Denote by 5 the formal adjoint of the exterior derivative d, i.e. 5 is the unique linear, first order partial 
differential operator 

5 : n'+^{G) — ^ Vl'{G) 

satisfying 

(d77,0) - {r,,6e), r, € n'{G), 9 e Q'+\G). 
Since d^ = 0, also S'^ = 0. The corresponding Laplace-Beltrami operator is 

A:n'{G) — >n'{G), A:={d + 6f = dS + 6d. 

Since H^{G) = 0, by classical Hodge theory (see e.g. [TT]), it follows that A is invertible in degree 2, and 
that its inverse satisfies 

lA-M^f^^ <G„h|^, iien\G), (1.23) 

where G„ are positive constants and | • |^ denote Sobolev norms on ri*(G). The Sobolev embedding 
theorem and (|1.23p imply that satisfies similar inequalities for G"-norms || • ||^ on n*(G) 

||A-M|^<G„h|l^+,_i, r^^n^G), 

where s — [5dim(G)J . 
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Consider the linear operators Hi := 5 o A ^ and H2 '■= A ^ o 5 

Note that d6 and A commute (hence also dS and A^^) 

AdS = {dS + Sd)dd = dSdS + 6d^5 = d5d6 = d6d5 + dS'^d = dS{dS + Sd) = dSA. 
This implies that Hi and H2 are linear homotopy operators for the de Rham complex in degree 2 

dHi + H2d = dSA^^ +A-^6d = A-^{d6 + 5d) =Ido2(G). 
Since 6 is of first order, and by (|1.23p . Hi and H2 satisfy 

||i?i?7ll^<C„h||^+„ \\H2e\\^<C40\\^+,. (1.24) 
By invariance of the metric, also these operators are invariant 

i;iHirj) ^ Hii;{rj), 1;^) ^ H2i;{9). (1.25) 

Tame homotopy operators for the Poisson complex 

We are ready to construct the homotopy operators for the Poisson complex. 

Lemma 1.3.6 (Proposition 2.1 10 ). There are linear homotopy operators for the Poisson complex of 
(g*,7rg) in degree two 

Xl(0*) 4^X^(0*) 4^X^(0*), 

dTTf,hi + h2d-^^ — /d:£2(g.), 
which induce homotopy operators for {Br,Trg\r) in degree two 

X^(i3r) i — — X'^(-Bf.) < X''(-Br)j 
These operators satisfy the following inequalities 

\\hlri\\n,r < Cn\\rj\\n+s,r, ll^2^l|ii,r < Cn 1 1 | n+s,r , 

with s — [^dini(0)J and constants C„ > independent of r. 
Proof. Using the maps J and P from Lcmma ll.3.51 we define 

hi{ri) ■.= PoHioJ{ij), h2[9) := PoH2oJ{9). 

Since Hi and H2 are homotopy operators for the de Rham cohoniology of G in degree 2, it follows 
that they induce also homotopy operators for the complex (fig. (G), dc) hi degree 2. By (|1.25p . Hi and 
H2 preserve i7g*(G')'^ and Lemma 11.3.51 gives an isomorphism between (i7g* (G)*^, dc) and the Poisson 
complex under which Hi and H2 correspond to hi and /12. Thus, hi and h2 are homotopy operators for 
the Poisson complex in second degree. 

Observe that for 77 G X*(0*) = A'0* (X) G°°{q*) and ^ G Br, by invariance of the metric, J{ri)^ depends 
only on rj^j.- Therefore, a version of Lemma 11.3.51 is true for _B,. which gives an isomorphism between 

{X'(Br),d^J^in^^{Gf,dG). 

In particular, hi and /ij s-re well-defined and, by a similar argument as before, they are homotopy operators 
in degree 2. 

To check the inequalities, we endow first ft^ (G) with G"-norms 



P I 

\a\ + k<n xel 



\u;\\Zr-^ sup sup 11-^-^ (x) 11^, 
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where || • ||^ are some fixed C^-norms on G. Using (|1.24p . we compute 

\\Hi{'n)\\n,r^ sup sup II— = sup sup ||i/i— i(x)||^ < 

\a\+k<nx^Br |a| + fe<»i xG-B^ 



\a\+k<n xeBr 

and similarly, for H2 we obtain 



< sup sup Cfc|||^(a;)||^+, <C„||ry||^+,_,, 



||i?2WII^.. < C„||0||^+,,,. 
It is not difficult to show that J and P satisfy the inequalities 

WJmZr < CnMn,. \\P{^)\\n.r < ^.11^11,^,., 

(see also Lemma lA.I.Sp and combining these with the inequalities for Hi and H2, we obtain the conclusion. 

□ 



1.3.4 Inequalities 

In this subsection we list several inequalities which will be used in the proof of Theorem 11.3.21 Most 
of these results are standard, and for the proofs we refer to chapter [5] where we present more general 
statements. 

A usual convention when dealing with the Nash-Moser techniques (e.g. [21]), already used in the 
previous subsection, and which we also adopt here, is to denote all constants by the same symbol. In the 
results below we work with "big enough" constants C„ which depend continuously on r > (the radius of 
Br), on the Lie algebra q and the metric defined on it, and we also work with a "small enough" constant 
9 > 0, which does not depend on r. 



Smoothing operators and interpolation inequalities 

The main technical tool used in the Nash-Moser method are the smoothing operators. This is a family 
of linear operators 

that satisfy, for all m < n, W E X'^{Br), the inequalities 

1 1 ^[(T^) I In,,. < t"'Cn\\W\\n-m.r, \\Sl{W) - W\\n-ra,r < t~"C„ || Vt^|| 

with C„ > depending continuously on r > 0. For their existence see Lemma [6.3.21 

As remarked in [37], existence of smoothing operators implies that the classical interpolation in- 
equalities hold for the norms || • ||„ 

llW^lkr < a(||VK||fc,,)^(||T^||„,,)^, X'(Br), 

for k < I < n, not all equal, with C„ > depending continuously on r. 



Inequalities of some natural operations 

As a straightforward consequence of the interpolation inequalities, the Schouten bracket on X*{Br) satisfies 
(see Lemma [5. 3. 4p 

||[T^,V^]||„,,. < C„(||iy||0,r||1/||„+l,r+ ||M^||„+l,r||1/||0,r). 

We consider also C"-norms on the space of maps C°°{Br,Q*), defined exactly as on X(g*). Such a 
map is called a local difFeomorphism, if it can be extended on some neighborhood of Br to an open 
embedding. Let Ir denote the inclusion Br C g*. A C^-open around Ir contains only local diffeomorphisms. 

Lemma 1.3.7 (see Lemma [6. 3. 7p . There exists 9 > 0, such that, iftp £ C°°{Br,Q*) satisfies \\ip — Ir\\i,r < 
9, then ip is a local diffeomorphism. 

The composition satisfies the following inequalities. 
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Lemma 1.3.8 (see Lemma 16.3.81) . There are constants C„ > 0, depending continuously on < s < r, 
such that for and all tp S C°°{Bs,Br) satisfying \\lp — Is\\i,s < 1, o,nd all ip € C°°{Br,Q*), the following 
hold 

\\i!Oip- Is\\n,s < IIV' - Ir\\n,r +11^- Is\\n,s + 

+ Cn{\\lp - Ir\\n,r\\iP ~ Is\\l,s + W'P - /s|l„,s||V' - ^r||l,r), 

IIV'O (y9 - -0||„^s < \\ip - Is\\n,s + 

+ Cn{\\lp - Ir\\n+l.r\\V " Is\\l,s + \\^ - hWnA'^' - Ir\\l.r)- 

These inequalities imply a criterion for convergence of compositions. 
Lemma 1.3.9 (see Lemma l6.3.9p . There exists 9 > 0, such that for all sequences 

where < r < < rk-i < R, which satisfy 

(^l ■=^\Wk - Ir^\l,r^ < and ^\\Lpk-IrA\n,r^<00, 
k>l k>l 

the sequence of maps 

V'fc := V?! O . . . O : Br — > Br, 

converges in all C"-norms to a smooth map tjj £ C°°{Br, Br) which satisfies 

II - ^r||l,r < Cai, 

for some constant C > depending continuously on r and R. 
We list some properties of the flow. 

Lemma 1.3.10 (see Lemmas 16.3.101 16.3.111 16.3.12p . There exists 6 > such that for all < s < r and 

all X G X^{Br) with ||X||o.r < (r — s)9, the flow of X is defined for t £ [0, 1] between 

(fix ■ Bs > Br- 

Moreover, there are C'n > 0, which depend continuously on r, such that if X also satisfies ||X||i_r < 
then ipx '■= Vx following properties 

WfX — Is\\n,s < C'„||X||„^r, 

\Wx{W)\\n,s < Cn{\\W\\n,r + 1 1 W^| | 0,r 1 1 ^ 1 1 „+l,r) , 

\\^*X{W) - Wls\\n,s < C„(||X||„+i,,||VF||i,, + ||X||i,,||W^||„+i,,), 

< C„||X||o,.(||X||„+2,,||VF||2.r + ||^||2,r||VK||„+2,.), 

for allW eX'(Br). 

1.3.5 Proof of Theorem [HM] 

We will construct ip as a limit of open embeddings ipk '■ Br ^ Br, chosen such that the difference 
V'^(7r) — TTgir converges to zero. Denote by 

a 2(s + 3), p:^7s + 17, 

where s ~ [idim(0)J, and consider the sequences 

eo :=min{i,i^^}, ro i?, to := ^"^Z", 

3/2 3/2 

Cfc+i '■— Cfc , rk+i := rk — Cfc, tk+i t/. , 
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where S = 5{r, R) E (0,1) wiW be fixed later on. By our choice of eo, 



hence r < rk < R, for all k > 1. 

Denote the smootliing operators by Sk ■— Consider the sequences 

{Xk e X^{Br^)}k>0, {""fc G ^^{Brk)}k>0, 

defined by the following recursive procedure: 

ttq :— TT, Zk := TTfc — 7rg|,.^_, Xk := Sk{h\'' {Zk))^ T^k+i '■= 'f*Xki''^k)- 

We will prove by induction the following statements (note that the first ensures that the procedure is 
well-defined for all k): 

(afe): the flow of X^ at time one is defined as a map 
Zk satisfies the inequalities 

ll^fclU,.. <tr, \\Zk\\p,r,<tt. 

By hypothesis, (60) holds 

||2'o||p,_R = IItT - TTg\\p,R < (5 = <o 

We will show that (bk) implies (afe) and (6^+1). 

First we give a bound for the norms of Xk in terms of the norms of Zk 

ll-'^fellm.rfc = \\Sk{hl'' {Zk))\\m,rk < Cmtk\\h[''{Zk)\\m-l,rk ^ (1-26) 
< Cmtk\\Zk\\m+s — l,ri.: 

for all < I < m. In particular, for m — I, using (bk), we obtain 

ll-'^/cllm.r-fc < Cmt^ (1-27) 

Taking 5 such that 5~^l°' = to > e^^ , we have that tk > e^T^- Using that a > 3 and (|1.26p . we obtain 

ll^fclli.r. < Ctl-" < C%%' < Cd'/"ek. (1.28) 

By shrinking S, we get that < Oek, so Xk satisfies the hypothesis of Lemma [1.3. 101 in particular 

(ofe) holds. 

We deduce now an inequality for all norms ||Zi:+i||„.,.j^_^j, with n> s 

\\Zk+l\\n,r, + i = ll'/'Xfe(^fe)+'/'xj71'g)-'^BlU,r,+ i < (1-29) 

< Cn{\\Zk\\n,rk + \\Xk\\n+l,rJ\Zk\\o.rk + \\Xk\\n+l.rk\Ws\\n+l.rJ < 

< Cn{\\Zk\\n,rk + 1 1 -''^fc 1 1 n+l,r J < C'„t^+^ 1 1 Zfe || „,rfc , 

where we used Lemma ll.3.10l the inductive hypothesis and inequality (jl.26p with m — n+1 and I = s + 1. 
For n — p, using also that s + 1 + a < |q; — 1 and by shrinking 6, this gives the second part of {bk+i)'. 

\\Zk+i\\p,rk+i < Ci^+^+" < Ci|" ^ < Ct^'^tk+i = C6'^/°'tk+i < tk+i- 
To prove the first part of {bk+i), we write Zk+i = Vk + (p*x^{Uk), where 

:= ip*x^{TT^) - - ip*x^{[Xk,ng\), Uk Zfe - [7rg,Xfe]. 
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Using Lemma 11.3.101 and inequality (|1.27l) , these terms can be bounded by 

llVfclU^rfc + i < C||7rg||s+2,rJ|-'^fc||o,rJ|-'^fe||s+2,rfc < Ct^.+^"^", (1.30) 
WfhiUk^lUr,^, < C{\\Uk\Ur, + ||C/fe||o,.J|^fc||.+l,.J < (1.31) 

<C(||(7fe||,,.,+tfi-"||C/,||o,.J. 
To compute the C-norm for Uk, we rewrite it as 

Uk^Zk-[7T„Xk] = [TT,,h[''{Zk)]+h;''{[7r„Zk])-[lTg,Xk] - 

= [n,,il - Sk)h[^iZ,)]-h;H[Zk,Z,]). 
By tameness of the Lie bracket, the first term can be bounded by 

||[7r„(/-5,);i^H^fc)]IU,.. <c||(/-5fe)/il''=(^fe)IU+i,r. < 

and using also the interpolation inequalities, for the second term we obtain 

||-/l2'''([^fc, ^fc])||s,rfc < C\\[Zk, Zk]\\2s,r,, < C\\Zk\\o,rJ\Zk\\2s+l,rk < 

p-(2s + l) 3 + 1 I P-(3° + 2) ■) 

< Ct^"||Zfc||s,rr° \\Zk\\p7rl < Ctf, 

Since — a(l + ^rj-^) < — |a — 1, these two inequalities imply that 

\ms,r,<Ct-J"'\ (1.32) 
Using p.27p . we bound the C'^-norni of Uk by 

\\Uk\\o,r, < ||^;.||o,,.. + ||[7ro,Xfe]||o,., <ir + C^ll^felli,r. <C4'"- (1-33) 
Using ((L30)) . (fOTj) . (I02)) . (fOSl) and that s + 2 - 2a = -fa - 1 we get 

and by taking 5 even smaller, this finishes the induction. 

From (I1.29P we conclude that for each n > 1, there is fc„ > 0, such that 

\\Zk+l\\n,r,+, < tl'^^\\Zk\\n,r,, V k > kn- 

By iterating this, we obtain 

^fc^^ll-^fc||n,''fo — i^ktk-l ■ ■ ■tkny^'^\\Zk„\\n,rk„- 

On the other hand we have that 

1+3 4-.. . + (3)''"-'=" 2(3)''+l-''n g 

tktk-1 ■ ■ -tkn — tf.^^ ^ — '■fcn^ ~^k- 

Therefore, we obtain a bound valid for all k > kn 

\\Zk\\n,rk <tk ^' ' liefer. I|n,rfc„ • 

Consider now m > s and denote by n := 4to — 3s. Applying the interpolation inequalities, for k > kn, we 
obtain 

\\Zk\\m,rk — Cm\\Zk\\s,rk \\Zk\\n,rk ~ Cm\\Zk\\s,rk\\Zk\\n,rk ^ 
< r II 7 ||3 _ +~(*+3)|l7, ||3 
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This inequality and inequahty (|1.26p . for I = s, imply 



This shows that the series I]fe>o ll-'^fel "T-i^A: converges for all ui. By Lemma ^^^TOJ also ^2k>o ll'i'^^fc 
-^rfc+i ||m,rfc+i conveiges for all m and, by (ll.28p . 

k>l k>l k>l 

So we may assume that di < 6, and we can apply Lemma ll.3.9l to conclude that the sequence of maps 

ipk := (fiXo o ...o ipx^^^ : Br — > Br, 

converges uniformly in all C"-norms to a map tp : Br ^ Br that satisfies — /r||i,r < CS^^"' . Hence, by 
shrinking S, we may apply Lemma 11.3. 71 to conclude that is a, local diffcomorphism. Since ^pk converges 
in the C-'^-topology to i/j and iPI{tt) — {dipk)^^{T^4ik), it follows that ipKir) converges in the C'^-topology to 
V'*(7r). On the other hand, Zk\r = V'fcC"') ~ ^0|r converges to in the C^-norm, hence — TTgi^. So ip 

is a Poisson map and a local diffcomorphism between 

Ip : {Br,TT^\r) > {Bb,,Tt). 



1.3.6 The implicit function theorem point of view 

By the heuristical interpretation of Poisson cohomology from subsection ll.l.4[ the infinitesimal condition 
corresponding to rigidity is the vanishing of the second Poisson cohomology. This fits very well in the 
framework of implicit function theorems. The various results of this type allow one to prove existence 
results by analyzing the linearized equations underlying the problem (i.e. the infinitesimal data). A natural 
question is if such a result is applicable in the case of Conn's theorem. The standard implicit function 
theorem is for finite dimensional spaces, but there are versions also for infinite dimensional ones. A 
generalization to Banach spaces (e.g. spaces of C"-maps), with rather mild extra assumptions, is well 
known and proved very useful. In the case of Frechet spaces (e.g. spaces of C°°-maps), the situation is 
more subtle and the precise conditions are more involved. The main general such result is Hamilton's 
implicit function theorem [3 7) . which is discussed briefly in the appendix I A. 2 1 Here we explain that, 
although intuitively, Conn's theorem is the manifestation of an implicit function phenomenon, Hamilton's 
result cannot be applied (at least not in the way outlined in ^23 ). Still, Hamilton's implicit function 
theorem provides more insight into the problem; in particular the inequalities listed in subsection 11.3.41 
assert that the natural operations (e.g. the Schouten bracket, flows of vector fields, puUbacks) are "tame" 
maps in Hamilton's category of "tame Frechet spaces" . 

The approach presented here is similar to the one in [23] • For < r < i?, let £{R,r) denote the space 
of embeddings of Br in g* whose image contains Br in the interior. Consider the "nonlinear complex" 

£{R, r) A X^(Br) A X^(Br), (1.34) 
where the maps P and Q are given by 

P(^):=^.(7r,)|5_,, Q{W):^^[W,W]. (1.35) 

We call this a nonlinear complex, because Q o P{ip) = 0, for all ip S £{R,r). Exactness of the complex 
around tTq corresponds to the following rigidity notion: every bivector tt on Br, close enough to tTq, such 
that Q{tt) = (i.e. tt is Poisson) is of the form P{(p), for some ip G £{R,r) (i.e. tt it is isomorphic to the 
restriction of tTj to (p~^{Br)). In a finite dimensional situation, for this exactness property to hold, it is 
enough to require infinitesimal exactness at = Ir (see e.g. chapter 3, section 11. C of [40^, Part II). In 
our case, identifying the tangent space at Ir of £{R,r) with X{Br), the linearized complex is 

X(Br) "^'-^^ X^(Br) ^ X^(Br). (1.36) 
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One easily checks that the maps e o hi and ^2 are homotopy operators for (|1.36p . where hi and /12 are 
the operators from subsection 11.3.31 and e : X{Br) — ^ X(i3fl) is a splitting of the restriction map. So 
the infinitesimal sequence splits, and moreover, by choosing e to be a tame extension operator (see e.g. 
Corollary 1.3.7 [37]), we obtain tame homotopy operators. 

To apply Hamilton's result [SQ , first one needs to check that the maps in (|1.35p are smooth and "tame" 
(which is routine, and follows from results in [37]), and second, that the infinitesimal complex splits at all 
points near Ir. At (/? g £{R, r), this complex is isomorphic to 

X(Bn) '-^^2^°'" X\B,\ (1.37) 

and its exactness implies vanishing oi H^^^^{Br). Yet this cohomology doesn't vanish on any neighborhood 
of This, together with the fact that the nonlinear complex is not exact in general, is explained below in 
the case of so (3). So, this natural attempt to apply Hamilton's implicit function theorem doesn't work. In 
[53], the author works instead of 8{R, r) with the space of diffeomorphisms of g* with support in Bb,. Yet, 
the same problem occurs when trying to apply Hamilton's result, as one can easily check. Nevertheless, 
this point of view gives more insight into the problem. Of course, there are other geometric situations in 
which Hamilton's theorem is the right tool to prove rigidity (see e.g. [SHUSH] and also Appendix IA.2p . 



Smooth deformations of the ball in so(3)* 

Consider the linear Poisson structure on M.^ corresponding to so (3)* 

d d d d d d 
7^50(3) := X— A — + y— A — + z— A — . 
' oy oz oz ox ox Oy 

The following shows that (I1.37P is not exact on a neighborhood of In- 

Proposition 1.3.11. There exist open embeddings </? : Bj^ ^ R'^, arbitrary close to the identity, such that 

H^{Br)^0, for TT := lfi^{TT^o(3))\^. 

Proof. Consider coordinates {p,d,z) on ]R'^\{(0, 0, z)|z e M}, where p > is the distance to the origin, 
9 E is the angle with the xz-plane and z satisfies — p < z < p. In these coordinates the Poisson structure 
becomes 

d d 

Consider the bivector 

d d 

where x • [Oj 00) — >■ M is a smooth function satisfying x{p) — foi" P ^ [0, r] and x{p) > for p > r. Note 
that, in the coordinates {x,y,z), W extends to 

C/:=M3\{(0,0,z)||z|>r}, 

and that it vanishes on B,.- Clearly [TTgo{3}i ^] = 0- 

We claim that, for an open U C U that contains a circle of the form Sj,^ {{po, zq)\9 e S^}, for 
po > r, the class of [W] £ H^^^^_^^ {U) is nontrivial. Assume that X = A-^ + B-^ + C-^ is a vector field 
on U such that [Tr^ofajjX] — W. In particular, this equation implies that 

^{po,e,zo) = xipo)- 

Integrating Jg~Q^ , we obtain a contradiction: = 27rx(po)- 

Thus, every embedding ip : Br E^, such that for some po > f: 

SX,^,^,C^-\Br)CU, 

satisfies that H^{Br) ^ 0, for tt = V*{t^so{3))\'b^- For example, the family: 

ipe{x,y, z) :— {e~'^x,e~'^y,e'^z), e > 0. (1.38) 

□ 



31 



Chapter □ 



The class used in the proof comes from a nontrivial deformation tt of 7r5o(3-) on [/, which we explain in 
the sequel. Geometrically, the Poisson structure tt coincides with ^^0(3) on Br, but the leaves outside Br 
are noncompact, and spin around dBr- To give tt explicitly, we describe a regular Poisson structure on an 
open in M'^ as a pair (a, ry) consisting of a non- vanishing 1-form and a non- vanishing 2-form such that 

a A da = 0, a A r/ 7^ 0. 

The foliation is the kernel of a and the symplectic structure is the restriction of 77 to the leaves. 
The linear Poisson structure tt^o{3) is represented on R'^\{0} by the pair 

(dp, w), UJ — — (xdy A dz + ydz A dx + zdx A dy) . 

We define tt on ?7\{0} in terms of the pair 

{dp + x{p)de,^), 

where x is defined in the proof above. Clearly, tt extends to U, and coincides on Br with tt 1^0(3) ■ Since the 
kernel of lo is spanned by it follows that {dp + x{p)dd) A w is a volume form on f7\{0}. 
Using TT, we prove that the nonlinear complex (jl.35p is not exact. 

Proposition 1.3.12. There are Poisson structures tt on Br, arbitrary close to tTso{3)j such that {Br,TT) 
cannot be embedded in (R"^, 7rj,o(3)). 

Proof. Consider the vector field X = — x{p)-§^ on U\Br- Note that X is tangent to the symplectic 
leaves of tt, and that its flow lines arc of the form 

(p(<),i + 0o,2o), 

where p{t) is a decreasing function which tends to r. In particular, the boundary leaf S :— U dBr has 
nontrivial holonomy. 

Consider the smooth deformation of 1^^0(3,) 

TTe := Vf.*{T^)\B^, e > 0, 

where ip^ is given in (|1.38p . For e > 0, {Br, n^) cannot be embedded in (R^, Tr^p^s)), since the leaf (pe{S)r]Br 
has nontrivial holonomy. □ 

1.4 Some notations and conventions 

We use the following conventions: 

• the Lie bracket of vector fields is defined by 

Lx{LY{f)) - LY{Lx{f)) - 

• the Schouten bracket on X* (M) is defined by 

[XiA...AXp,YiA...AYq]= (1.39) 



^(-1)*+^'[X„ Yj\AXiA...AX^A...AXpAYiA...AYjA...AYq. 



• we define the Lie bracket on the Lie algebra g of a Lie group G using right invariant vector fields: 

[X,YY = [X'^,Y''], [X,Y]^ = -[X\y\ 
where for Z e g we denote by Z"^ e X(G') the right (respectively left) invariant extension to G: 

Zl:^dr,{Z), Z\:^dl,{Z). 
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Denoting as usual 

Adg{Y) := ^ 5exp(ey)c,-\ and adx{Y) := ^ A4^p(.x) (5^), 
ae|e=o ae|e=o 

the Lie bracket also satisfies 

adx{Y) = [Y,X]. 

The Tube Lemma from topology states that a neighborhood of -ftT x {x} va. K x X, where K and X 
are topological spaces, with K compact, contains a tube K xU, where U is a neighborhood of x. We will 
often use this result in the following form: 

The Tube Lemma. Let M be a topological space and let {Ut}teio,i] C M be a family of opens, such that 
Ut{{t} X Ut) is open in [0, 1] x M. Then ^te[Q,i\Ut is open in M. 
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Chapter 2 

Lie algebroids and Lie groupoids 



In this chapter we recaU some resuhs about Lie algebroids and Lie groupoids, and we also prove some 
lemmas on the subject to be used in the following chapters. For the general theory, we recommend [551151) . 

2.1 Lie groupoids 

2.1.1 Definition of a Lie groupoid 

One usually thinks about a group as the space of symmetries of an object. Groupoids generalize this idea, 
by putting together the symmetries of several objects and also "external symmetries" between different 
objects. Groupoids that come with a smooth structure, compatible with the groupoid operations, are 
called Lie groupoids. 

More precisely, a Lie groupoid is given by two smooth manifolds G and M, whose points are called 
arrows and objects respectively, and smooth structure maps s, t, u, l and m, as follows 

• s,t : Q M, are surjective submersions, called source and target, 

• u : M ^ Q, denoted also by u{x) = Ix, is called the unit map, 

• L ■ G ^ G, denoted also by L{g) — g^^, is the inversion map, 

• m : G Xm G ^ G, denoted also by Tn{g, h) — gh, is called the multiplication and is defined on 

GxMG^{{g,hMg) = t{h)}. 
^ X Af 5 is a smooth manifold since s, t are submersions. 
These structure maps are required to satisfy the natural axioms 



• 




t{lx) = X, 


• 


tig-') - 


= sig), sig-^) = tig), 


• 


lt(s)5 = 




• 


gg-' = 




• 


sigh) = 


s(/i), tigh) = tig), whenever sig) = t(/i), 


• 


gihk) = 


: igh)k, whenever sig) = and s(/i) — tik), 



for all a; € M and g,h,k £ G- 

We usually denote groupoids by =^ M. 



There are natural examples of groupoids (e.g. coming from foliation theory) for which the space of 
arrows is not a Hausdorff manifold; that is, G satisfies all the axioms of a manifold (it has a countable 
atlas with smooth transition functions), except for Hausdorffness. Our overall assumptions are that M is 
a smooth Hausdorff manifold and that G is smooth manifold but not necessarily Hausdorff. 
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2.1.2 Examples 
Lie groups 

A Lie group is a Lie groupoid over a point. 
The action groupoid 

Let G be a Lie group acting on an manifold M. One forms the corresponding action groupoid G\kM ^ M 
with structure maps 

s{g,x)^x, t{g,x)=gx, l^ = (lG,a;), {g, xy^ = {g^'^ , gx), 
{9,x){h,y) = {gh,y) where x = hy. 

The fundamental groupoid 

The fundamental groupoid of a manifold M, denoted by Hi (M) =f M, is the space of paths in M modulo 
homotopy relative to the endpoints. The source (respectively target) of a path is its initial (respectively 
final) point, the composition is concatenation, the units are represented by constant paths, and the inverse 
of a path is the same path with reversed orientation. 

The gauge groupoid 

Let P — > M be a principal bundle with structure group G. The gauge groupoid of P, denoted by 
P XqP ^ M, has as space of arrows between x,y G M, equivalence classes [p.j;,Py] with px e Px, Py G Py, 
where 

[Px,Py\ = [qx,qy\ Qx ^ Pxg, qy = Pyg for some g & G. 
The units are Ix = [pxtPx], inversion [px,Py] — > [py,Px] and composition is 

[Px,Py][qv,qz] = [Px,qzg], where g G G satisfies Py = qyg. 
The holonomy groupoid 

To a foliation T on M, one associates the holonomy groupoid 

Hol( J") =^ M. 

Points on different leaves of have no arrows between them, and the arrows between x and y, both in the 
same leaf L, are the holonomy classes of paths from x to y. Recall j58j that, given a path 7 : [0, 1] — > L, 
with 7(0) = X and 7(1) = y, the holonomy of 7 is the germ of a diffeomorphism 

hol{"/) : Tx — !• Ty, 

where Tx and Ty are small transversal submanifolds to L at x and y respectively. The map hol{j) can be 
computed using parallel transport of the Ehresmann connection induced by on a tubular neighborhood 
T C M oi L. Two paths 71, 72 : x y and said to be in the same holonomy class, if, after restricting to 
some open of x in Tx, /lo/ (71) = hol(^2)- The space of arrows Ho^J-") is a smooth manifold [58j, but may 
fail to be Hausdorfi^. 

2.1.3 Terminology and some properties of Lie groupoids 

For a Lie groupoid Q ^ M , we have that 

• Q{x,y) := s^^{x) O t^^{y) - the set of arrows from x to y - is a (Hausdorff) submanifold of Q. 

• Q{x,x) :— Qx - called the isotropy group at x - is a Lie group. 

• Qx := t(s~^(x))- called the orbit through x - is an immersed submanifold of A4 . 

• Q(x, — ) := s^^{x) - the s-fiber over a; - is a principal Qx bundle over Qx with projection the target 
map t : Q{x, — ) — > Qx. 
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• If X C M is a submanifold transverse to the orbits of Q, then 

g^x ■.= s-\x)nt-\x)^x 

is a Lie groupoid. In particular, this holds for opens X C M. 

• A submanifold S C M is called invariant, if it is a union of orbits. 

• g is called proper, if it is Hausdorff and the map 

{s,t) -.g ^MxM, 
is proper (i.e. preimages of compact sets are compact). 

• is called transitive if the map 

{s,t) -.g^Mx M, 
is a surjective submersion. In this case, g is isomorphic to a gauge groupoid 

g'^PxaP, 
where the principal G-bundle P is any s-fiber. 

2.1.4 Existence of invariant tubular neighborhoods 

In chapter |6l we will use the following lemma. 

Lemma 2.1.1. Let g ^ AI be a proper Lie groupoid with connected s- fibers and let S d M be a compact 
invariant submanifold. There exists a tubular neighborhood E C M (where E = TsM/TS ) and a metric 
on E, such that, for all r > 0, the closed tube Er := {v € E : \v\ < r} is g-invariant. 

The proof is inspired by the proof of Theorem 4.2 from [62], and it uses the following result (see 
Definition 3.11, Proposition 3.13 and Proposition 6.4 in loc.cit ). 

Lemma 2.1.2. On the base of a proper Lie groupoid there exist Riemannian metrics such that every 
geodesic which emanates orthogonally from an orbit stays orthogonal to any orbit it passes through. Such 
metrics are called adapted. 

Proof of Lemma \2.1.1\ Let g be an adapted metric on M and let i? := TS^ cTsM he the normal bundle. 
By rescaling we may assume that 

(1) the exponential is defined on E2 and on int(£'2) it is an open embedding; 

(2) for all r e (0, 1] we have that 

eMEr) = {pe M -.dip^S) <r}, 
where d denotes the distance induced by the Riemannian structure. 

For these assertions, see the proof of Theorem 20, Chapter 9 in |66) . 

Let V G El with \v\ := r and base point x. We claim that the geodesic 'y{t) :— exp{tv) at t = 1 is 
normal to exp{dEr) at 7(1), i.e. 

T^(i)exp(9i;,) =7(1)^. 
Let Br{x) be the closed ball of radius r centered at x. By the Gauss Lemma 

7(1)^ = T^(i)9B.(a;), 

and by (2), Br{x) C exp(i?,.), therefore the boundaries of Br{x) and exp{Er) are tangent at 7(1). This 
proves the claim. 

By assumption, S* is a union of orbits, therefore the geodesies "f{t) := exp(tu), for v € E, start normal 
to the orbits of C/, and by the property of the metric, they continue to be orthogonal to the orbits. Hence, 
the claim implies that the orbit are tangent to exp{dEr), for r E (0, 1). Since the orbits are connected, it 
follows that exp{dEr) is invariant for all r S (0, 1). Let A : [0, 00) — >■ [0, 1) be a diffeomorphism that is the 
identity around 0, and define the embedding E ^ M hy v 1-^ exp(A(|w|)/|w|?;). □ 
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2.1.5 Representations 

A representation of a Lie groupoid G =1 M is a vector bundle p : V M endowed with a linear action 
of G on V, i.e. a map 

fJ- -G XmV — > V, ^(.g, v) := g -v e Vt(g), for g, v such that s{g) = p{v), 

which is linear in v and satisfied the usual axioms 

■v = v, (gh) ■ V ^ g ■ {h ■ v). 

2.2 Lie algebroids 

2.2.1 Definition of a Lie algebroid 

A Lie algebroid is a vector bundle A — > M with a Lie bracket [•, •] on its space of sections r(^) and a 
vector bundle map p : A TM, called the anchor, which satisfy the Leibniz rule 

[X, fY] - f[X, Y] + p{X){f)Y, X,Ye T{A),f e C^{M). 

This axiom implies that p is a Lie algebra homomorphism T{A) — > X{M). 

2.2.2 The Lie algebroid of a Lie groupoid 

The infinitesimal counterpart of a Lie groupoid G ^ M is a Lie algebroid 

A = Lie{G) — > M. 

As a vector bundle, A is the pullback by the unit map m : M — > ^ of the space of s- vertical vectors on G 

A = u*{T''G), where T'G := ker(ds : TG ^ TM). 

The anchor is the differential of the target map p dt^j^. To define the Lie bracket, let Vg denote right 
multiplication by an arrow g : x ^ y, 

Tg : G{y, -) ^ G{x, -), h i-> hg. 
An s- vertical vector field X E r(T^CJ) is called right invariant, if 

drg{Xh) = Xhg, whenever s{h) = t{g). 

The space of right invariant vector fields is denoted by T{T''G)'^ . A section X e y{A) extends to a unique 
right invariant vector field X*", 

Xl:^drg[X^(g)), geG, 

and the assignment X i— !■ X"^ defines an isomorphism between T{A) = T{T^G)^ ■ This isomorphism induces 
the Lie bracket on T{A). 

Compared with the theory of Lie algebras and Lie groups, a major difference is that not every Lie 
algebroid is the Lie algebroid of a Lie groupoid. 

Definition 2.2.1. A Lie algebroid A M , for which there is a Lie groupoid G ^ M such that A = Lie{G), 
is called integrable. 

More on integrability will be presented in section [2.51 

2.2.3 Examples 
Lie algebras 

A Lie algebroid over a point is the same as a Lie algebra. 
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The tangent bundle and foliations 

The tangent bundle of a manifold M is a Lie algebroid with p = IdxM- A Lie groupoid integrating TM is 
the fundamental groupoid ni(Af). 

The tangent bundle TT C TM of a foliation is a Lie algebroid. A Lie groupoid that integrates it is 
the holonomy groupoid Hol(J^) =t M. 

The action Lie algebroid 

Let g be a Lie algebra acting on a manifold M by the Lie algebra homomorphism a : g — > X(M). This 
defines a Lie algebroid qkAI called the action algebroid. The vector bundle is g x Af — > M, the anchor 
is given by a and the bracket is uniquely determined by the Leibniz rule and the fact that on constant 
sections it coincides with that of g. If the action integrates to the action of a Lie group G of q, then q k M 
is the Lie algebroid of the action groupoid G k M. 

Transitive Lie algebroids 

A Lie algebroid A — > M with surjective anchor is called transitive. If A is integrable and M is connected, 
then any Lie groupoid integrating A is automatically transitive, hence a gauge groupoid. 

Conversely, let p : P — M be a principal G-bundle. The Lie algebroid of the gauge groupoid P Xq P, 
as a vector bundle, is A{P) := TP/G. The anchor is induced by dp : TP — TM and the Lie bracket 
comes from the identification between sections of A{P) and invariant vector fields on P: 

r{A{p)) ^ x(p)'^. 

The cotangent Lie algebroid of a Poisson manifold 

For a Poisson manifold (M, tt), T*M is a Lie algebroid, called the cotangent Lie algebroid, (see section 
II. ip with anchor tt" and Lie bracket 

[a,/3]^ := L^ti(a)(/3) - L^it(/3)(a) - dTr{a,f3). (2.1) 

Dirac structure 

A Dirac structure L C TM (BT* M is a Lie algebroid with anchor px ■ L ^ TM, and the Dorfman bracket 

For TT Poisson, the cotangent Lie algebroid T*M and the associated Dirac structure L^^ are isomorphic 
iT*M, [., ^ {L^, [., ■]d,Pt), i ^ ttHO + e 

2.2.4 Some properties of Lie algebroids 

Let A be a Lie algebroid over M. 

The isotropy Lie algebra 

For X G M, the Lie bracket on T{A) induces a natural Lie algebra structure on the kernel of the anchor 
at X, called the isotropy Lie algebra at x and denoted by Qx ■= ker(/9)j;. For X,Y G g^, the bracket is 
defined by ^ ^ 

[X,Y] := 

where X,Y G r(A) are extensions of X, respectively of Y. 

In the integrable case, when A — Lie{Q), the isotropy Lie algebra at x is the Lie algebra of the isotropy 
group Qx at X. 

The orbits 

The subbundle p{A) C TM is a singular involutive distribution, which integrates to a partition of M by 
immersed submanifolds, called the orbits of A. The orbit through x, denoted by Ax, satisfies Tx{Ax) = 
p{Ax). If A is integrable, with A = Lie{Q), then the orbits of A coincide with the connected components 
of the orbits of Q. 
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Restrictions 

If C M is a submanifold satisfying 

p{A,) c T^N, V X e iV, 

one can restrict A, to iV, i.e. there is a unique bracket on r(j4|7v) such that the restriction map is a Lie 
algebra homomorphism. With this bracket, 

{A\N, [•, -Ijv, P\n) 

becomes a Lie algebroid over N called the restriction of A to N . In particular, for an orbit O = Ax, the 
restricted Lie algebroid A|o is transitive. 

A-paths 

The orbit Ax can be described as the set of points y ^ M for which there exists a smooth path 7 : [0, 1] — M 
joining x to y, and a smooth path a : [0, 1] — > A lying over 7, such that 

Such a pair (a, 7) is called an A-path. 

For the cotangent algebroid of a Poisson manifold, this notion coincides with that of a cotangent path 
introduced in section [TTTl 

The fundamental integration of A 

For a Lie groupoid Q, the union of the connected components of the s-fibers containing the corresponding 
unit is an open subgroupoid of G, denoted by G°- We call this the s-connected subgroupoid of Q. 

Putting together the universal covers of the s-fibers of G° , we obtain a Lie groupoid G with the following 
property: it is the unique Lie groupoid (up to isomorphism) with 1-connected s-fibers integrating the Lie 
algebroid A — Lie{Q). 

Any integration with 1-connected s-fibers of a Lie algebroid A is called the fundamental integration 
of A. 

2.2.5 Representations 

Let {A, [•, ■],p) be an algebroid over a manifold M. An ^-connection on a vector bundle F — >■ M is a 
bilinear map 

V : T{A) X T(V) — > T{V), 

satisfying 

V/x(A) = /Vx(A), Vx(/A) = /Vx(A) + Lp(^)(/)A. 
A representation of A is an ^-connection that is fiat: 

V[x,y] = Vjf o Vy - Vy o Vx. 

Let Q he a. Lie groupoid with Lie algebroid A. A representation V oi Q can be differentiated to a 
representation of A. Explicitly, for X E ^{A) and A e ^{V), the A-connection is given by (see Definition 
3.6.8 EH) 

Vx(A). := ^ (0*(X,x)-i • X^Hx^.))^,^,, (2.2) 

where g 1—^ (j)*{X,g) is the fiow of the right invariant extension X"^ of A to and x 93* (A, x) is the fiow 
of p{X) on M. Since dt{X'') = p{X), we also have that i((/)*(A, x)) = ip\X, x). 

Conversely, a representation of A can be integrated to a representation of the s-fiber 1-connected 
groupoid of A, but, in general, not to G- 
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We prove now a result that will be used in chapter [SI namely that representations on ideals of A can 
be integrated to any s-connected Lie groupoid. We call a subbundle / C A an ideal, if p{I) = and r(/) 
is an ideal of the Lie algebra ^{A). Using the Leibniz rule, one easily sees that, ii A ^ I, then the second 
condition implies the first. An ideal / is naturally a representation of A, with ^-connection given by the 
Lie bracket 

VxiY):^[X,Yl X eT{A), Y er{i). 

Lemma 2.2.2. Let Q ^ M he a Hausdorff Lie groupoid with Lie algebroid A and let I d A be an ideal. 
If the s-fibers of Q are connected, then the representation of A on I given by the Lie bracket integrates to 

g. 

Proof. First observe that Q acts on the possibly singular bundle of isotropy Lie algebras ker(p) — > M via 
the formula: 

• r - ^ (5 exp{eY)g-^) , V Y e ker(p),(,). (2.3) 

Let N{I) C be the subgroupoid consisting of elements g that satisfy g ■ /^(g) C It(g) ■ We will prove that 
= g, and that the induced action of Q on / differentiates to the Lie bracket. 
Recall that a derivation on a vector bundle E ^ M (see section 3.4 [SI ) is a pair (_D,F), with D a 
linear operator on T{E) and V a vector field on Af , satisfying 

D{fa) = fD{a) + V{f)a, Vae T{E)J e C^{M). 

The flow of a derivation {D,V), denoted by 0^, is a vector bundle map covering the flow tpy of F, 
4i^jj{x) : Ex — >■ E^t^(^xj (whenever 1^5^(2;) is defined) that is the solution to the following differential equation 

^l=ldE, ^('/>^)*(a) = (<^^)*(i^a), 

where (0^)*(a)x = (I^d* (Vvi^))(^v\.{x)■ 
For X E r(A), denote by (j)*{X,g) the flow of the corresponding right invariant vector field on Q, and 
by (p*{X,x) the flow of p{X) on AI. Conjugation by (f>*{X) is an automorphism of Q covering (p*{X,x), 
which we denote by 

Ci(b\X)):g ^g, g^^\X,t{9))9^\X,s{g))-\ 

Since C((/)*(X)) sends the s-fiber over x to the s-fiber over if*{X,x), its differential at the identity Ix gives 
an isomorphism 

Ad{c^\X)) : Ax Ad{cP'iX))x dC(</)*(X))|^^ . 

On ker{p)x, we recover the action (j2.3l) oi g — 4>*^{X, x). We have that: 

j^{Ad{cjy\X)YY)x - j^Ad{r\X,^'{X,x)))Y^.(x,.) = (2.4) 

= - A {Ad{<ly-\X,^\X,x)))Ad{^^{X,^'-^{X,x)))Y^.-.f^x^x))\,^^ = 
= Ad{r\x, ^\X, x)))[X, = Ad{<i>\X)r{[X, Y])x, 

for Y £ r(A), where we have used the adjoint formulas from Proposition 3.7.1 [5T]. This shows that 
Ad{<j>*(X)) is the flow of the derivation {[X, ■], p{X)) on A. Since / is an ideal, the derivation [X,-] 
restricts to a derivation on /, and therefore / is invariant under A(i((/)*(X)). This proves that for all 
Yelx, 

Ad{4>^{X,x))Y = 0*(X,x) - Y e I. 

So N{I) contains all the elements in Q of the form (j)*{X,x). The set of such elements contains an open 
neighborhood O of the unit section in Q. Since the s-fibers of G are connected, O generates Q (see 
Proposition 1.5.8 [51]). Therefore, N{I) = Q and so, (j2.3p defines an action of Q on /. 
Using that (/)~*(X, <^*(X, a;)) = (/)*(X, x)"\ equation (1^^ gives 

^^^^^ ((/'*(x,x)-i • = [x,Y]x, yxe TiA),Ye Til), 

which, by (j2.2p . implies that the action differentiates to the Lie bracket. □ 
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2.3 Cohomology 

In this section we recah some of the cohomology theories associated to Lie groupoids/algebroids and also 
some vanishing results. 

2.3.1 Differentiable cohomology of Lie groupoids 

The differentiable cofiomology [36 of a Lie groupoid G with coefficients in a representation V —?' M is 
computed by the complex of smooth maps c : Q^p^ — )■ V, where 

g^P^ ■.= {{gi,...,gp)egP\s{g,)=t{g,+^),i = l,...,p-l} 

with c(gi, . . . ,gp) £ ^t(gi): and with differential given by 

dc{gi, . . . = gic{g2, ■ ■ . ,gp+i) + 

p 

+ '^{-'^Ycigi, g,gi+i, gp+i) + (-I)''+^c(gi, ...,gp). 

i=l 

The resulting cohomology groups will be denoted H*^ff{Q, V). 
We recall a vanishing result for proper Lie groupoids. 

Proposition 2.3.1 (Proposition 1 [13]). For any proper Lie groupoid Q, and any representation V , 

His{g,v) = o, vfc>i. 



2.3.2 Lie algebroid cohomology 

Let (A, [•,•], p) be a Lie algebroid over a manifold M and let (T^, V) be a representation of A. The 
cohomology of A with coefficient in V, 

is the cohomology of the complex 

n'{A,V) ■.= r{A'A* (E)V), 
with differential given by the classical Koszul formula: 

d^aiXo, ...,Xp) =Y^{-iyVx, HXo, . . . , X., . . . , Xp)) + 

i 

+ J2{~iy+'a{[X,,X,], ...,X,,...,X„.. .,Xp). 

i<j 

For trivial coefficients, we denote the differential by dA and the cohomology groups by H*{A). 
Examples 

• For A = TM, H*lTM) = H*{M) is the de Rham cohomology. 

• For A — a. Lie algebra, we obtain the Eilenberg Chevalley cohomology of g with coefficients in V . 

• If A = T*M is the cotangent Lie algebroid of a Poisson manifold (M,7r), then Vt'{T*M) = X'(M) 

and dr* m ^ d^; thus we obtain the Poisson cohomology 

H'{T*M) = Hl{M). 
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Invariant forms on the Lie groupoid 

Let 5 be a Lie groupoid with a representation V. We consider the complex of s-foliated forms on Q with 
values in s*{V) 

{n'iT'g,s*{v)),d(g,iv). 

This is the complex of forms on the (foliation) Lie algebroid T^Q ^ Q with coefficients in the representation 
(s*(F), V); the connection is 

Vx(A)|s-i(x) '-^ Lx\s-^(x){\s-^(x))i 

where this is just the Lie derivative of the function \\s-^(x) '■ s~'^{x) — >■ Vx- 
A form uj e il*{T''Q, s*{V)) is called invariant, if it satisfies 

{r*g (g) g){LL>hg) ^ (^h, yh,geg, with s{h) = t{g), 
where r * (g) g is the linear isomorphism rj t-^ g ■ r] o drg . Denote the space of V^- valued invariant forms on Q 

hyn'{T'g,s*iv))^. 

There is a canonical isomorphism between T^-values forms on A and l^-valued invariant forms on T'^Q, 
given by 

J:n'iA,V)^n'iT^g,s*iV)), Jiv)g ■■= (r;-. ® g-'Xvtis))- (2.5) 
A left inverse for J (i.e. a map P such that P o J = I) is 

P:n'{T'g,s*{V))~^n'{A,V), F(w), c.^,,. (2.6) 

Moreover, it is well known that J is a chain map (e.g. Theorem 1.2 [Zl])- For completeness we include 
a proof. 

Lemma 2.3.2. The map J is a chain map, therefore it is an isomorphism of complexes 

J : in' {A, v),d^) ^ {n'{T'g,s*iv)f,d(g>iv). 

Proof. As before, for X E T{A) denote by X*" its right invariant extension to Q, by g i— >■ (f>*{X,g) the fiow 
of and let (p*{X, x) t{4>'^{X, x)). Using right invariance of 0*(X, g) and formula (j2.2p . we obtain 

J(Vx(A))3 - g-\yx{X))tig) = g-'-^^ <j^'{X,t{g))-'\^(xM9)) = 

at \e—0 

for all X e T{A) and A G r{V). Clearly, J satisfies 

J(ry(Xi,...,X,)) = J(r7)(X[,...,X;), 

for Xi,...,Xq e r{A) and rj e ni{A,E). Recah also that [X^y] = [X,YY, for X,Y e r{A). Using 
these facts and that and d (g) ly are both expressed using the Koszul formula, one obtains that the 
equation Jo dy{r]) = d® ly o Jiv) holds when evaluated on right invariant vector fields. Since such vector 
fields span T^Q, the conclusion follows. □ 

2.3.3 The Van Est map 

Let 5 ^ M be a Hausdorff Lie groupoid with Lie algebroid A, and let V he a representation of Q. Recall 
[13] that the differentiable cohomology of G with coefficients in V and the Lie algebroid cohomology of A 
with values in V are related by the so-called Van Est map: 

^v:H^^iAG,V)~^HP{A,V). 

For trivial coefficients, denote this map by $. 
The Van Est map satisfies: 

Theorem 2.3.3 (Theorem 4 and Corollary 2 in jl3l). If the s-fibers of G are homologically n-connected, 
then $y is an isomorphism in degrees p < n, and is infective for p — n + 1. Moreover, in this case, 
[lu] G H"^^{A) is in the image of $ if and only if 



J{lo) = 0, 

for all loops 7 : 5"+"'^ — ?> s^^{x), for some x £ M , where J{uj) G il"+-'^(r'*CJ)^ is given by i2.5\) . 
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2.4 Symplectic groupoids 

Definition 2.4.1. A symplectic groupoid is Lie groupoid Q ^ M with a symplectic structure uj for 
which the graph of the multiplication is Lagrangian 

{{g,Kgh)\s{g)^t{h)} C {g,u:) x {g,u:) x {g,-Lo). 

2.4.1 Some properties of symplectic groupoids 

We list below some remarkable properties of symplectic groupoids [5^ [TTj . 

• The symplectic structure is multiplicative, i.e. it satisfies 

m*{uj) =pI{uj) +P*2{i^), 

where m : Q y. m Q ^ Q '^^ the multiplication and pi,P2 ■ G G G are the natural projections. 

• We have that 2dim(Af) = dim(c;). 

• The multiplicativity of uj and the dimension relation imply that the units M d G form a Lagrangian 
submanifold. 

• As for any Lie groupoid, we have a canonical decomposition of the tangent space along the units 

TG\M = A® TM. 

By the dimension formula, A and T*M have the same rank. Moreover, since u*{lj) — 0, it follows 
that w'^^ : TM — > A* is an isomorphism, and we use its dual — '^['ji/ to identify A = T*M . 

• The anchor oi A = T*M, when viewed as a map T*M TM is antisymmetric, thus it gives 
a bivector tt £ X^(Af). In fact, tt is Poisson and the algebroid structure on T*M is that of the 
cotangent Lie algebroid of (M, tt) . 

• The source map 

s:{G,uj)^{M,tt), 
is a Poisson map and the target map is an anti-Poisson map. 

• The s-fibers and the t-fibers are symplectic orthogonal, 

T'G^ = T*G, T*G^ = T'^G- 

• The inversion map l : G ^ G satisfies i*{uj) = —lo. 

A Poisson manifold (A/, tt) is called integrable if there is a symplectic groupoid {G,^) over M that 
induces on M the original Poisson structure. As remarked before, if such a groupoid G exists, then G 
integrates the cotangent Lie algebroid T*M. The converse also holds: 

Theorem 2.4.2 (Theorem 5.2 [52]). Suppose that the cotangent Lie algebroid T*M of a Poisson manifold 
(M^n) is integrable. Then the s-fiber 1-connected groupoid of T* M admits a natural symplectic structure 
that makes it into a symplectic groupoid and that induces n on M. 

2.4.2 Examples 
Symplectic manifolds 

A symplectic manifold (S,ujs) is integrated by the symplectic pair groupoid 

{SxS,uj)^S, UJ pKujs) - pH^s)- 
The s-fiber 1-connected groupoid of {S,ios) is the symplectic fundamental groupoid 

(ni(5),cj)^5, io:=s*iios)-t*{ios). 
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Trivial Poisson structure 

Recall that the cotangent bundle p : T*M — !• M of a manifold M carries the canonical symplectic 
structure 

LUc.n:=-da, a^:^p*{0, y^eT*M, 

where a e n^{T*M) is called the tautological 1-form. This makes T*M into a symplectic groupoid 
(r*M, cjcan) =^ M, integrating the zero Poisson structure on M. 

Quotients of symplectic manifolds 

Let be a symplectic manifold and let G be a Lie group acting by symplectomorphisms on S. The 

action is called Hamiltonian, if there is a map /i : S — > g*, called the moment map, such that 

Lj^UJ = d{fi,X), X G g, 

where X is the infinitesimal action oi X on E. The following lemma is a consequence of results in |31) . 
and it describes a symplectic groupoid integrating the quotient (M, tt) = (S, aj)/G. 

Lemma 2.4.3. Let be a symplectic manifold endowed with a proper, free Hamiltonian action of 

a Lie group G and equivariant moment map /i : E g*. Then {M,tt) = (I],a;)/G is integrable by the 
symplectic groupoid 

(E x^E)/G^ M, 
with symplectic structure f2 induced by (s*(w) — i*(w))|53x^s- 

Proof. Consider the symplectic pair groupoid (E x E,ri) ^ E, with Q. :— s*{uj) — t*{uj). Then G acts on 
E X E by symplectic groupoid automorphisms, with equivariant moment map J :— s* fj, — t* /j,, which is also 
a groupoid cocycle. By Proposition 4.6 [31], the Marsden-Weinstein reduction 

E X E//G = J-i(0)/G 

is a symplectic groupoid integrating the Poisson manifold (M, tt) ~ (E, a;) / G. In our case, J^^ (0) = E x ^E, 
and the symplectic form is obtained as follows: the 2-forni ri|x;x e is G-invariant and its kernel is spanned 
by the vectors coming from the infinitesimal action of g. Therefore, it is the puUback of a symplectic form 
17 on (E x^E)/G. □ 

Linear Poisson structures 

Consider the linear Poisson structure (g*,7rg) corresponding to a Lie algebra q. Let G be a Lie group 
integrating g, and consider the (left) coadjoint action of G on g*, {g,£,) i— >■ Ad*_i{£,). A symplectic Lie 
groupoid integrating TTg is the corresponding action groupoid 

(G X Q*,ug) ^ (g*,7rg), 

with ujg = d^MC find 

9mc{X,v)-^ {i,dlg-iiX)), XeTgG, rjeT^g*. 
Of course, ^mc comes from the right invariant Maurer-Cartan form on G, 

0Mcen\G,3), euc.giX) dlg-iiX). 

Under the diffeomorphisni G x g* T*G, {g,£,) i-> l*-i{£,), the 1-form 9mc becomes the tautological 
1-form on T*G, thus ujg becomes the negative of the canonical symplectic structure on T*G. 

We compute Wg explicitly. Let X,Y G g and denote by their left invariant extensions, and let 

a,P & g* which we regard as constant vector fields on g*. Then we have that 

dduciX' + a,Y'+ fi) ^L^i+M ^ (e, ^» - Ly:+f,i^ ^ it X))- 

-euciiX' + a,Y' +/3]). 
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By our convention, [X',y'] = —[X,Y]'', and clearly a and /3 commute with each other and with and 
YK Hence, the symplectic form is given by 

uj,iU + a,V + = iU),dlg-i {V)]) + aidlg-i {V)) - (i{dla-^ (U))- 

We prove now that the source map is Poisson. The Hamiltonian vector field oi X E q, regarded as a 
linear function on (g*,7rj,), is (see section [TTT|) 

Hx.i :=-ad;,(e)efl*=r^0*. 
We claim that the Hamiltonian vector field of s*{X) on G x g* is 

This follows by using the formula for Wg 

u.iXl - ad*AO, V + = dig-. (V)]) - {ad*^iO,dlg-. {¥)) + 

+ p{X)^p{X)^ds*{X){V + (i). 

Since ds{Hs*(^x)) = Hx, it follows that s is Poisson. 

Similarly, t is anti- Poisson. Observe that the diagonal action of G on the product (G x g* , —dOuc) 
is symplectic and its orbits are precisely the fibers of t. Therefore, t induces a Poisson diffeomorphism 
between 

{Gx9*,-d9Mc)/G^{Q*,7T,). (2.7) 

Remark 2.4.4. Observe that the complex of s-foliated forms on G k g* coincides with the complex 
{fl*,{G),dc) from section [TT51 of smooth maps g* — n*{G) with the pointwise de Rham differential. 
Moreover, the invariant forms on G k g* form the invariant part of 57*. (G), therefore Lemma [1.3.51 is a 
special case of Lemma 12.3.21 

2.5 Integrability 

In this section we present some results related to integrability of Lie algebroids, and in particular of Poisson 
manifolds. We start by explaining the necessary and sufficient conditions for integrability from |14j . and 
also some of the techniques involved in the proofs. 

2.5.1 Criterion for integrability of Lie algebroids 

Consider an integrable Lie algebroid A, and let Q be the s-fiber 1-connected groupoid of A. The s-fiber 
at a; G M Q{x^—) is a principal CJ^j-bundle over the orbit Qx, which coincides with Ax, since G{x,~) is 
connected. From the long exact sequence of homotopy groups associated to this fibration: 

T^2{Gx, Ix) ■^2{G{X, -), Ix) n2{Ax, X) A TTliGx, l^;) -i' {!}, 

we obtain a group homomorphism d : 'K2{Ax, x) — > T^iiGx, ^x)- On the other hand, ■ni{Gx, 1^) sits naturally 
as a discrete subgroup of the center of G{Qx), the 1-connected group of the isotropy Lie algebra Qx- 
Therefore, we can regard 9 as a map with values in the center of G{Qx) 

d:TT2{Ax,x)^ Z{G{Qx))- 

The crucial remark in |14) is that also for a possibly non-integrable Lie algebroid A, there is a group 
homomorphism 

d:^2{Ax,x) ^ Z{G{Qx)), 
called the monodromy map, which coincides with d in the integrable case. Denote the image of d by 

Ux{A) c Z{G{sx))- 



46 



Lie algebroids and Lie groupoids 



Discreteness of this group is equivalent to discreteness of the so-called monodromy group, defined by 

NM) {X e Z(g,)| exp(X) e M,{A)} C ^(fl,), 

where Z{gx) denotes the center of Qx- Note that the terminology we adopt here differs form that in |14) . 
where Afx{A) is called the monodromy group and Afx{A) is called the reduced monodromy group. 
Denote by 

M{A) := U Mx{A) c A. 
We have the following criterion for integrability of Lie algebroids. 

Theorem 2.5.1 (Theorem 4.1 [14|). A Lie algebroid A is integrable if and only if there exists an open 
U d A around the zero section M , such that 

M{A) n [/ = M. 

2.5.2 The space of y4-paths 

In this subsection, we recall some results from '141. 

The condition that a : / = [0, 1] — ?> A is an A-path is equivalent to 

a{t)dt :TI — > A 

being a Lie algebroid homomorphism. 

An A-homotopy is a family of A-paths a^, for e E I, for which there exists a Lie algebroid map of the 
form 

adt + bde :TI xTI — > A, 

where b = b{e, t) : I x I ^ A satisfies &(e, 0) = and b{e, 1) = 0. 

Two A-paths ao and ai are called A-homotopic, if there is an A-homotopy connecting them. This 
relation is an equivalence relation ~ on the space of A-paths. The quotient space 

GiA) {A - paths}/ - 

carries a groupoid structure, with source/target map the initial/end point 

s([a]) -p(a(0)) e A/, t{[a]) ^ p{a{l)) G M, 

with units the constant 0-paths and composition essentially given by concatenation. In fact, G{A) ^ M 
is a topological groupoid with 1-connected s-fibers, and it is called the Weinstein groupoid of A. In the 
integrable case, it carries a natural smooth structure and therefore it is the fundamental integration of A. 
To describe the topology, consider the space of C^-paths 

PiA) -.= 0^1, A). 

The space of C^-A-paths, denoted by P{A) C P{A), is a smooth Banach submanifold, and the equivalence 
relation ~ of A-homotopy is given by the leaves of a finite codimension foliation J- (A) on P{A) (for Banach 
manifolds and foliations on Banach manifolds see [13 )• The topology of G{A) is the quotient topology. 
There exists at most one smooth structure on GiA) for which the projection map P{A) G{A) is a 
submersion. This exists precisely when A is integrable! 

2.6 Symplectic realizations from transversals in the manifold of 
cotangent paths 

In this section we specialize to the case when A = T*M is the cotangent algebroid of a Poisson manifold 
(M, tt). Using the space of cotangent paths, we describe a general method for constructing symplectic 
realizations. In particular, we describe the symplectic structure on the Weinstein groupoid 

GiM,n) ■.^GiT*M), 

whenever this is smooth. 

We will use the same notations as in [T31[TS]. We consider: 
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• X = P(T*M) is the space of all -paths in T*M. Recall [H] that X has a natural structure of 
Banach manifold. 

• X = P{T*M) is the space of all cotangent paths which, by Lemma 4.6 in [iT , is a Banach submanifold 
of X. 

• T — F{T*M) is the foliation on X given by the equivalence relation of cotangent homotopy (i.e. 
r*Af-homotopy) it is a smooth foliation on X of finite codimension. In (12. 9p we will recall the 
description of J- via its involutive distribution. 

Thinking of X as the cotangent space of the space P{M) of paths in M, it comes with a canonical 
symplectic structure fl. To avoid issues regarding symplectic structures on Banach manifolds let us just 
define fl explicitly: 

h{Xa,Ya)= [ UJ,,n{Xa,Ya)ait)dt, fOT a € X , X ,Y € TaX , 
JQ 

where Xa, Ya are interpreted as paths in T{T*M) sitting above a and where ujcan is the canonical symplectic 
form on T*M . It can be checked directly that Q, is closed; we only need its restriction to X: 

n := h\x e n^{x). 

We will prove that the kernel of fl is precisely TJ- and that fl is invariant under the holonomy of these 
properties ensures that ft descends to a symplectic form on the leaf space G {M, tt) (whenever smooth) . 
We will use the contravariant geometry developed in subsection II. 1.71 

• let V be a torsion- free connection on M; 

• consider the two contravariant connections defined by (II. lip on T*M and TM, both denoted by V; 

• we decompose a tangent vector X to T*M as a pair {X, Ox) S T^M ®T*M with respect to V; 

Similarly, a tangent vector X E TaX is represented by a pair {X,6x), where X is a C^-path in TM 
and dx a C^-path in T*M, both sitting above the base path ^ ~ po a. The tangent space 

TaX C TaX 

corresponds to those pairs [X,9x) satisfying (see [H]): 

Va{X) = 7r«(0x). (2.8) 

Note that this equation forces X to be of class C^. 

To describe the distribution TF, let a € A" with base path 7 and let 

E^:^{PeC\l,T*M)\pop^^}. 

By (jl.l2l) . each 13 E £^ induces a vector in TaX, with components 

Xfi-.^ {TT\l3),VameTaX. 

With these, the foliation F has tangent bundle (see [13]) 

TFa = {Xp\l3 e = 0,/3(l) = 0}. (2.9) 

Next, we give a very useful formula for fl. 

Lemma 2.6.1. Let a E X with base path 7. For X — {X,9x), Y — (YjOy) E TaX choose PxjPy G £7 
such that Ox = a{Px) o,nd Oy — Vq(/3v'). Then 

n{x,Y) = {Py.x)\1~{Px.y)\1~APx,Py)\1 

In particular, for Y = Xp, with /? E E~^, we have that ri(X, X^) — (/3,X)|q. 
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Proof. The proof is the same as that of Lemma 11.2.41 which, besides the properties of the connections, 
uses only the fact that the components of the paths v and w satisfy the equation from Lemma ll.2.31 which 
is exactly equation (|2.8p for X and Y. □ 

Corollary 2.6.2. Let a Cz X with base path 7. Then 

keiina) = TTa = {Xp:(3e /3(0) = 0, /3(1) = 0}. 

Proof. Let X = (X,9x) G ker(r2a). Then, for all £ £y we have that V,a{X,X^) = 0, hence, by the 
previous lemma, X{0) — and X{1) = 0. Let /3 G he the unique solution to the equation 9x ~ Vq(/3) 
with /3(0) = 0. Observe that by (I1.12p . both X and n^{f3) satisfy the equation 

V,(Z) = 7r«(0x), Z{0) = 0. 

Therefore they must be equal, and so X = Xj^. Again by the lemma, for all Y = {Y, Oy) € TaX, we have 
that (F(l),/3(1)) = 0. On the other hand, 5^(1) can take any value (see the lemma below), thus /3(1) = 
and this shows that X e TTa- The other inclusion follows directly from Lemma [2.6. II □ 

Consider now the maps s,t : X M which assign to a path a the starting (respectively ending) point 
of its base path 7. 

Lemma 2.6.3. s and t are submersions and their fibers are orthogonal with respect to O; 

(ker dsa )^ — ker dia , (ker dia ) ^ = ker dsa • 
Proof. For Vq S r^(o)M, let V be the solution (above 7) to 

Va(F)=0, V{0)^Vo. 

Then {V,0) G TaX and dsa{V,0) = Vq. Thus s is a submersion, and similarly, one shows that i is a 
submersion. For the second part, note that 

kerdS, = {(X,ex)\X{0) = 0}, kerd^ = {(X,ex)\X{l) = 0}. 

For X = {X, Ox) G ker dta, Y = {Y, By) G ker dsa, consider (3x, f3y G £7 the solutions to 

Va(/3x) = Ox, /3x(l) = 0, V,(/3y) = 9y, /3y(0) = 0. 

Lemma [2.6.11 implies that na{X,Y) — 0. Conversely, let X ~ {X,dx) G (kcrdsa)^- For ^ e £j, with 
^(0) = we have that X^ E keidsa, therefore, by assumption, ila{X,X^) ~ 0. Thus, by Lemma [2.6.11 we 
have that 

o = na{x,x^) = {ai),x{i)). 

But ^(1) is arbitrary, hence X{1) — 0, i.e. X e kerdia- So (ker dsa)^ — ker dia- The other equality is 
proven similarly. □ 

We collect the main properties of 57. 
Proposition 2.6.4. Let T be a transversal to J- . Then the following hold: 

(a) ri|7- is a symplectic form on T , and is invariant under the action of the holonomy of T onT 

(b) the sets Us ~ s(7~) and Ut — t{T) are open in M , and 

a := S|7- : {T,^\--f) — > {Us,'i^\Us) Poisson map and 
T :^ t^-j- : (T, ri|7-) — > {Ut,TT\Ut) is anti-Poisson 

(c) ker(i7)-^ = ker(r) andker{T)^ = ker(CT). 
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Proof. Since J" is of finite codimension |14| , there are no issues regarding the meaning of symplectic forms 
on our T, and Jllr is clearly symplectic. Actually, the entire (a) is a standard fact about kernels of closed 
2-forms, at least in the finite dimensions; it applies to our situation as well: from the construction of 
holonomy by patching together foliation charts, the second part is a local issue: given a product i? x T of 
a ball i? in a Banach space and a finite dimensional manifold T (for us a small ball in a Euclidean space) 
and a closed two-form on S x T, if 

ker{n,,y) = T^B x {0„} C T,B x TyT, V {x,y) £ B x T, 

then fia; = ri|j2.}x7- G ^^C^) does not depend on x £ B (since SI is closed). 
We prove part (b) for cr, for r it follows similarly. Since 

dSa : TaX = TaT®TaF ^ T.^(^Q)M 

is surjective and T^J^ C ker dsa, it follows that s\j- is a submersion onto the open s(T) = Us- To show 
that a is Poisson, we first describe the Hamiltonian vector field of (J*{f), for / G C°°{Us)- Consider the 
vector field on X: 

Hf,a ■■= ^(l-t)rf/, ,,,, = (Va((l - t)df^it)), (1 - t)J{dM) e T,X. 

Clearly ds{Hf) — Tr'^{df), and by Lemma [2.6. II Hr also satisfies 

n{Hf,Y)a = (d^(o),F(0)) - d(F(/))(F), Y e TaX. 

Thus ^{Hf, ■) = d(s*{f )). Decomposing i?/|r ■= Hj + Vf, where Hf is tangent to T and Vf is tangent to 
J- and using that TJ- — ker S7, we obtain 

r!|r(i?/, •) = d(fT*(/)), da{Hf) = ^«(d/). 

Thus (T is Poisson. Part (c) follows from Lemma 12.6.31 and Corollary 12.6.21 □ 

Remark 2.6.5. In fact. Theorem is a consequence of the results of this section. Namely, if is a 
contravariant spray with flow yjj, then, on an open U of the zero section, the map 

parameterizes a transversal T to J- . Pulling back SI by 0v„ : one obtains the formula from Theorem for 
the symplectic structure uj onU. 
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Reeb stability for symplectic 
foliations 

In this chapter we prove Theorem [1] a normal form result for symplectic foliations around finite type 
symplectic leaves. 

3.1 Introduction 

A symplectic foliation on a manifold M is a (regular) foliation T ^ endowed with a 2-form uj on TT , 
such that a; restricts to a symplectic form on every leaf 5* of 

Equivalently, a symplectic foliation (M, J^, uS) is a regular Poisson structure on M, i.e. a Poisson structure 
TT of constant rank. The symplectic leaves of tt correspond to the leaves of T endowed with the restriction 
of w. 

In this chapter we prove Theorem [TJ a normal form result for symplectic foliations, analogous to the 
Local Reeb Stability Theorem (see e.g. [SS]). A similar result (Theorem[2]) for possibly non-regular Poisson 
manifolds, and which generalizes Conn's theorem, will be presented in chapter U) Compared to Theorem 
[21 in the regular case, the proof is substantially easier and also the hypothesis is weaker; in particular, the 
compactness assumption on the leaf can be replaced with the requirement that it is a finite type manifold 
(i.e. a manifold admitting a Morse function with a finite number of critical points) . 

The local model of a symplectic foliation (M, T ^ uj) around a leaf (5, ws) is a refinement of the one from 
the Local Reeb Stability Theorem: the foliation is "linearized" (as in Reeb's theorem) and the 2-form a; is 
made "afRne", which, loosely speaking, means that one linearizes w — los- 

Accordingly, the proof has two steps. In the first step, we apply a version of Reeb's theorem for non- 
compact leaves, whose proof we include in the appendix (it is a straightforward adaptation of the proof 
from [S5] of Reeb's theorem, yet we couldn't find it elsewhere in the literature). In the second step, we 
take care of the 2-form: first, we show that its variation can be linearized cohomologically, and then, using 
a leaf- wise Moser deformation argument, we bring the leafwise symplectic structures to the normal form. 

3.2 Local Reeb Stability for non-compact leaves 

We start by recalling the local model for foliations that appears in the Local Reeb Stability Theorem. 
We give two descriptions of it, the first using the linear holonomy and the second in terms of the Bott 
connection on the normal bundle to the leaf. For the theory of foliations, including the basic properties of 
holonomy, we recommend |58] . 
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The holonomy cover 

Let (M, F) be a foliated manifold and let S* C be an embedded leaf. Denote the normal bundle to the 
Shy 

vs TM\s/TS. 

The holonomy group at a; G S" is the isotropy group at x of the holonomy groupoid of the foliation 
(see [58] and subsection 12.1. 2L and is denoted by: 

H := Hol(^),. 

Then H is the quotient of ni(S,x) by the normal subgroup K, of classes of paths with trivial holonomy: 

1 — > K — > Tri{S,x) — > H — ^ 1. 

The holonomy cover of S is the covering space S S corresponding to the subgroup K; equivalently S 
is the s-fiber over x of Hol(J^). The holonomy cover S has the structure of a principal i/-bundle over S. 

The holonomy group H acts on every transversal to the foliation at x by germs of diffeomorphisms, 
and differentiating this action gives a linear representation of H on the normal space at x 

V := vs,x- 

This is called the linear holonomy action of H. The linear holonomy group, denoted by i/nn, is the 
quotient of H that acts effectively on V, i.e. it is defined as 

^^lin H/ Klin, 

where Kun ■= ker{H — >■ G\{V)). The linear holonomy cover of S, denoted by Sun S, is the covering 
space corresponding to iCim, i.e. _ _ 

Slin ■= S/Kiin- 

The local model for the foliation around S is the foliated manifold 
where the leaves of the foliation Tn are 

{S X Hv)/H, for V eV. 
Clearly, it can be described also using the linear holonomy cover 

(S Xh V,J^n) = (Slin XHun V,J^n)- 

The Bott connection 

The foliation induces on i^s a flat linear connection, called the Bott connection; defined as follows: 

VxiV) := [X, V]is mod TS, X G V G r{iys), 

where X and V are vector fields on some open around S, such that X is tangent to the foliation and 
extends X, and the restriction of y to S* is a representative of V. The local model for the foliation around 
S, also called the linearization of the foliation at S, is the foliated manifold 

(i/s,-7^v), 

where J^v is the foliation tangent to the horizontal bundle of V. 

The linear holonomy action on V can be given in terms of the parallel transport induced by V, namely 

[7] . w = T^{j)v, 

for V € V and 7 a closed loop at x. This implies that parallel transport also induces an isomorphism 
between the two descriptions of the local model: 

T : {SunXHur,'^S.x,J^N) — >{vs,J^v), [l,v] T^{'^)v. (3.1) 
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Local Reeb Stability 

Similar to the discussion in [3T] on linearization of proper Lie groupoids around orbits, a local normal form 
theorem for foliations might have three different conclusions: 

1) T is linearizable around 5', i.e. there exist open neighborhoods \J C M and O C S* Xjj F of S", and a 
foliated diffeomorphism, which is the identity on 5*, between 

2) T is semi- invariant linearizable around 5, i.e. there exists an open neighborhood U C Af of 5, and 
a foliated diffeomorphism, which is the identity on 5, between 

(f/,^H;) = (5XHT/,-Fw), 

3) J- is invariant linearizable around S", i.e. there exists a saturated open neighborhood of 5, C/ C M, 
and a foliated diffeomorphism, which is the identity on S', between 

Accordingly, we have three versions of the Local Reeb Stability Theorem: 

Theorem 3.2.1 (General Local Reeb Stability). Let (M, J^) he a foliated manifold and let S C M be an 

embedded leaf with a finite holonomy group. Then 

1) The foliation is linearizable around S. 

2) If S is a finite type manifold, then the foliation is semi-invariant linearizable around S. 

3) If S is compact, then the foliation is invariant linearizable around S. 

A manifold is called of finite type, if it admits a proper Morse function with a finite number of 
critical points. Equivalently, a manifold is of finite type if and only if it is diffeomorphic to the interior 
of a compact manifold with boundary. This condition appears in the study of linearization of proper Lie 
groupoids in |76[ [5T] , and seems to be the most suited for semi- invariant linearizability. For an example of 
a foliation which is not semi- invariant linearizable around a non-finite type leaf see Example 5.3 |76| . 

We prove the theorem in the appendix of this chapter. For the first part, we adapt the proof from 
[55] of Reeb's theorem. The other two versions follow easily by analyzing the local model. Version 3) is 
the classical Reeb stability theorem, and the compactness assumption on the leaf is essential for invariant 
linearization; a good illustration of this is the foliation from Example 3.5 |76] . 

Remark 3.2.2. Note that if the foliation is linearizable around S, then also its holonomy groupoid is 
linearizable around 5* (in the sense of [75]). This suggests that Theorem 13.2.11 might be a consequence of 
the normal form theorem for proper Lie groupoids around orbits [TS] [75] HI] ■ Nevertheless, these results 
do not apply directly, because they are about proper Hausdorff Lie groupoids. The holonomy groupoid, 
even though it is always a smooth manifold, it might be non-Hausdorff (see the example in the appendix 
of this chapter) . Even if a neighborhood of the leaf is integrable by a Hausdorff groupoid, it is not trivial 
that finiteness of the holonomy group of the leaf implies properness of the holonomy group (of a possibly 
smaller open). 

3.3 A normal form theorem for symplectic foliations 

In this section we describe the local model for a symplectic foliation around a leaf and we prove Theorem 
[U a normal form result for finite type leaves. 
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3.3.1 The local model 
The foliation as a Lie algebroid 

Let (A/, T ^ bj) be a symplectic foliation. Recall from subsection 12.3.21 that the cohomology of the Lie 
algebroid TJ- is computed using the complex 

where, in this case, djr is the leafwise de Rham differential. We denote by 
the corresponding cohomology groups. Since uj is closed, it defines a class 
The normal bundle to the foliation 

V := TM/TT, 

carries a canonical flat TJ-'-connection 



V : T{TF) X T{v) r(i.), \/x{Y) [X, Y], 

where, for a vector field Z on M, we denote by Z its image in r(j/). This makes into a representation of 
the Lie algebroid TJ^. For a leaf S, the Bott connection on z/5 defined in the previous section is just the 
puUback to the Lie sub-algebroid TS of this representation. The dual connection defines a representation 
of TT on 1^*. 

Recall that there is a canonical map between the cohomology groups 

constructed as follows (see e.g. [IS]): for [9] e H^{J-), consider 9 G fl^{M) an extension of 9, and define 
di, [9] to be the class of the 2- form 

{X,Y)^d9{X,Y,-)eiy*, X,YeTT. 

The image of the class of [lu] under this map will be used to construct the local model. We fix a 
representative ft e r2^(TJ", i/*), 

d^uj] = [O] e H^iT, ly*). 

The vertical derivative 

Consider S a leaf of M. Restricting ft to TS, we obtain a cocycle 

We regard this as a 2-form, denoted by 63, on (the manifold) 1^5, as follows: 

6suj & ^"^{i^s), Ssujv :=p*(ri|TS,^')- 

We call Ssij-i the vertical derivative of ui at S. Observe that Ssto vanishes on vertical vectors, and so it 
is determined by its restriction to the horizontal distribution TJ-y, corresponding to the Bott connection. 
Moreover, the fact that ^\ts is closed with respect to dy, is equivalent to the fact that Jgcj is closed along 
the leaves of F^. This allows us to regard 5soj as a closed foliated 2-form, i.e. as a cocycle in 

{n'{TTy),d^). 
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The local model 

The local model of Poisson manifolds around symplectic leaves was first defined by Vorobjev [551 EH] (see 
also chapter 21). Here, we present a simple description of the local model for regular Poisson manifolds. 
The first order jet of w at S" is defined as the foliated 2-form on J^v, 

By the above, ^5(0;) is closed along the leaves of F^. Clearly, restricts to on the leaf S (viewed 

as the zero section). Therefore, the open N(u!) C consisting of points where is nondegenerate 

contains S. 

Definition 3.3.1. The local model of [M.F.ljj) around S is 

{N{oj),Tv\N{u)Jsi^)\N(ui))- 

The symplectic foliation (M, J^, to) is called linearizable around S , if there exist open neighborhoods of S, 
O G M and U C N(uj), and an isomorphism of symplectic foliations 

(O, J"|o,a;|o) = {U,J'^iu,Jsi^)\u), 

which is the identity on S . 

The construction of the local model depends on the choice of the 2-form il. Yet, this choice has no 
essential influence on the outcome (see also the more general Proposition 14.1. l"6| . 

Proposition 3.3.2. Different choices of il G VL^{TJ-,v*) satifying di,[uj\ — [fi] produce local models that 
are isomorphic around S by a diffeomorphism that fixes S . 

We first need a version of the Moser Lemma for symplectic foliations. 

Lemma 3.3.3. Let {M,J-,uj) be a symplectic foliation, and S d M an embedded leaf. Let 

a e n\TT) 

be a 1-form which vanishes on S . Then, lo + djra is nondegenerate in a neighborhood U of S, and the 
resulting symplectic foliation 

([/, J"|[/,a; + djra) 

is isomorphic around S to (M,J-,uj) by a diffeomorphism that fixes S. 

Proof. Since a vanishes on S, it follows that (lu + djra)\s = i^Si thus it is nondegenerate on S. Therefore, 
on some open U around S, we have that a; + dj^a is nondegenerate along the leaves of J^. Moreover, by 
the Tube Lemma [1.41 we can choose U such that 

uJt := tjJ + tdjra G n'^{TT) 

is nondegenerate along the leaves oi T^jj, for all t E [0, 1]. Consider the time dependent vector field Xt on 
J7, tangent to J^, determined by 

I'Xt^t = -a, Xt e T{TJ'\u). 

Since Xt vanishes along S, again by the Tube Lemma [L^ there is an open neighborhood oi S,V C U, such 
that the flow of Xt, is defined up to time 1 on V. We claim that $3f gives the desired isomorphism. 
Clearly preserves the foliation and is the identity on S. On each leaf S of the foliation, we have that 

Ji'^xi^tis) = ^xiLx,u;^^s + ^^"15) = ^x{dix,uj^\s + ^"15) = 0- 
Thus $^(01^1^) is constant, and since — Id, we have that 

*x((^ + c^^a)|s) =^|s- 
So, $^ is an isomorphism onto its image between the symplectic foliations 

: {V,^\v,^^\v) — > {U,T\u,^\u + djra\u). 

□ 
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Proof of Provosition \3 .3 Let J7i and VL2 be such 2-fornis. Since 

it follows that ^2\s ~ ^i|S is exact, i.e. there is a l-form 

\^^{S,v*g)^ such that c?v^ = f^2|s ^ ^i|S- 
Let A be the foliated l-form on vg induced by A, i.e. 

Aer!i(rj-v), A, :=p*((A,«))|T^^. 
Now if j^(a;) denotes the first jet constructed using fii, then the one corresponding to is 

Since A vanishes on S*, the result follows from the previous lemma. □ 
Cohomological variation 

The vertical derivative of cj encodes the variation at S of the symplectic forms on the leaves. To define 
the cohomological variation, note first that the leaf 5iin covers all leaves of the local model, via the maps 

Vv ■ Siin — > S-u, Pvih]) = r([7, v]), V e VS.x, 

where 5*^ is the leaf through v of the local model, and T is the map defined in p.ip using parallel transport. 
This defines a linear map that associates to t; e i^s.x the closed 2-form 

pliSsio) e n^Sun). (3.2) 

By the proof of Proposition 13.3.21 we see that the cohomology class of p*((5sa;) does not depend on the 
2-form Q used to construct 6suj. The induced linear map to the cohomology of S'lin, will be called the 
cohomological variation of w at 5* 

[Ssoj] ■■ vs,x — > H^{Siin), [Ssuj]{v) := [p,*((5sw)]. 

3.3.2 Theorem [1], statement and proof 

We state now the main result of this chapter: 

Theorem 1. Let (AI,J-,uj) be a symplectic foliation, S <Z M an embedded symplectic leaf and consider 
X d S . If S is a finite type manifold, the holonomy group at x is finite, and the cohomological variation is 
surjective ^ 

then, the symplectic foliation is linearizable around S . 

Proof. Denote as before V :— i's,x and by H the holonomy group at x. Since H is finite and S* is a finite 
type leaf, the second version of Reeb stability applies. So, an open around S in M is diffeomorphic to the 
foliated manifold 

where S is the holonomy cover of S, which, in this case, coincides with S'lin. The symplectic leaves are 

{{Sy,u;v)}vev, Sy^{SxHv)/H 

Denote the puUback of cd^ to S via the map y 1— >■ [y,v] by ujy. Then {wt,}t,gy is a smooth family of 
symplectic structures on S", which is i?-equivariant: 

Wgi, = g*{ujv), for all g e H, v e V. 
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Note that a smooth family of forms {r]y G Q,*{S)}vev descends to a foliated form on {S Xh V,J^n) if and 
only if it is i?-equivariant. 

Consider the extension ft G Cl"^ {S x h V) of uj that vanishes on vectors tangent to the fibers {y} xV ^ 
SxhV of the projection to S. The variation 63^0 corresponding to O is given by the if-equivariant family: 

thus, the local model is represented by the if-equivariant family of 2-forms: 

=p*{ujs) + 6suJv e n'^iS). 

Consider the il-equivariant map 

f:V^ H\S), f{v) = [S,] - po]. 
Clearly, /(O) = and its diff'erential at is the cohomological variation 

dfo{v) = [Ssuj]v, \f V €V. 

So, by our hypothesis, / is a submersion around 0. We show that / can be equivariantly linearized. For 
this we construct an iJ-equivariant embedding 

where U is an ff-invariant open neighborhoods of in V, such that 

X(0) = and f{x{v)) = dfo{v). 

Since H is finite, we can find an _ff-equivariant projection pk : V ^ K, where K := ker(rf/o). The 
differential at of the if-equivariant map 

{f,PK) : V H^{S) xK, {f{v),PKiv)) 

is {dfo,pK)- So {JtPk) is a diffeomorphism when restricted to a small open Uo in V around and, since 
is a fixed point for the action of H, we may assume J7o to be _ff-invariant. Define the embedding as follows 

X:U^V, x = {.f,PKy^ o {dfo,PK), 

where U := {dfo,PK)~^{Uo)- Clearly U is i?-invariant, x(0) = 0, x is -ff-equi variant, and since 

{f{x{v)),PK{x{v))) = {dMv),PK{v)), 

we also obtain that /(x(^)) = dfo{v). 

By i?-equivariance, x induces a foliation preserving embedding 

X:{SxhU,Tn)-^{Sxh V,J^n), x{[y,v]) = [y,x{v)] 

that restricts to a diffeomorphism between the leaf Sy and the leaf <S'x(v) • The puUback of lj under x is 
the i?-equivariant family 

Since dox = Idy, it follows that oJ has the same variation as w at 5 

d - _ d 

— LVey — — 

ae|e=o de\e=o 

On the other hand, we obtain that 



SsLOy = — UJfy = — ^^Xiev) = SsUJy. 



[ujy] - [ojo] = [wx(t>)] - [wo] = fixiv)) = ^(O)^ = [Ssi^]v. 
Equivalently, this relation can be rewritten as 

= jsi^)v + Vvyv e U, 
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where {r]v}v^u is an iJ-equivariant family of exact 2-forms that vanishes for v — 0. For such a family, one 
can choose a smooth family of primitives, ay G ^1^{S) for v G U, such that ao = (we prove this in the 
appendix Lemma [3331) • Also, we may assume that 7J-equivariant, by averaging: 



So, we obtain that 

ojy = js{uj)y + day, (3.3) 
with ao = and a is _ff-equi variant. Regarding a is a foliated 1-form, 

a e n^TTN), 

we can rewrite 



therefore Lemma 13 . 3 . 31 concludes the proof. □ 

3.4 Appendix 

3.4.1 Proof of Theorem 13.2. IL part 1) 

Since S is embedded, by restricting to a tubular neighborhood, we may assume that the foliation is on a 
vector bundle p : E ^ S, for which 5, identified with the zero section, is a leaf. Then the holonomy of 
paths in S is represented by germs of a diffeomorphism between the fibers of E. 
Each point in S has an open neighborhood U C E such that 

• S OU is 1-connected, 

• ioi X E S O U , Ex O U is a connected neighborhood of x, 

• for every x,y € SHU, the holonomy along any path in S H U connecting them is defined as a 
diffeomorphism between 

hoiy : E^nU ^ EyHU. 

Let U be locally finite cover of S by opens U <Z E oi the type just described, such that for all U, U' G U, 
U fMJ' S is connected (or empty), and such that each U gU is relatively compact. 
We fix xq (z S , Uq € U an open containing xq, and denote by 

V:^E,„. 

Consider a path 7 in S* starting at xq and with endpoint x. Cover the path by a chain of opens in U 

£. = {Uq, . . . , C/fe(5)), 

such that there is a partition 

Q = to<ti < ...tk-i < </c = 1, 

with 7([tj-i, tj]) C Uj. Since the holonomy transformations inside Uj are all trivial, and all the intersections 
Ui OUj O S are connected, it follows that the holonomy of 7 only depends on the chain ^ and is defined as 
an embedding 

hoi{j) = hoi:^io ■■ 0(0 ^ 

where 0(C) C is an open neighborhood of xq, which is independent of x G C^fc(^) . Denote by Z the space 
of all chains in U 

(c/o,...,;7fc(5)), with c/, n c/,+1 ^ 0. 

Denote hy H := }io\{S, xq), the holonomy group at xq, and let 

K := ker(7ri(S', xq) H). 
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The holonomy cover S ^ S can be described as the space of all paths 7 in S' starting at xq , and two such 
paths 71 and 72 are equivalent if they have the same endpoint, and the homotopy class of 7^^ o 7^ lies in 
K. The projection is then given by [7] i-> 7(1)- Denote by xq the point in S corresponding to the constant 
path at xo- So, we can represent each point in S (not uniquely!) by a pair x) with ^ (z Z and endpoint 
X e ;7fc({) ns. 

The group H acts freely on S by pre-coniposing paths. For every 5 e -ff fix a chain ^ Z, such that 
{£,g,xo) represents xog. Consider the open 

Oo n 0(G) C V, 

on which all holonomies hol^°{£,g) are defined, and a smaller open Oi C Oq around xq, such that hol^°{£,g) 
maps Oi into Oq. Hence the composition 

hol2{ig)ohol2{i^,):d^^V, 

is well defined. Since the germs of hol^°{£,g) o hol%°{£,h) and hol%°{£,gh) are the same, by shrinking Oi if 
necessary, we may assume that 

holll (e,) o holll (a) = holll {ign) -.O.^V. (3.4) 

Consider the following open 

0:= fl holll{ig){d,). 

Then O C Oi, and for h G H, we have that 

hol2i^H)iO)C fl /io;^:(60°/io/^«(^g)(Oi) = 

= n /^<(as)(Oi)= fl /i<«(G)(Oi) = 0. 

gGff geH 

So hol^°{£^fi) maps O to O, and by (|3.4p it follows that the holonomy transport along ^ defines an action 
of H on O, which we denote by 

hol{g) -.^ hoQiQ : O ^ O. 

Since is a finite group acting on O with a fixed point xq, by Bochner's Linearization Theorem (see e.g. 
[27]), we can linearize the action around xq. So, by shrinking O if necessary, the action is isomorphic to the 
linear holonomy action of H on V. In particular, this implies that O contains arbitrarily small iJ-invariant 
open neighborhoods of xq. 

Since U is a locally finite cover by relatively compact opens, there are only finitely many chains in Z 
of a certain length. Denote by Z„ the set of chains of length at most n. Let c be such that ^ G Zc for all 
geH. 

By the above and by the basic properties of holonomy, there exist open neighborhoods {On}n>i of xq 
in O: 

. . . C On+l C On C On-l C . . . C Ol C O C 

satisfying the following: 

1) for every chain ^ G Z„, 0„ C O(^), 

2) for every two chains ^, ^' £ Z„ and x £ C^fc({) n Uk{^') n S, such that the pairs (^, a;) and (^', x) represent 
the same element in S, we have that 

hoi:^io ^ hoi:^ia ■■ On E,, 

3) On is -//-invariant. 
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4) for every g £ H, ^ e Z„ and x G Uk{^) H S, we have that 

hoF^.i^g U = hoF^^iO o hol{g) : 0„+, i?,. 

Denote by Sn the set of points in x e S* for which every element in the orbit xH can be represented 
by a pair with ^ e Z„. Note that for n > c, Sn is nonempty, _ff-invariant, open and connected. 

Consider the following iJ-invariant open neighborhood of 5 x {xq\: 

V := IJ Sn X On+c dSxV. 

n>c 

On V we define the map 

H:V^E, H{x,v):^hor^JOiv), 

for (x, v) (z Sn X On+c and x) is pair representing a; with ^ G Z„ and x e C^fc(^) ■ By the properties of the 
opens On, T-L is well defined. Since the holonomy transport is by germs of diffeomorphisms and preserves 
the foliation, it follows that H is a foliated local difFeomorphism, which sends the trivial foliation on V 
with leaves V n .5 x {v} to J^^^- 

We prove now that H is _ff-invariant. Let (x, v) S Sn x On+c and g Cz H. Consider chains ^ and f ' 
in Zn representing x and xg respectively, with x G C^/c(c) ri C^fc(^') Then ^' and U ^ both belong to 
Zn+c and (^g U ^,x) both represent £ S. Hence, by the properties 2) and 4) of the opens 0„, 

we obtain i?-invariance: 

n{xg,hol{g~')v) = holl^{0{hol{9-')v) = hoF^^i^g U 0{holig-')v) = 

= holl^iO o hol{g) o hol{g-^)v = holl^{£,){v) = Uix, v). 

Since the action of on V is free and preserves the foliation on V, we obtain an induced local diffeo- 
morphism of foliated manifolds; 

n : V/H (zSxhV — > E. 
We prove now that Ti. is injective. Let [x, v), (x' , v') G V be such that 

T-L{x, v) = H{x', v'). 

Denoting by a; = w)) = p{T-L{x' ,v')), we have that 7^(x, w), 'H{x',v') G E^- Hence x and x' , both 

lie in the fiber oi S ^ S over x, thus there is a unique g £ H with x' = xg. Let n, m > c be such that 
(x, w) G S'n X 0„+c and [x' , v') £ Sm x 0,n+c, and assume also that n < m. Consider ^ G -Z„ and ^' G Z^, 
such that a;) represents a? and (^', a;) represents i?'. Then we have that 

hol^^,{0{y) ^ hol^^^iOiv')- (3.5) 

Since both (^', a;) and {^g U ^, a;) represent x' £ S, and both have length < m + c, again by the properties 
2) and 4) we obtain 

hoi:,ie){v') = hoi:jCg u OK) = hoi:^iahoiig){v')). 

Since hol%^{£^) is injective, p.Sp implies that v = hol{g)[v'). So, we obtain 

(x,i;) = (5?V\/io?(5)K)), 

which proves injectivity of %. 

3.4.2 Proof of Theorem [37211 part 2), 3) 

To prove the second version of the theorem, we will use the following property of finite type manifolds 

Theorem 3.4.1 (Theorem 5.1. [76 ). Let f : X Y be a submersion that is equivariant with respect to 
the action of a compact group G. If y £ Y is a fixed point and if O :— f^^{y) is a manifold of finite type, 
then there exists a G-invariant open neighborhood U <Z X of O, and a G-equivariant retraction p:U ^ O 
such that 

ipJ):U ^Ox f{U) 

is a G-equivariant difjeomorphism. 
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Using part 1) of Theorem 13.2.11 part 2) is a consequence of the following property of the local model 
around finite type leaves: 

Proposition 3.4.2. Let U C S Xh V be an open neighborhood containing S = {S x {0})/H. If S is a 
finite type manifold, then there exists a smaller open U C U, containing S, and an isomorphism of foliated 
manifolds 

iu,:F^^^})^iSxHV,^N), 

which is the identity on S . 

Proof. The open U is of the form X/H, where X C S* x y is an i/-invariant open containing S x {0}. 
Consider the iJ-equi variant projection 

f:X^V, f{x,v) = v. 

Clearly, / is a submersion, and its fiber above S F is 5 x {0}. Since S is of finite type, it follows that also 
its finite cover 5 is a finite type manifold (just pull back to S an appropriate Morse function on S). Hence, 
by Theorem 13.4.11 there exists an iJ-invariant open X' C X containing S x {0} and an i7-equivariant 
retraction p : X' ^ S such that 

{p,f):X' ^Sx f{X') 

is an _ff-equivariant diffeomorphism. Since f{X') is an open neighborhood of in V , we can find W C 
f{X'), a smaller open around 0, diffeomorphic to V by an _ff-equivariant map 

Denote by X -.^ X' D f^^{W). Then the map 

ip,X°.f)-X^SxV, 

is an iJ-equivariant diffeomorphism that restrict to a diffeomorphism between the leaf {S x {v}) n X and 
the leaf S x {x{v)}. Hence, it induces a foliated diffeomorphism between 

{U,T^^^)^{SxhV,Tn), 

where U := X/H CU. □ 

The classical Reeb stability theorem is a direct consequence of part 2) of the theorem. To see this, 
observe first that compactness of S implies compactness of all the leaves in the local model. Let U be an 
open neighborhood of S on which T is semi-invariant linearizable. We prove that U is invariant. Consider 
X £ U, and let S' be the leaf of through x. The connected component containing a; of S" n U, denoted 
by 5^, is the leaf of T\u through x. Thus S'^ is compact. Since it is also open in S', we have that S' = S'^. 
This shows that S' C U, hence U is invariant. 

3.4.3 Example: trivial holonomy, non-Hausdorff holonomy groupoid 

We construct a foliation with an embedded leaf S with trivial holonomy, and such that the holonomy 
groupoid of any saturated neighborhood of S is non-Hausdorff. The example is of the form 

iMxrV,T), 

where M and V are connected manifolds, F is a discrete group acting on M and V, the action on M is 
free and proper (such that M/F is a manifold), and the foliation T has leaves 

My := M xr Tv, for v e V. 

The projection M Xr V ^ M/T is a fiber bundle, and freeness of the action on M implies that all the 
fibers {m} x ^ M Xr are diffeomorphic to V . Moreover, each fiber is transversal to the foliation, and 
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therefore can be used to compute holonomy. Using these transversals, it is easy to see that the following 
are equivalent: 

— embedded <J4> My — closed <^ Tv dV ^ discrete. 
Observe that the foliation, viewed as a Lie algebroid, is integrable by the (Hausdorff) Lie groupoid 

g ■.= {M xM X V)/T =1 M xr V, 

whose s-fibers are all diffeomorphic to M, thus connected. Since the holonomy groupoid Hol(J^) is the 
smallest Lie groupoid integrating TJ- |58| . it is a quotient of by a normal subgroupoid (a bundle of 
groups) JC 

IC^g^ Hol(J-). 

Now, the projection 

F-.g^ Hol( J-) 

works as follows: for [mi, toq, v] G g, consider a path rrit in M starting at toq and ending at mi, and define 
P([toi,too,w]) to be the holonomy class of the path [m.t,w] in My. 

For t; G y, let r„ C F be the stabilizer of v, and denote by Ky the following subgroup of F^,: 

Ky := {g e r,„|germjg : V ^ V) ^ germjidy : V ^ V)}. 

We claim that the subgroupoid /C is given by 

l^[m,v] {['mg,m,v]\g G Ky} C fj[ 

To see this, consider a closed loop jt ■— ['mt,'^] G My, with niQ = m. Since [mi,i;] = [m-,t'], for some 
5 G F^, we have that mi — mg. Then, the holonomy transport along this path is multiplication by g: 

holi^j) : {to} X V — > {"^} X [to,k7] i-> [mg,w] — [m^gw]. 

This implies that hol{j) is trivial, if and only if g G Ky. Since hol(^) = P([m(7, m, w]), this implies the 
claim. 

Hausdorffness translates to the following property of the action: 

Lemma 3.4.3. Let Fo C F 6e the kernel of the homomorphism F — > DijJ{V). Then Hol(J^) is Hausdorff 
if and only if Ky — To for all v € V . 

Proof. If Ky = Fo, then the holonomy groupoid is the Hausdorff groupoid 

Hol(J-) = (Af/Fo X M/Fo X y)/(F/Fo) ^ M/Fo Xr/r„ V ^ M Xr V. 

Conversely, assume that there is some g G Ky\To. Then, both opens 

{w\g G Kyj} and {wlgw ^ w} 

are nonempty. By connectedness of V , we find a sequence w„ in the first open which converges to a point 
w on the boundary, i.e. g G Kyj^, but g ^ Ky,. Then [mg,m,Wn] is a sequence in /C, which converges to 
the element [mg, m, w] ^ /C. Thus K. is not closed, and this implies that the quotient is not Hausdorff. □ 

For our example, let F be the free group in generators {a;„|n > 1}. For every n> 1, let ipn : K. M 
be a diffeomorphism such that 

• ¥'n(0) = and germo((^„) = germo(Id), 

• '^»(^) = 7i aiid gernii/„(¥'„) ^ gcrmi/„(Id). 

By freeness, F has a unique action on M which sends Xn to tpn, and since every element of F is a product 
of x^^, it follows that 

Ko = F, Kj_^ F. (3.6) 
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Let M be the universal cover of S := R^\{(n,0)|n > 1}. Since the fundamental group of S is isomorphic 
to r, it follows that F has a free and proper action on M (of course M ~ R^). We consider the foliated 
manifold 

(M xrM, -Fat). 

Since is a fixed point for the action of T on R, it follows that Mq = S' is an embedded leaf, and since 
Kq = r, the holonomy group of S is trivial. By the lemma above and by (j3.6p . the holonomy groupoid is 
non-Hausdorff. Moreover, we claim that there is no saturated neighborhood of S for which the holonomy 
groupoid is Hausdorff. For this, notice that every saturated neighborhood is of the form M Xr U, where 
U C R is a F-invariant neighborhood of 0. Since ^ G U, for n big enough, the same argument implies 
the claim. The fact that S has a non-invariant neighborhood with a Hausdorff (even proper) holonomy 
groupoid follows from Theorem 13. 2. II 

3.4.4 On primitives of smooth families of exact forms 

We devote this subsection of the appendix to proving that, on a finite type manifold, a smooth family of 
exact forms admits a smooth family of primitives. This result was used in the proof of Theorem [T] Alan 
Weinstein, after reading the version of the thesis sent for review, has pointed out that a variation of this 
lemma appeared in |33| . Also, a slight modification to the argument given in loc.cit. implies our result. 
For completeness, we have decided to keep the proof in the thesis. 

Recall that a finite good cover of a manifold of dimension m, is a finite cover by opens diffeomorphic 
to R™ such that every nonempty intersection is diffeomorphic to R™. 

Lemma 3.4.4. A finite type manifold admits a finite good cover. 

Proof. For a finite type manifold M, there exists a manifold with boundary M such that the interior of 
M is diffeomorphic to M (see ^76j). A good cover of a manifold can be given by a locally finite cover 
consisting of geodesically convex opens with respect to some metric (see the proof of Theorem 5.1 in [4]). 
Endow AI with a metric which is a product metric on a collar neighborhood of the boundary 

C = dM X [0,1). 

Consider an open cover Vq of M and a finite open cover Uq of dM, both consisting of geodesically convex 
opens. By our choice of the metric, the finite family 

U -.^{U X (0,1) : U eUo}, 

consists also of geodesically convex opens. Since M\C is compact, we can find a finite collection Vi C Vq 
covering it. Hence Ui U Vi is a finite open cover of M by geodesically convex opens, therefore it is a finite 
good cover. □ 

Lemma 3.4.5. Let M and P be smooth manifolds, such that M admits a finite good cover. Let {u^} be 
a family of k forms on M depending smoothly on x £ P . If ujx is exact for all x G P, then there exists a 
family of k — 1 forms Ox, depending smoothly on x Cz P, such that dOx = oJx for all x € P. Moreover, if 
ujxo — 0, for some xq G P, one can choose Ox such that Ox„ — 0. 

Proof. Let il := {Uijazj be a finite good cover of M, i.e. Ui„i^,,,ii^ Uig Ci Ui^ Ci . . . Ci Ui^ is either empty 
or diffeomorphic to R™, for all iq, . . . , ife G First we show that it suffices to prove the statement for the 
Cech complex 

(C-(il),J) 

associated to il. For this consider the double complex 

io<---<ip 

endowed with the differential D := 6 + D" , where 

<5 : CP(il,09) CP+\ii,n'>) 
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is the usual Cech differential and D" = {—lyd. The Cech complex with coefficients in the sheaf 17'' 

— ^ n^M) C" (11,17") A Ci(il,17«) C2(ii,17'?) 

is exact, and the homotopy operators k for this complex constructed in Proposition 8.5 [J have the 
property that they send smooth families to smooth families. Similarly, using the explicit homotopies for 
the de Rham complex of R™ from the standard proof of the Poincare lemma (see e.g. jj. Chapter 1 §4), 
we obtain homotopy operators, denoted h, for the complex 

— ^ cpiii) cp{ii, 17°) cp(ii, 17I) ^ cp{ii, n^)^ .... 

Also these operators have the property that they send smooth families to smooth families. By a standard 
argument for double complexes (see e.g. Proposition 8.8 fl^), the maps r and i induce isomorphisms in 
cohomology 

r : H'{M) ^ Hd{C" {iX,n')}, i : H'{iX) ^ Hd{C' {iX,n')}, 

where 7?£){C*(il, 17*)} is the cohomology of the double complex. Using the maps k and h one can construct 
an explicit isomorphisms 

H'{M) ^ H'{ii), (3.7) 

which represents the map o r. Moreover, this map can be constructed at the level of the closed 
forms/Cech cocycles (see Proposition 9.8 [1]); and the explicit formula one gets implies that it maps 
smooth families to smooth families. Using these maps, one reduces the problem to the Cech complex. 

To simplify the discussion, we will describe what is happening in the case of 2-forms. Let tUx G 17^ (Af) 
be a smooth family of closed 2-forms. Consider the elements: 

wi := hrw e C°(H, 17^), := hSuji e C^{ii, 17°). 

Since uj is closed, we have that 

duji — dhruj = ruj — hdrco = ruj — hrduj = rui. 

Repeating this computation, we obtain that 

dLJ2 — dhdioi = 6iOi — hdduji ~ (5wi — hd{rio) = Suji. 

In particular, we obtain that 

d6uj2 = Sduj2 — S'^uji — 0, 

hence 8102 = *(w3), for some UJ3 € C^(ll). Clearly uj^^x depends smoothly on x G P, and also uj^ is closed, 
since i is injective and 

iS{uj3) = (5^cj2 = 0. 

The map w 1— ^ W3 is a lift of the isomorphism from p.7p . 

Assuming that uj is exact, we will prove that 013 is exact. Write dO^ — uj^, where we don't make any 
assumption on the dependence oi 9 on x. Let 

9i := hrd G C°(il,17°). 

Then we have that 

d0i — dhrO — rO — hdrO — rO — hruj — rO — uji, 

thus 

d{uj2 + ^^1) = duj2 — 5lji — 0, 
and so W2 + 56i = 1(^2), for some 62 G C^(il). This is the primitive of 0^3: 

i502 = 5{ijJ2 + S6i) = i{uj3). 

Assuming that the statement is true for the Cech cohomology, we can write W3 = 6a, for a smooth 
family Ux G C^(il). Then we have that 

5(z(a)-W2) =0, 
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therefore, denoting by ai := k{i{a) — CO2), we obtain 

dai = i{a) — oj2- 

Applying d to both sides, we get 



hence 

Denote now a2 ■= k{dai +wi). Then 
hence 



d6ai = —di02 = —Su)i, 
6{dai + wi) = 0. 
Sa2 = dai + u>i, 
ruj = dwi = d6a2 = rda2, 



and since r is injcctivc, it follows that a2 is a smooth primitive for cj. 

Note also that, if uixo = 0, for some Xq & P then, by construction, W3,xo = 0. If also = 0, then 
again by construction, a2,xo — 0- 

It remains now to prove the statement for the Cech complex. Consider a smooth family % G C*^(il), 
such that 

[r/x] = e VxeP. 

Let : C'^(lt) C'^~-^(lt) be a linear map, such that if A € C'^(il) is exact, then A — (5(*A); the existence 
of such a map is a trivial linear algebra exercise. Define a by ax ■= "^{Vx), for x G P. Since the vector 
spaces C*'(ll) are finite dimensional, a is clearly smooth, and since rjx is exact, it follows that 6{a) = rj. 
Moreover, if r]xo = 0, then also a^o =0. □ 
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A normal form theorem around 
symplectic leaves 

In this chapter we prove a normal form theorem around symplectic leaves, which is the Poisson-geometric 
version of the Local Reeb Stability Theorem (from foliation theory) and of the Slice Theorem (from 
equivariant geometry). Conn's linearization theorem corresponds to the case of one-point leaves (fixed 
points) . The content of this chapter was published in [5D] . 

4.1 Introduction 

Let (M, tt) be a Poisson manifold, x a point in M and let S be the symplectic leaf through x. We will use 
the Poisson homotopy bundle of the leaf S 

whose structure group Gx we call the Poisson homotopy group at x. The bundle Px is the space of 
cotangent paths starting at x modulo cotangent homotopy, i.e. it is the s-fiber over x of the Weinstein 
groupoid 

g(Af,7r) =^ M. 

We state now the main result of this chapter (more details and reformulations are presented in subsec- 
tion gX!])- 

Theorem 2. Let (A/, tt) be a Poisson manifold and let S be a compact leaf. If the Poisson homotopy 
bundle over S is a smooth, compact manifold with vanishing second de Rham cohomology group, then, in 
a neighborhood of S, tt is Poisson diffeomorphic to its first order model at S. 

4.1.1 Some comments on the proof 

The proof uses ideas similar to the ones in [18] : a Moser-type argument reduces the problem to a cohomo- 
logical one (Theorem 14. 3. II) : a Van Est argument and averaging reduces the cohomological problem to an 
integrability problem (Theorem 14. 4. II) which, in turn, can be reduced to the existence of special symplectic 
realizations (Theorem 14. 4. 21) ; the symplectic realization is built as in subsection 12.61 by working on the 
Banach manifold of cotangent paths (subsection 14. 4. 3( ). 

There have been various attempts to generalize Conn's linearization theorem to arbitrary symplectic 
leaves. While the desired conclusion was clear (the same as in our theorem), the assumptions (except for 
the compactness of S) are more subtle. Of course, as for any (first order) local form result, one looks for 
assumptions on the first jet of tt along S. Here are a few remarks on the assumptions. 

1. Compactness assumptions. It was originally believed that such a result could follow by first applying 
Conn's theorem to a transversal to S. The expected assumption was, next to compactness of S, that the 
isotropy Lie algebra Qx {x G S) is semisimple of compact type. The failure of such a result was already 
pointed out in [221. A refined conjecture with the compactness assumptions from our theorem appeared 
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in [TB]. The idea is the fohowing: while the condition that 0a; is semisimple of compact type is equivalent 
to the fact that all (connected) Lie groups integrating the Lie algebra Qx are compact, one should require 
compactness (and smoothness) of only one group associated to Qx- namely, of the Poisson homotopy group 
Gx- This is an important difference because 

• our theorem may be applied even when Qx is abelian; 

• actually, under the assumptions of the theorem, Qx can be semisimple and compact only when the 
leaf is a point! 

2. Vanishing of H^{Px). The compactness condition on the Poisson homotopy bundle is natural also 
when drawing an analogy with other local normal form results like local Reeb stability or the slice theorem. 
However, compactness alone is not enough (see the first example in subsection l4. 1 .7( ) . The subtle condition 
is H^{Px) — and its appearance is completely new in the context of normal forms: 

• In Conn's theorem, it is not visible (it is automatically satisfied!). 

• In the classical cases (foliations, actions) such a condition is not needed. 

What happens is that the vanishing condition is related to integrability phenomena [141 115j . In contrast 
with the case of foliations and of group actions, Poisson manifolds give rise to Lie algebroids that may fail 
to be integrable. To clarify the role of this assumption, we mention here that: 

It implies integrability. The main role of this assumption is that it forces the Poisson manifold to be 
(Hausdorff) integrable around the leaf. Actually, under such an integrability assumption, the normal form 
is much easier to establish, and the vanishing condition is not needed- see Proposition 14.1.81 which can 
also be deduced from Zung's linearization theorem 78 . Note however that such an integrability condition 
refers to the germ of tt around S (and not the first order jet, as desired!); and, of course. Conn's theorem 
does not make such an assumption. 

It implies vanishing of the second Poisson cohomology. Next to integrability, the vanishing condition 
also implies the vanishing of the second Poisson cohomology group II^{U) (of arbitrarily small neighbor- 
hoods U of S)- which is known to be relevant to infinitesimal deformations (see e.g. [IS]). We would 
like to point out that the use of II^{U) = only simplifies our argument but is not essential. A careful 
analysis shows that one only needs a certain class in H'^{U) to vanish, and this can be shown using only 
integrability. This is explained at the end of subsection 14.4.11 when concluding the proof of Proposition 
14. 1.81 mentioned above. 



4.1.2 Normal form theorems 

We recall some classical normal form theorems in differential geometry. We give weaker versions of these 
results, so that the assumptions depend only on the first jet of the structures involved. Our theorem is 
of the same nature. For example, in the slice theorem, properness of the action at the orbit is a sufficient 
hypothesis, but this is a condition on the germ of the action, and similarly, in Reeb stability, the holonomy 
group depends on the germ of the foliation around the leaf. 

The Slice Theorem 

Let G be a Lie group acting on a manifold M, x S M, and let O be the orbit through x. The Slice 
Theorem (see e.g. [27]) gives a normal form for the G-manifold M around O. It is built out of the isotropy 
group Gx at x and its canonical representation i^x = TxM/TxO. Explicitly, the local model is: 

G xc^ i^x ^ {G X Vx)/Gx 

which is a G-manifold and admits O as the orbit corresponding to Q £ Vx- 

Theorem 4.1.1 (The Slice Theorem). If G is compact, then a G-invariant neighborhood of O in M is 
diffeomorphic, as a G-manifold, to a G-invariant neighborhood of O in G Xq^ Vx- 
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It is instructive to think of the building blocks of the local model as a triple 

consisting of the Lie group Gx, the principal Gj^-bundle G over O and a representation of Gx- This 
triple represents the first order data (first jet) at O of the G-manifold M, while the associated local model, 
represents its first order approximation. 

Local Reeb Stability 

Let be a foliation on a manifold M, x e M , and denote by L the leaf through x. The Local Reeb 
Stability Theorem is a normal form result for the foliation around L. We recall here a weaker version (see 
also chapter [21). Denote by L the universal cover of L, and consider the linear holonomy representation of 
La; := 7ri(L, x) on = T^M/T^L. The local model is 

L Xr,, Vx ^ (Lx Vx)/Tx 

with leaves L y.^^ (Lxf) for v (z Vx and L corresponds to w = 0. 

Theorem 4.1.2 (Local Reeb Stability). If L is compact and Tx is finite, then a saturated neighborhood 
of L in M is diffeomorphic, as a foliated manifold, to a neighborhood of L in L Xr^ i^x- 

Again, the local model is build out of a triple 

{Tx,L — !■ L,iyx), 

consisting of the discrete group F^,, the principal r2:-bundle L and a representation Vx of Fx- The triple 
should be thought of as the first order data along L associated to the foliated manifold M, and the local 
model should be thought of as its first order approximation (see also chapter [S]) . 

Conn's Linearization Theorem 

Also Conn's theorem [TU] can be put in a similar setting. Let (M, tt) be a Poisson manifold and let a; € M 
be a fixed point of tt. Let Qx be the isotropy Lie algebra at x and let Gx ■— G{Qx) be the 1-connected Lie 
group integrating Qx ■ The local model of M around x is the linear Poisson structure corresponding to Qx , 
and, as discussed in subsection 12.4.21 this can be constructed as the quotient of the symplectic manifold 
(see (pJ)) ) 

(fl^j^sx) = {Gx X g*, -'d9Mc)/Gx- 

The local data is again a triple 

{Gx,Gx-^{x},Q*x) 
and the assumption of Conn's theorem is equivalent to compactness of Gx- 

4.1.3 The local model 

In this subsection we explain the local model around symplectic leaves, which generalizes the linear Poisson 
structure from the case of fixed points. The construction given below is standard in symplectic geometry 
and goes back to the local forms of Hamiltonian spaces around the level sets of the moment map (cf. e.g. 
[35l l34] ) and it also shows up in the work of Montgomery [60] . 

The starting data is again a triple. It consists of a symplectic manifold {S,ujs), which will be the 
symplectic leaf, a principal G-bundle P ^ S, which will be the Poisson homotopy bundle, and the coadjoint 
representation of G 

iG,P-^iS,Lus),9*)- 
As before, G acts diagonally on P x g*. As a manifold, the local model is: 

PxgQ* = {Px9*)/G. 
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To describe the Poisson structure, we choose a connection l-form on P, E n^{P,g), i.e. 6 must satisfy 

9{X) = X, r*g{e) ^ Adg-i od, Xeg^geG, 

where X the vector field on P representing the infinitesimal action of X. The G-equivariance of 6 implies 
that the l-form 9 on P x g* defined by 

is G- invariant. Consider now the G-invariant 2-form 

n:=p*{uJs)-deen^(Pxg*). 

Let S C P X 0* be the (open) set on which 57 is nondegenerate. Then S contains P x {0} and (S, ft) is 
a symplectic manifold on which G acts freely and properly. The action is Hamiltonian, with equivariant 
moment map 

/i : S — > g*, ^l{q,^) = C 
Using G-invariance of 6, this follows from the computation 

The local model is the quotient of this symplectic manifold 

{N{P),7rp) (S,r!)/G. 

We regard N{P) as an open in P Xq 0* and we make the identification S = P Xq {0}. Then {N{P),ttp) 
contains (S^ujs) as the symplectic leaf 

iS,LOs) = (P X {0},r!|p><{o})/Gc (7V(P),7rp). 

We will prove in ProDOsition l4. 1 . 16l below. that different choices of connections induce Poisson structures 
that are isomorphic around S. 

Example 4.1.3 (Torus bundles). To understand the role of the bundle P, it is instructive to look at the 
case when G = T"? is a q-torus. As a foliated manifold, the local model is: 

p xg0* = 5 X M«, 

and the symplectic leaves, are just copies of S: 

Sx{y} yeW. 

To complete the description of the local model as a Poisson manifold, we need to specify the symplectic 
forms uiy on S- and this is where P comes in. Principal T'^-bundles are classified by q integral coho- 
mology classes ci, . . . ,Cg G H'^{S,'Z). The choice of the connection 6 above corresponds to a choice of 
representatives uJi £ fP{S) for c^. The symplectic structure on the leaf S x {y} of the local model is given 

by 

ujy^ujs + yiuji + . . . + yqujq, y = (yi, . . . , yq). 

Integrability 

Since {N{P),ttp) is constructed as the quotient of the Hamiltonian space S, by Lemma [2.4.31 it is integrable 
by the Lie groupoid (E x^ I])/G ^ ^{P)- In fact, this groupoid is just the restriction to N{P) of the 
action groupoid 

g{P) := (Px Fx 0*)/G^PxGfl*, 

corresponding to the representation of the gauge groupoid PxqP on Pxog*- Explicitly, its structure 
maps are given by 

"([P>'?]) = [P,P,^], s{[pi,P2,(,]) = [P2A], t{[Pl:P2,(,]) = [Pl,^], 
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Note that, if P is compact, then N{P) contains arbitrarily small opens of the form P XgV, with 
C 0* a G-invariant open around 0. Denote the coadjoint orbits by :— G^. The symplectic leaves of 
P XqV are 

PxaO^aPxaV, ^(^V. 

The opens P XqV are also t?(P)-invariant, and the restriction of GiP) to P XqV is {P x P x V)/G. In 
particular, all its s-fibers are diffeomorphic to P. This proves the following: 

Proposition 4.1.4. The local model (-/V(P),7rp) associated to a principal bundle P over a symplectic 
manifold (S", wg) is integrahle by a H aus dor ff symplectic groupoid. If P is compact, then there are arbitrarily 
small invariant opens U containing S, such that the s-fibers over points in U are diffeomorphic to P. 



4.1.4 Full statement of Theorem [2] and reformulations 
Smoothness of the Poisson homotopy bundle 

Recall that the Poisson homotopy bundle P^ of (M, tt) at x, is the s-fiber over x of the Weinstein groupoid 
of the cotangent Lie algebroid T*Af 

cotangent paths 

y(M, tt) 



cotangent homotopy 



As such, Px is the space of cotangent paths starting at x modulo cotangent homotopies. The Poisson 
homotopy group Gx are those cotangent paths that start and end at x. Composition of cotangent paths 
defines a free action of Gx on Px, with quotient identified with the symplectic leaf S through x, via the 
target map 

Px^S, [a]^p{a{l)). 

Regarding the smoothness of Px , one remarks that it is a quotient of the (Banach) manifold of cotangent 
paths of class C^. We are interested in a smooth structure which make the corresponding quotient map 
into a submersion. Of course, there is at most one such smooth structure on Px] when it exists, we say that 
Px is smooth. Completely analogously, one makes sense of the smoothness of Gx- However, smoothness of 
Px, Hausdorfii'ness of Px, smoothness of Gx and Hausdorffness of Gx are all equivalent (see [IS]), and they 
are governed by the monodromy map at x, which is a group homomorphism (see also section 1^751) 

dx:7r2{S,x) ^ Z{G{gx)) (4.1) 

with values in the center of the 1-connected Lie group G{Qx) of Qx- 
From [HI [T5] , we recall: 

Proposition 4.1.5. The Poisson homotopy bundle Px at x is smooth if and only if the image of dx is a 
discrete subgroup of G{Qx)- 

In this case, Gx is a Lie group with Lie algebra Qx and Px is a smooth principal Gx-bundle over 
S. Under the natural inclusion ni(Gx) C Z(G{gx)), the monodromy map becomes the boundary in the 
homotopy long exact sequence associated to Px ^ S 

. . . ^ TT2{S) ^ TT^iGx) ... 



Complete statement of Theorem [2] 

The local model of (M, tt) around the leaf S through x is defined as follows. 

Definition 4.1.6. Assuming that Px is smooth, the first order local model of {M,tt) around the leaf 
{S,uJs) through x is defined as the local model (from subsection \4. 1 ■ S\ l associated to the Poisson homotopy 
bundle 

{Gx,Px^{S,Los),9:)- 

The fact that the Poisson homotopy bundle encodes the first jet of tt along S, and that the first order 
local model is a first order approximation of tt along S, is explained in subsection 14.1.61 
We can complete now the statement of Theorem [51 
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Theorem 2 (complete version). Let (M, tt) he a Poisson manifold, S a compact symplectic leaf and x S 5*. 
If Px, the Poisson homotopy bundle at x, is smooth, compact, with 

H\Px;R)^0, (4.2) 

then there exists a Poisson diffeomorphism between an open neighborhood of S in (M, tt) and an open 
neighborhood of S in the first order local model, which is the identity on S . 

Remark 4.1.7. The open neighborhood of S in M can be chosen to be saturated. Indeed, by Proposition 
14.1.41 the local model has arbitrarily small saturated open neighborhoods of S, with all leaves compact. 

Comparing with the classical results from foliation theory and group actions, the surprising condition 
is (14.21) . As we shall soon see, this condition is indeed necessary. However, as the next proposition shows, 
this condition is not needed in the Hausdorff integrable case. 

Proposition 4.1.8. In Theorem\^ if S admits a neighborhood that is Hausdorff integrable, then the 
assumption ^.S^ can be dropped. 

Note the conceptual difference between the proposition and Theorem [5J the assumptions of the propo- 
sition are on the restriction of tt to an open around S, while those of Theorem 2 depend only on the first 
jet of TT at 5*. As a consequence, the proof of the proposition is considerably easier (in fact, it can be 
derived from Zung's results on linearization of proper groupoids [78j ) . 

Note also that, in contrast with the proposition, if M is compact, then the conditions of Theorem [2] 
cannot hold at all points x € M, since it would follow that Q{M,tt) is compact and that its symplectic 
form is exact (see [TB] and also subsection 16 . 2 . II for a different approach). 

Reformulations 

Since P^ is the s-fiber of the Weinstein groupoid, it is 1-connected. When P^ is smooth, by Proposition 
14.1.51 the homotopy long exact sequence gives 

1 7T2(Px) 7T2{S) 7ri(G,) ^ 1, Tll{S) - 7ro(G,), (4.3) 

where we also used that, by Hopf's theorem, n2{Gx) — 1- Moreover, since 

7ri(G,)^Ini(9,)cZ(G(0,)), 

the connected component of the identity satisfies 

Gl - G(fl,)/Im(5,). (4.4) 

We next reformulate the conditions of Theorem [2j as, in their present form, they may be difficult to 
check in explicit examples. 

Proposition 4.1.9. The conditions of Theorem\^are equivalent to: 

(a) The leaf S is compact. 

(b) The Poisson homotopy group Gx is smooth and compact. 

(c) The dimension of the center of Gx equals to the rank ofiT2{S,x). 

Proof. We already know that smoothness of Px is equivalent to that of Gx while, under this assumption, 
compactness of Px is clearly equivalent to that of S and Gx- Hence, assuming (a) and (b), we still have to 
show that (c) is equivalent to H^{Px) = 0. Since Qx is compact, it decomposes as (see [27] ) 

0x = € © C, 

where t = [gx,Qx] is semisimple of compact type and C = Z{qx) is abelian. Therefore G{Qx) — K 'x with 
K compact 1-connected, and dx maps to 

Z[G{qx)) = ^ X C, 
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where Z = Z{K) is a finite group. Since by (|4.3p tt2{Px) can be identified with ker(9a; : 7r2(5) Z x (), 
applying <Siz^, we obtain an exact sequence 

MPx) ®z K ^ ^2(^) ®z K A C. 

Since is 1-connected, by the Hurewicz theorem, the first term is isomorphic to (-Pr ; K) ■ Finally, by 
(|4.4L [K X Q/luY{dx) is compact, so also [Z x C,)/luY{dx) is compact, and thus 9r is surjective. We obtain 
an exact sequence 

— ^ H2{Px) Tl2{S) ®z M A C 0. 

Therefore, condition (c) is equivalent to the vanishing of H2{Px)- CH 

Next, using the monodromy group, one can also get rid of the Gx- Recall [151 114) that the monodromy 
group at X is the following subgroup of Z{qx) 

Nx^{X^ Z{qx)\ exp(X) e Ini(9,)} C 

Proposition 4.1.10. The conditions of Theorem\^are equivalent to: 

(a) The leaf S is compact with finite fundamental group. 

(b) The isotropy Lie algebra Qx is of compact type. 

(c) Mx is a lattice in Z(Qx). 

(d) The dimension of Z{Qx) equals the rank of ■n2{S,x). 

Proof. Let Mx be the image of dx and C = Z{qx)- 

We show first that conditions (a), (b) and (c) are equivalent to Px being smooth and compact. Dis- 
creteness of Mx (from (c)) is equivalent to that of [T3], hence to smoothness of Px. Compactness of Px 
is equivalent to the following three conditions: S being compact, 7ro(Ga:) being finite and the connected 
component of the identity G% being compact. Using (14. 3p . the first two are equivalent to (a). Compactness 
of implies (b), which is equivalent to the decomposition G{Qx) = K x C,, ioi a. 1-connected compact Lie 
group K. By (j4.4l) . G° = {K x Q/Mx, and we claim that its compactness is equivalent to compactness 
of Q/Nx (hence to Nx being of maximal rank in Q). To see this, note that C/Nx injects naturally into 
{K X C)/^x and that there is a surjection K x [Q/Ux) — > (if x ()/Afx. 

Under the compactness and smoothness assumptions, the proof from Proposition 14.1.91 applies to con- 
clude that (d) is equivalent H^{Px) — 0. □ 

4.1.5 The first order data 

In this subsection we show that the Poisson homotopy bundle and its infinitesimal version, the transitive 
Lie algebroid of the leaf, encode the first order data of a Poisson structure around the leaf. 

The first order jet 

Let M be a manifold and let 5 C M be an embedded submanifold. We are interested in first jets of Poisson 
structures around S that have S* as a symplectic leaf. So, by replacing M with a tubular neighborhood of 
S, we may also assume that S is closed in M. Consider the following objects 

• the subalgebra of X'{M) consisting of multivector fields tangent to S 

X'siM) := {W e X'{M)\W\s e X'(5)}, 

• the ideal Is C C°°{M) of functions that vanish on S. 

Now, IgX*{M) are ideals in X* (M); therefore, the quotients inherit Lie brackets such that the jet maps 
are graded Lie algebra homomorphisms 

jf5:(X^(Af), [.,.]) -^(J|(X^(M)), [.,.]), 

where 

4iX'siM)) := X'siM)/ll+'X'{M). 

Of course, Jg{Xg{M)) = X'{S) and is the restriction map W i-> W\s- 
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Definition 4.1.11. A first jet of a Poisson on M with symplectic leaf {S, ujs) is an element t G Jg(X|(M)), 
satisfying T|5 = € X^(iS') and [t,t] = 0. We denote by J^-'^ ^^-|Poiss(M) the space of such elements. 

If TT is a Poisson structure on M with symplectic leaf (5, wg), then r := Ji^tt is such an element. The 
fact that every such t comes from a Poisson structure defined on a neighborhood of S is surprising and 
will be explained in the next subsection. On the contrary, if one only requires that T|5 be Poisson, this is 
no longer true (see Examplc l5.1.9p . 

The abstract Atiyah sequence 

An abstract Atiyah sequence over a manifold S is simply a transitive Lie algebroid A over S, thought 
of as the exact sequence of Lie algebroids: 

— >K — >A-^TS — ^0, (4.5) 

where p is the anchor map of A and K = ker(p). As discussed in subsection 12.2.31 any principal G-bundle 
p : P ^ S gives rise to such a sequence, known as the Atiyah sequence associated to P: 

Q P xag* —^TP/G^^TS ^0. (4.6) 

Definition 4.1.12. The abstract Atiyah sequence ^4-5^ is said to integrable if it is isomorphic to one 
given by a principal bundle ^.d^ . 

This notion was already considered in [T without any reference to Lie algebroids. However, it is 
clear that integrability of an abstract Atiyah sequence is equivalent to its integrability as a transitive 
Lie algebroid 49, 50l[T4]. In the integrable case there exists a unique (up to isomorphism) 1-connected 
principal bundle integrating it (the s-fiber of the Weinstein groupoid) . 

Given (M, tt) a Poisson manifold and {S, ojs) a symplectic leaf, one can associate to the leaf a transitive 
Lie algebroid 

As ■.^T*M\s, 

which is the restriction to S of the cotangent Lie algebroid {T*M, [-j-J^jTr'). The corresponding Atiyah 
sequence is 

— ^ — ^ As TS — ^ 0, (4.7) 

where I'g C T*M^g is the conormal bundle of S, i.e. the annihilator of TS. 

Now, smoothness of the Poisson homotopy bundle P^ (for a:: e S*) is equivalent to integrability of As 
and, in this case, P^ is the 1-connected principal bundle of As. 

The abstract Atiyah sequence also encodes the first jet of tt at S. For a proof of the following result, 
see the more general Proposition 15. 1 .81 

Proposition 4.1.13. Consider a submanifold S of M endowed with a symplectic structure cos. There 
is a 1-1 correspondence between elements in J^^ ^^-^Poiss{M) and Lie brackets on As making 7[ ) into 
an abstract Atiyah sequence. For tt a Poisson structure with (S^ujs) as a symplectic leaf, under this 
correspondence, j^^Tr is mapped to the restriction to S of the cotangent Lie algebroid ofir. 

4.1.6 The local model: the general case 

The local model (from Theorem [2]) can be described also when P^ is not smooth, using its infinitesimal 
counterpart: the transitive Lie algebroid As. This was explained by Vorobjev [681 169j . but here we indi- 
cate a different approach using the linear Poisson structure on A*g. The proofs of the claims made in this 
subsection are given at the end of subsection 14.2.51 

The starting data is a symplectic manifold {S,ujs) and a transitive Lie algebroid (A, [•, -JajP) over S, 
with Atiyah sequence 

— > K — > A-^TS — >0. (4.8) 



74 



A normal form theorem around symplectic leaves 



Similar to the linear Poisson structure on the dual of a Lie algebra, the dual vector bundle A* carries a 
linear Poisson structure 7riin(^)j with Poisson bracket determined by 

{P*(/),P*(5)} = 0, {5,p*(5)}=P*(ip(a)5), {5j} = [^], 

for all /, 5 e C°°{S) and a,/3 G T{A), where by a, /3 e C°^{A*) we denote the corresponding fiberwise 
linear functions on A*. 

The following lemma will be proved at the end of subsection 14.2.51 

Lemma 4.1.14. The gauge transform '^iin^'^\A) is well-defined on A* . 

Using a splitting ct : ^ ^ A' of g^l), we identify K* = a*{K*) C A*. Let N{A) C K* be the open 
where K* is Poisson transversal for T^]'iJ''^^\A) (see section [TTT|) . and let tta be the corresponding Poisson 
structure on N{A). The following will be proved at the end of subsection 14.2.51 

Proposition 4.1.15. The Poisson manifold {N{A),TrA) contains {S,ujs) as a symplectic leaf and the 
transitive Lie algebroid As of S is isomorphic to A, via the maps 

As = T*K^s - T*S e K TS®K = A. 

We will call the Poisson manifold {N{A)^'ita) the local model associated to the pair (A,ws). As 
proven by Vorobjev in ^5|, the local model doesn't depend on the splitting used to define it. We will give 
our own proof of this result at the end of subsection 14.2.51 

Proposition 4.1.16. If {N„-^^{A),t:a{'^i)) and {N„^{A),t:a{<^2)) are two local models, constructed with the 
aid of two splittings ai, a2 ■ A ^ K , then there exists a Poisson diffeomorphism 

f ■■ {Ul,TrA\Ui{'^l)) > {U2,TTA\U2i'^2)), 

where Ui and U2 are open neighborhoods of S in Na--^{A) and Na-^^A) respectively, which is the identity 
along S . 

We can drop now the assumption on the smoothness of the Poisson homotopy bundle in Definition 
(|4.1.6|) of the local model. 

Definition 4.1.17. The first order local model of {M,tt) around the symplectic leaf {S,ujs) is the 
Poisson manifold 

{N{As),niAs)), with N{As)^vs, 

associated to the Lie algebroid As '■— T* M\s and to {S,ujs). 

In the case when A is integrable, we obtain the same local model as in subsection l4.1.3l 

Proposition 4.1.18. Let P be a principal G-bundle over a symplectic manifold {S,ujs), with Atiyah 
sequence 

— > K — > A — >TS — ^0, 
where K :^ P Xq g and A = TP/G. There is a bijection between 

• 6 E Q}{P,q), connection 1-forms on P, 

• CT : A — > K , splittings of the Atiyah sequence, 

such that the Poisson manifold {N{P), irp) constructed in subsection \4-. 1 ■ 3\ with the aid of 9 and the Poisson 
manifold {N{A),'ka), constructed using the corresponding a, coincide. 

Proof. The first part is clear: a connection 1-form 6 G il^{P,Q) is the same as a G-invariant splitting of 
the exact sequence 

— > Pxg — >TP — > p*{TS) — > 0, 

which is the same as a splitting 

a: A = TP/G — > I<: = PxqB 
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of the Atiyah sequence of P. We fix such a pair (6*, a). 

We prove now that the hnear Poisson structure 7riin(A) on A* is obtained as the quotient of the 
cotangent bundle of P, 

(T*P,C^ea„)/G - (^*,7ru„(^)). (4.9) 

For Z e X(P), we denote by Z G C°°{T*P) the induced fiberwise linear function on T*P. The Poisson 
brackets on r*P and on A* = (TP/G)* are both uniquely determined by the relation 

imposed in the first case for all vector fields X and F on P, while in the second case only for G-invariant 
X and Y; thus (g^l) holds. 

Note that p*(w5)+ajcan is a symplectic structure on T*P (this does not require cos to be nondegenerate) . 
Applying the gauge transformation by p* {ujs) to (|4.9p . we obtain also a symplectic realization for T^iin"^\A) 

(T*P,p*(c.s) + Wean) {A*,7tC^"'\A)). 

Notice that 6 induces a G-invariant inclusion i^— 0* : P x g* ^ T*P, which covers a* : K* ^ A*. The 
1-form 9 constructed in subsection l4. 1 .31 is just 6 — i*(acan), where acan is the tautological 1-form on r*P; 
therefore 

i* {p* (uJs) + Wean) ^ p*{uJs) - d0 ^ n. 

So we can apply Lemma [1.1.31 which says that Na, the open in K* where 7r{^,/"^^(^) Poisson transverse, 
coincides with Np = E/G, where E is the open where f2 is nondegenerate, and moreover, that the induced 
Poisson structure tta on Na is the push forward of which, by construction, is np. □ 

The local model as a linearization 

Using Definition 14.1.171 to construct the local model might be difficult, even in some simple cases. We 
describe here a direct approach, but the proofs are left for subsection l4.2.51 after we develop some stronger 
algebraic tools. 

Let (M, tt) be a Poisson manifold and {S,ujs) an embedded symplectic leaf. Let i^s be the normal 
bundle of S in M, and consider a tubular neighborhood of 5 in M 

* : i^s — > M. 

Denote by E '^{vs), hy p : E ^ S the induced projection and hy fit : E ^ E the multiplication by t. 
Consider the path of Poisson structures 

TTt := tfilin^'-^^P^^'^^'^), t ^ 0. (4.10) 

Now TTi = TT, and we will show in Remark l4.2.22l that. on some open around 5, ttj is defined for all t G (0, 1] 
and that it extends smoothly aX t — {). 

Definition 4.1.19. The Poisson structure 

TTo ;= lim TTt, 

defined on an neighborhood of S , is called the first order approximation of tt around S corresponding 
to the tubular neighborhood 5*. 

The following will be proved at the end of subsection 14.2.51 

Proposition 4.1.20. Let As = T*M\s be the transitive Lie algebroid of S 

— >iy*s — >As — >TS — ^ 0, 

and consider the corresponding local model ttas on N{As) C vs, constructed with the aid of the splitting 

a := d-^Js : Ag — > i^g- 

Then, ttq is defined on (N (As)) , and is a Poisson diffeomorphism 

* : {N{As),nAs) ^ {■^{N{As)),n^). 
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4.1.7 Examples 

The condition H'^{Px) = 

We give now an example in which all conditions of Theorem [3] are satisfied, except for the vanishing of 
H^{Px), and in which the conclusion fails. The Poisson structure we construct is of the following type: 
take a product S x g* , with S symplectic and g* the dual of a Lie algebra, and then multiply the first 
Poisson tensor by a Casimir function on g* . This class of Poisson structures (and their associated local 
models) are discussed in 

Consider the unit sphere (§^,7rs2) C M^, with coordinates denoted {u,v,w), endowed with the inverse 
of the area form 

TT^2 — = {udv A dw + vdw A du + wdu A dv). 
Consider also the linear Poisson structure on so(3)* = {{x, y, z) E R^} 

d ^ d d ^ d d ^ d 
'''so(3) ^ dy dz ^ dz dx dx dy' 

Its symplectic leaves are the spheres of radius r > and symplectic form 

uJr = —{xdy A dz + ydz A dx + zdx A dy), 
and the origin. Finally, consider the product of these two Poisson manifolds 

The symplectic leaves of (M, ttq) are 

{S,ujs) (S^ X {0},ws2) and (S^ x S^^cjga r > 0. 

The abstract Atiyah sequence of S is the product of Lie algebroids 

As = TS®so{3). 
Hence, for x € S, the Poisson homotopy group equals 

= G(so(3)) ^ SU(2)(?^ §3), 

and the Poisson homotopy bundle is 

= X SU(2) — >§2. 

Using the trivial connection on Px, one finds that (M, ttq) coincides with the resulting local model. Note 
that all the conditions of Theorem [5] are satisfied, except for the vanishing of H'^{Px). 
Let us now modify ttq without modifying j^gTTo; we consider 

TT = (1 + r^)7rs2 + TTso{3)- 

Note that tt has the same leaves as ttq, but with different symplectic forms: 

(5, ws) and (S^ x Sl, -^-^wgs + cj^), r > 0. 
1 + 

To show that tt and ttq are not equivalent, we compute symplectic areas/ volumes. For this, note that, 
under the parametrization 

[0, 2tt] X [— 7r/2, 7r/2] 9 {ip, 9) i-^ r(cos ip cos 6*, sin ip cos 9, sin 9) £ §r, 

the symplectic form becomes cUr — r cos 9d(p A d9. Therefore 

/ uir = inr. 
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We claim that tt is not Poisson diffeomorphic around 5 to ttq. Assume it is. Then, for any r small 
enough, we find r' and a symplectomorphism 

1 + 



Comparing the symplectic volumes, we find 
r If 1 



LOgl A LOr = — — — \ L0g2 A LOr' — T . 



f + r2 (4^)2yg2,s2 f + r2 ^ {^^Y U.^l, 

On the other hand, sends the first generator ui of 7r2(§^ x into a combination mcri + na2 with m 
and n integers. Computing the symplectic areas of these elements, we obtain: 

These two equalities imply that mr^ +rir + to = f . This cannot hold for all r (even small enough), because 
it forces r to be an algebraic number. 

Another characteristic which tells apart ttq from tt is integrability. Since ttq is the local model of tt 
around 5', and Px is smooth and compact, by Proposition 14.1.8] and Lemma [4.1.41 integrability of tt around 
S is equivalent to tt and ttq being isomorphic around S. 

We compute the monodromy groups of tt at y = (p, g) € x The isotropy Lie algebra Qy is 
one-dimensional, and the normal bundle to the leaf at y is spanned by q regarded as a tangent vector at 
y. Since the Poisson structure is regular around we can use the formula (|4.1ip below to compute the 
monodromy map 



1 \ d / An \ — 87rr 



d f f 1 \ d 



So, the monodromy group at y is 

f 2r 

M; = S 7Z TTTTT^Trm + Ann I m,n e Z 

and, for r a transcendental number, it is not discrete. This shows that tt is not integrable on any open 
neighborhood of S. 



The regular case 

Let (M, tt) be a regular Poisson manifold with an embedded leaf (5, ws)- The local model around S 
from this chapter coincides with the local model constructed in chapter [3l where we regard the Poisson 
manifold as a symplectic foliation {M,T,U!). To see this, assume that the symplectic foliation is on the 
normal bundle vs, and that the leaves are transverse to the fibers of vs- Let be the extension of oj 
that vanishes on vertical vectors in i>s- Then, the symplectic foliation corresponding to the path nt from 
Definition HXHl is 

{vs,i^t[^)^P (ws) + ^ )• 

We have that limt_j.o /ij {J-) = J^v is the foliation corresponding to the Bott connection, and 

p (ujs) + lim = p [ujs) + dsoj = Js^-, 

where dsoJ is the vertical derivative of w at S. So tto corresponds to the local model from chapter [3] 
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Let us discuss the local model also in the integrable case. Let x € S and denote by S the universal 
cover of S. The isotropy Lie algebra Qx = v* is abelian and, as in the general case (see (|4.3p ). the Poisson 
homotopy group fits into a short exact sequence 

l^Gl^Gx^ 7ri(5,x) 1. 

Hence G% is abelian and the Poisson homotopy bundle is a principal G°-bundle over the universal cover 
S. In conclusion, as a foliated manifold we obtain the same local model as in Reeb stability 

To describe the symplectic forms on this foliation, consider 

the linear holonomy cover, respectively the linear holonomy group at x (see chapter [31). Recall that the 
vertical derivative of uj can be viewed as a ffiin-equivariant linear map (see (j3.2p '). which we denote by the 
same symbol 

5si^ ■■ Vx > ricl('S'lin), 

where O^j (5*1111) is the space of closed 2-forms on S\\a- By pulling back to S, we obtain a tti {S, x)-equivariant 
map, which we also denote by 

5suj : Vx — > f^ci(5')- 

On easily sees that the puUback of the symplectic forms from the local model Xo S Vx are given by the 
family of 2-forms 

("5* X {?/},p*(a;s) + (5st^a), V^Vx- 

To make the connection with the Poisson homotopy bundle, let us recall the simpler description of the 
monodromy map for regular Poisson structures from [TS]. Let y ^ Vx and let cr be a 2-sphere in 5, with 
it(A^) = X, where N Q E'^ denotes the north pole. Consider a small variation cr^ of 2-spheres, such that 

• ae{S'^) C Se, where (S'e,We) is a symplectic leaf, 

• CTo = cr, 

• the vector ^|g^gO'e(Af) represents y. 
Then the monodromy map on a is 

d{<j){y) = , 

\e=0 J a 

Now, since the projections S — >■ S'lin S induce isomorphisms between 

7r2(S',a;) ^ 7r2(5iin,a;) ^ 712(5*, x), 
we can lift the monodromy map to a map 

7r2(S', a;) = 7r2(5'iin, 2;) K- 
This map is just integration of the vertical derivative [TS] 

J a 

Choosing linear coordinates y — (yi, . . . ,yq) on Vx, the 2-forms jgt^y become 

j^ujy = p*{ujs) + yiuji + . . . + yqujg, 
where uji G 51^(5) are closed 2-forms representing the components of the monodromy map d : 7r2(5, x) — >■ 

dia) ^{f ujg), [a] e 7r2(5, x). (4.12) 



5(a)(jy) = ^, / ^e. (4.11) 
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Since 5" is simply connected, the Hurewicz theorem gives 

therefore (j4.12l) determines uniquely the cohomology classes [uJi] G H^{S). Of course, this is related to the 
fact that the cohomological variation [5suj] of uj is independent of the choices made (see subsection 13.3. ip . 

Recall the two conditions of Theorem [TJ the normal form result for symplectic foliations: 

• 5 is a manifold of finite type, 

• the cohomological variation of a; is a surjective map 

[6suj] : — > H^iSiin)- 

We will discuss now the relation between Theorem[2j in the case of regular Poisson structures, and Theorem 
[TJ First, we restate the conditions of Theorem [5] in a similar fashion. 

Proposition 4.1.21. The cohomological variation ofu), viewed as a map 

[Ssuj] : H\S), (4.13) 

satisfies: 

(a) it is surjective if and only if Px, the Poisson homotopy bundle at x, is smooth with H^{Px) = 0, 

(b) it is injective if and only if G°, the connected component of the Poisson homotopy group at x, is 
compact. 

Proof. Under the identification tt2{S,x) = tt2{S,x) = H2{S,'Z), the discussion above implies that the dual 
of [Ssuj] is the map 

dm : Tr2{S,x) «)z K — > v*. 

So, surjectivity of [Ssut] is equivalent to kcr(9) (E)z M = 0. This condition implies discreteness of A^, the 
image of d, which is equivalent to smoothness of P^. Under the smoothness assumption, by (j4.3p and the 
fact that 7ri(Pa;) = 1, we have that 

ker(9) (»z K = 7r2(P,) ®z M = H2(Px, Z) ®z R = F2(P,). 

For the second part, surjectivity of is equivalent to the fact that Af^ spans v*. By (|4.4p . G° = iy*/J\fx 
as topological groups, and this holds also in the non-integrable case (see [IS]). It is easy to see that 
compactness of ly* jMx is equivalent to the fact that Mx spans v% . □ 

We conclude: 

Corollary For regular Poisson structures, the conditions of Theorem\^ are equivalent to com- 

pactness of S and to J j| ) being a linear isomorphism. 

The following relates the assumptions of Theorems [I] and [5] 

Lemma 4.1.23. Let {M,J-,uj) be a symplectic foliation and let S be a symplectic leaf. If p : S S-mf is 
a finite cover, and the map 

[Ssuj] : i^x H\S) 

is surjective, then also 
is surjective. 
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Proof. By assumption, we have that the composition 

is surjective, and we need to show that the first map is surjective. For this it suffices to prove that p* is 
injective. Now S — S'un is principal i^iin-bundle, where is the kernel of the map 

7ri(5,a;) — > H-.^i — > 0. 

Let rj G r2*[(5iin) be a form such that p*{ii) — da. Since K\{i^ is finite, by averaging a, we may assume 
that a is ii'iin-invariant, thus a — p*{ j3). This implies injectivity of p* in cohomology, and concludes the 
proof. □ 

The corollary and the lemma above together, show that Theorem [T] implies Theorem [5] for regular 
Poisson structures. Nevertheless, this is not completely true, since Theorem [1] is not a first order normal 
form theorem, whereas Theorem [2] is. Here are a few remarks which clarify this: 

1. The condition from Theorem [U that the holonomy group is finite, is not a first order condition; it 
depends on the germ of the foliation around S. The first jet of the foliation sees only the linear holonomy 
group, whose finiteness is not sufficient for linearization. The corresponding first order condition is, as in 
CoroUarv 14. 1.221 that the fundamental group is finite. This corresponds also to the weaker version of Reeb 
stability from subsection 14. 1.21 

2. Theorem [1] has a more subtle condition, which is not a first order condition in the Poisson world, 
namely that the Poisson structure is regular around the leaf. Now, chapter [3] is entirely about symplectic 
foliations, so this condition is automatically satisfied, but if we are dealing with general Poisson structures, 
then this is not detectable from the first jet. For example, the Poisson structure = 2^^^ A ^ on has 
as a fixed point, and its first order approximation at is regular (it is the trivial Poisson structure), but 
TT is not regular around 0. Now, Theorem [5] implies the following statement, which is not a consequence of 
Theorem [1] 

Corollary 4.1.24. If n is a Poisson structure whose local model around a leaf S is regular, and it satisfies 
the conditions from Corollary \4.1.22\ then, around S, n is regular and isomorphic to its local model. 

On the condition H^{Px) = and integrability in the regular case 

We give now an example which explains the importance of the condition 

H\P,)^0 

for symplectic foliations. To simplify the discussion, we will assume that 

S is compact and simply connected. 

Then, by Reeb stability, M = S'xR'? with the trivial foliation, and the Poisson structure on M is determined 
by a family {wy S of symplectic forms. We look at the leaf S = S x {0} and denote ujs ■— i^o- 

The vertical derivative of uj is simply 

bsLUy yiuji + . . . + VqUiq, where Wfc = — W|j^=o, 

and so the local model is 

jlujy=uJs + yiUJi + ... + yqUjq. (4.14) 
Let's assume that the cohomological variation is not surjective 

[Ssi^j] : — ^ ^^(5*), (4.15) 

which by Proposition 14.1.211 means that either P^ is not smooth or that H^{Px) ^ 0. Then we can find 
a closed 2-form A on S, with [A] e H'^{S) not in the linear span of [wi], . . . , [tOq]. Consider the Poisson 
structure corresponding to the family of 2-forms 

ujy:=ujs + Vi'^i + ■■■ + yq^q + vl^- (4.16) 
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We claim that it is not isomorphic to (|4.14p . its hnearization around S, by a difFeomorphism which fixes 
S. Otherwise, we could find a diffcomorphism of the form {x,y) i— >■ (t/iy (a;), t(j/)) with t(0) ~ 0, (t>o{x) = x 
and such that 

Since (/>* is the identity in cohomology {(py is isotopic to (/)o), we get, for j/i 7^ a contradiction: 

Related to Proposition 14.1.81 let us now assume that is smooth, but the map (|4.15p is still not 
surjective. This implies that the monodromy group J^x C is discrete, and so, by a linear change of 
coordinates on R^, we may assume that 

Nx = V' -X {0} c W. 
As a result, using also that 7r2(S', x) = H2{S, Z), we see that 

[uji], . . . , [ojp] e H^{S, T) are linearly independent, 

and that 

K+l] = . . . = [Uq] = 0. 

As a side remark, by Proposition 14 . 1 . 2T] (b), p = g is equivalent to compactness of Px- Let us choose also 
A such that [A] e H'^{S;Z) and, as before, which it is not in the M-span of the [w^J's. 

We claim that the Poisson structure corresponding to the family of forms (|4.16p is not integrable on 
any open neighborhood of S (remark that this is not a direct consequence of Proposition I4.1.8[ since we 
are not assuming that Px is compact). This follows by computing the monodromy groups using (|4.1ip at 

Ny = |(^K + 2yiA),y UJ2, . . . , J^0Jq)\[(T] € 712(5, 
The conditions on [uji], [A] imply existence of [cri], [a] £ tt2{S,x), such that 

with C a nonzero integer. Then My contains 

{{nC + 2yimC,0, . . . ,0)\m,n e Z} , 

thus it is not discrete for yi ^ Q. 



Duistermaat-Heckman variation formula 

Next, we indicate the relationship of our results with the theorem of Duistermaat and Heckman on the 
linear variation in cohomology of the reduced symplectic forms We first recall (a simplified version 
of) this result. 

Let (E,r2) be a symplectic manifold endowed with a Hamiltonian action of a torus T and with proper 
moment map /i : S — > i*. Let ^0 G t* be a regular value of /z. For simplicity, we will assume that the action 
of T on /i^^(^o) is free. Then, there exists U, a ball around ^0 consisting of regular values of 11, such that 
T acts freely on /i^^([/). We replace E with ^~^{U). 

The symplectic quotients 

come with symplectic forms denoted wj. There are canonical isomorphisms 

H\S^) - H\S^„), for e e U, 
and the Duistermaat-Heckman theorem asserts that, in cohomology, 

N] = Ko] + (c,e-eo), (4.17) 
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where c is the Chern class of the T-bundle /i ^{^o) ^ S^g. 

This is related to our theorem applied to the regular Poisson manifold 

{M,T,uj) := i^,n)/T, 

with symplectic leaves the {S^,uj^ys. By Lemma [2. 4. 3[ M is integrable by the symplectic groupoid 

g:= (Sx^E)/T^M, 

with symplectic structure induced by prl{n) — pr2{^) G r2^(S x S). The isotropy groups of G are all 
isomorphic to T and the s-fibers are isomorphic (as principal T-bundles) to the fibers of fi. Taking U small 
enough and using a T-invariant Ehresmann connection, on proves that all fibers of fi are diffeomorphic 
as T-bundles (see [26j for details). So, if we are assuming that n^^{S,o) is 1-connected, then Q is the 1- 
connected symplectic groupoid integrating M. In particular, the Poisson homotopy bundle corresponding 
to S^g is the T-bundle /i~^('Co) S^g, and the Chern class c is the cohomological variation [Ssoj] (see also 
Example 14.1 .31) . In this case the condition i/^(/i~^(^o)) = is not required, since we can apply directly 
Proposition 14.1.81 to conclude that the local model holds around 5*^^ , 

:^U^g+SsUJ^-^g, 

which implies (I4.17p . 



Linear Poisson structures 

Consider (g*,7rg), the linear Poisson structure on the dual of a Lie algebra g. As discussed in subsection 
12.4.21 this Poisson structure is integrable and its 1-connected symplectic groupoid is 

^(fl%^fl) = (G X 0*,'^b) ^ 0*, 

where G is the 1-connected group of g. Thus, for every ^ € g*, the Poisson homotopy bundle is the 
principal -bundle 

where G^ C G is the stabilizer of ^ and is the coadjoint orbit (and also the symplectic leaf) through 
Since H'^{G) = 0, the hypothesis of Theorem [2] reduces to G being compact, or equivalently, to g being 
semisimple of compact type. Note also that the resulting local form around implies the linearizability 
of the transversal Poisson structure [75] to Oj, which fails for general Lie algebras [7^-Errata. 

Of course, one may wonder about a direct argument. This is possible, and actually one needs slightly 
weaker conditions: 

is embedded and ^ is split. 

The split condition [34] means that there is a G^-equivariant projection 



<^ -9 — >9i- 

The proof of this can be found in [331 IBU]. We give here a direct argument. Observe that the splitting 
induces a G- invariant principal connection on the Poisson homotopy bundle G — >■ O^: 

By (jl.ip . we have that p*{uj^) = — rfC'i where ^' e il^(G) is the left invariant extension of ^, so the 2-form 
O e ri^(G X gp used to define the local model fsubsection l4.1.3p is 

n = -d^' - do. 

Now, f2 is not just (right) G^-invariant, but also (left) G-invariant, therefore its nondegeneracy locus is of 
the form G x U, where ?7 C g^ is an open G^-invariant neighborhood of 0; and the local model is of the 
form 

{GxU,n)/G^^{GxG,U,7r^). (4.18) 
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The projection a also gives a G-invariant tubular neighborhood of 

^ -.Gxg.qI-^Q*, [3,77]^^ Adl-,{S, + a* (77)), 

which is a diffeomorphism on some open around Oj. As a side remark, the open where the differential of 
5* is invertible coincides with G Xq^ U (see Theorem 2.3.7 [35)- We show now that the local model holds 
around O^, by proving that ^I^ is a Poisson map (Theorem 1, section 1.3 |60] ) 

vI/:(GxG^C/,7r^)-^(0*,7rg). 

Notice that a induces also a map into the symplectic groupoid of TTg 

iI^-.GxqI — >Gx0*, (5,??) (5,f + cr*(?7)), 

which satisfies toip[g, ^) = ^([5, ^]), for t the target map; and fi is the pull-back of the symplectic structure 
on G K g* _ _ 

= -de' - = + (T*, ^?Mc) = V^*(-d%c)- 

Therefore the symplectic realization (|4.18p is just the restriction of the symplectic realization (|2.7p of TTg, 
thus Lemma [1.1.31 implies that ^ is Poisson. 

4.2 Poisson structures around a symplectic leaf: the algebraic 
framework 

A Poisson structure on a tubular neighborhood of a symplectic leaf can be described by a so-called Vorobjev 
triple 568', '69|: a vertical Poisson structure, an Ehresmann connection and a horizontal 2-form. This triple 
encodes the behavior of the Poisson tensor around the leaf; in particular the linearized structure corresponds 
to (and can be defined by) the linearization of the components of the triple. In this section we present an 
improvement of the algebraic framework from [17 , which is used the handle theses triples. In particular, 
using the algebraic tools we develop, we reprove several results from ^651 169] . Also, we explain why the 
first order approximation from Definition 14.1.191 deserves this name. 

4.2.1 The graded Lie algebra {Qe, 

Since we are interested in the local behavior of Poisson structures around an embedded symplectic leaf, 
we may restrict our attention to a tubular neighborhood. Throughout this section p : E S will be a 
vector bundle over a manifold S. Actually, we don't use the linear structure of E until subsection 14.2.41 
and the whole discussion works for any surjective submersion (except for Lemma 14.2.21 where one has to 
assume that p has connected fibers). 

We will use the following notations: given any vector bundle F S, denote the space of i^-valued 
forms on S by: 

n'{S,F) ■.= T{A'T*S®F)=n'{S) ®c~(S)r(F). 
More generally, for any G°°(5)-module X, denote by 

n'{s,x) -.^n'is) (E)c^(s) X, 

the space of antisymmetric forms on S with values in X. 
Consider the vertical subbundle of TE 

V := ker(dp) C TE, 
and the subalgebra of {X*{E), [•,•]) of vertical multivector fields 

XyiE) = T{A'V) C X'(£;). 

We recall also the grading: 

deg{X) := |X| - 1 = g - 1 for X e X«(£;). 
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The Dirac structure corresponding to V is 

Lv:=V(SV° C TE®T*E, 

where V° is the annihilator of V, which can also be identified with the bundle p*{T*S). Now, r(V^ © V°) 
carries the Dorfman bracket (see subsection ll.l.6| ). which here will be denoted simply by [•, •] :— [•, •]£>. 
Exactly like the Schouten bracket (see (ll-SQI) ). this bracket can be extended to 

ns -.^TiA'iV^V")). 

We view rig as a bigraded space, whose elements of bidegree {p,q) are 

= r(A«V^(g)APV^°). 
Then {He, [•,•]) becomes a graded Lie algebra, with degree 

deg((p (g)X) ■.= \ip\ + \X\-l=p + q-l for ip(g)X & n^^" . 
Also, one can think of fts as the space of forms on S, with values in the Lie algebra Xy{E) 

and as such, the Lie bracket is also given by (see [T7] ) 

{a,(3]{Xi, . . .,Xp+p,) = 

= ^(-l)l'^l+^''(«-i) [a{X^, ,...,X^^), P{X,^^, X,^^^, )], 

cr 

for Xi £ X(S'), a G P G ^1^'"' , where the sum is over all (p,p')-shuffles cr. For decomposable elements 

ip®X, iP®Y, ip,%l^ ^VL'iS), X,Y eX'^iE), 

this formula reduces to 

y®x,^®Y] = (-i)I'^I(I^i-iVa [^,^]- 

We will need an extension VLe oiQ,E- Consider algebra 

(^p(^^), [•,•]), 

of projectable vector fields on E, i.e. vector fields X E X{E) with the property that there is a vector 
field on S, denoted by ps{X) G X(5), such that dp{X) — ps{X). The Schouten bracket of a projectable 
vector field and of a vertical multivector field is a vertical multivector field, therefore 

is a subalgebra of X'(i?), which fits in the short exact sequence 

(XUE), [; •]) (x'pMe), h •]) ms), [•, •]) 0. 

Consider the following bigraded vector space, 

Qe := n'{S, X'p^yiE)) =nE + n*{S) (»c~(S) Xp{E) C n*{E, A'TE), 
which in bidegree (p, q) is given by 

nPiS,XUE)) ifg^f 

^ ~ \ np{s,Xp{E)) if g = f • 

Also the space ^Ie fits in a short exact sequence of vector spaces: 

^^E ^^E ^ n'{S,TS) — ^ 0. 
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Next, we show that this is naturally a sequence of graded Lie algebras. On n*{S,TS) we consider the 
Frohlicher-Nijenhuis-Bracket, denoted [-j-Jf, which we recall using section 13 of (3S]. The key-point 
is that Q'{S,TS) can be identified with the space of derivations of the graded algebra {il*{S),A), which 
commute with the de Rham differential, and, as a space of derivations, it inherits a natural Lie bracket. 
In more detail, ioi u — a® X E ^'{S, TS), the operator L„ :— [z„, d] on n*{S) is given by: 

Luiu}) ^ aALxiuj) + A ixi^^)- 

The resulting commutator bracket on il*{S,TS) is: 

[u, v]f = <E)Y- ^ X + a A l3 (g) [X,Y], 

ioT u ^ a(gX,v ^ l3(gY e n'{S,TS). With these {n'{S,TS), [•, -Jf) is a graded Lie algebra, with grading 
deg = r on Q'-{S,TS). 

Denote the element corresponding to the identity map of TS by 

js = ldTs en\S,TS). 

This element is central in {il* {S,TS), [•, ■]f) and satisfies 

L^, =d:n'{S) — >n'+\S). (4.19) 

Next, the operations involving il'{S,TS) have the following lifts to E: 

• With the short exact sequence 

— ^ n'{s,Xv{E)) n*{s,Xp{E)) ^ n'{s,TS) o 

in mind, there is a natural lift of [•, -Jf to the middle term, which we denote by the same symbol. 
Actually, realizing 

n'{s,Xp{E)) £^ n'{E,TE), 

this is the restriction of the Frohlicher-Nijenhuis bracket on n'{E,TE). 

• The action L of n'{S,TS) on n'{S) lifts to an action of n'{S,Xp{E)) on ^e, for u = a (g X e 
r2*(5', Xp{E)) and v = uj iSiY € ^Ie, we have: 

Lu{v) = Lp^(^){uj)(E)Y + aAuj(E) [X,Y]. 

The following shows how to put these operations together. 
Proposition 4.2.1. Qe is a graded Lie algebra with bracket 

{[u, v] for u,v e He, 
Lu{v) foruen'iS,Xp{E)),v€nE, 
[u,v]f foru,ven'{S,Xp{E)). 

Moreover, we have a short exact sequence of graded Lie algebras: 

[., •]) {ni, [., ^ in'{s,TS), [•, ■]e) o. 

Proof. We first check that the definitions agree on overlaps. Consider 

u = a(^X en'{S,Xp{E)), V = P(S)Y en'iS,XYiE)), w = -f(E) Z e^E- 

Using that ps{v) = 0, we obtain 

[u, v]f = Lp^(^.,){/3) ®X- (-l)l"ll'3lLp^(„) (a) ® y + a A /? ® [X, y] 
= Lu{v), 

Ly{w) = 2.ps(^,)(7) (E)Z + (3A-/(S[Y,Z]^ [v,w], 
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and for z G r2*(S', Xv(-E)), [w,z] = Thus the bracket is well-defined. 

To prove the graded Jacobi identity, it suffices to check that the algebra 

(17*(5,Xp(£;)),h» 

acts by graded derivations on (fi^;, [•, •]), i-e. 

L^{{w,z\) = [L„H,^] + (-l)(M-i)(l-l-i)[^,i„(^)]. 

for all u,v € ^*{S, Xp{E)) and w,z G fls- We use the previous notations for the elements. By the formula 
for [•, - Jf, we have that 

L[u,v]Fi^) =Lpsilu,v]F)i^) ®^ + ^Ps(«)(/3) A 7 [F, Z]- 

- (-l)l"ll/'lLp,(,)(a) A7®[X,Z] + aA/3A7® [[X, Y],Z]. 

Using that {n'{S,TS), [■■i-]f) acts on Q.'{S), and that ps is an algebra homomorphism, we split the first 

term in two parts 

I^Ps{[u,v]F)in) ®Z = Lp^(^){Lp^(^){^)) ®Z- (-l)l"ll^lLp3(^)(Lp3(„)(7)) ® Z, 

and similarly, using Jacobi, we split also the last term 

aA/3A7«)[[X,y],Z] = 

= a A/3 A 70 [X, [F, Z]] - (-l)l«ll'^l/3 A a A 7 [F, [X, Z]]. 

Adding up the terms where the sign — (— doesn't appear, we obtain 

(7)0[X,Z] + 
+ A 7) [1^, ^] + a A /3 A 7 [X, [Y, Z\] = 

= i„(ij,^(„)(7) Z + /3 A 7 [F, Z]) = i„ o 

and similarly the rest of the terms add up to — (— o Lu{'w). This finishes the proof of the first 

relation. 

Denoting z = 5 ®T , the second relation follows from the computation 

Lu{[w^ z]) = (-1)I^I(I^I-i)L„(7 A ,5 [Z, T]) = 

= (-l)l^l(l^l-i)(Lp,(„)(7 A 5) [Z, T] + a A 7 A 5 [X, [Z, T]]) = 
= (-l)l'l(l^l-i'(ips(«)(7) A <5 [Z, T] + a A 7 A 5 [[X, Z],T] + 
+ (-l)l"ll^l7 A Lps{u){5) [Z,T] + a A 7 A 5 [Z, [X,T]]) = 
= [Lpg(„)(7)0Z + aA70 [X,Z],5 0T] + 
+ (_l)|a|(7+|z|-i)[^ ^ ip,(„)(<5) T + a A (5 [X, T]] = 

A bit more on the structure {Q,e,[-,-]k) is given in the lemma below. 

Lemma 4.2.2. The center of Q.e are the constant functions on E, and the center of Q,e is Vt*{S). 
Moreover, ^*{S) is an ideal infls- 

Proof. The fact that Q*{S) is in the center of follows straightaway from the definition of the Lie 
bracket. For u G fi^'' ^ central element, we have 

= [X,w]{X,,. ..,Xp) = [X,u{X,,. . . , Xp)], 

for every X G Xy{E) and Xi, . . . ,Xp G 3C{S). Hence, co{Xi, . . . , Xp) is a multivector field which commutes 
with all vertical vector fields, and this implies that it is the puUback of a function on S (this requires the 
fibers of p to be connected). Thus w G n*{S). 
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The fact that n*[S) is an ideal in Qe, follows by definition; just notice that the induced representation 
descends to n'{S, TS): 

[u,uj]k = Lu{uj) = ip,(„)(a;). 

Thus an element uj in the center of ilE, belongs to ft*{S), and satisfies LxoJ — 0, for all X e X{S). This 
implies that w is a constant. □ 

4.2.2 Horizontally nondegenerate Poisson structures 
Ehresmann connections 

As an illustration of the use of il^, we look at Ehresmann connections on E. Such a connection can 
be described either as a subbundle H C TE, complementary to V, or equivalently by a C°°(S')-linear map 
which associates to a vector field X on S its horizontal lift hor{X) to E. Since hor(X) projects back to 
X, we see that the connection can also be described by an element 

r e ^E^, such that ps(r) = 7s. 

Also the curvature Rr of F 

Rr{X,Y) = [hor(X),hor(r)] -hor([X,y]), 
can be described using He, it is just 

Moreover, with the identification il'J^ = il'{H), the operator 

dr : ^e" — > ^'J'^'", a [T, a] t< 

is just the horizontal derivative of horizontal forms 

dr(a)(Xi, . . . , Xn) = da(hor(Xi), . . . , hor(X„)). (4.20) 

This can be easily checked on functions. In general, by decomposing a as a sum of elements of the form 
to (E> f, with oj E n{S) and / G C°°{E), and using that both dr and d act as derivations, this follows from 
(I4l9)) 

dr{oj) = [r,w]x = Lr(w) = £ps(r)(i^) = L^si'^) = duj- 
Dirac elements and Dirac structures 

We introduce the following generalization of flat Ehresmann connections. 
Definition 4.2.3. A Dirac element is an element 7 g ft^, satisfying 

[7,7]^ = 0, psii) = 7s- 
We use the following notations for the components of j: 

• 7^ for the (0,2) component- an element in Xy(i?) 

• for the (1, 1) component- an Ehresmann connection on E 

• F-y for the (2,0) component- an element in fl'^(S,C°°{E)). 

We denote by Hy C TE the horizontal distribution corresponding to T^. 

Before explaining the geometric meaning of such elements, we recall: 
Definition 4.2.4 (see [5l[70]). A Dirac structure L C TE ®T* E is called horizontally nondegenerate 

if Lr^{v ®v°)^{Q}. 

The following proposition is our interpretation of Corollary 2.8 and of Theorem 2.9 |70) . 
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Proposition 4.2.5. For •y = (7^,r-y,F^) G il^, a Dirac element, define 

:= Graph(7''» : H° ^ V) ® Grapli(F^ : V°) CTE® T*E. 

The assignment y t-^ L-y is a one to one correspondence between Dirac elements and horizontally nonde- 
generate Dirac structures on E. 

Proof. We start by describing the inverse map. Let L C TE(BT*E be a horizontally nondegenerate Dirac 
structure. Since L ® Ly = TE ® T*E, where Ly = V (BV° , we can decompose every X £ TE uniquely as 

X^iVx- ^x) © {Hx + Cx), Vx €V, ^x€ V°, Hx+ix& L. 

Let Fi be the Ehresmann connection with horizontal projection X i— >■ Hx, and let H C TE be the 
corresponding distribution. Since L in isotropic, and ^x G we have that 

G ^ {Hx + U,Hy + ^y) = {X + + ^y) = U{Y) + ^y{X), 

thus ^ is given by a skew-symmetric 2-form e il^(£'), i.e. (,x = ^\^{X). Since Lr\V° = 0, we have that 
— 0, and since ^x G V°, it follows that F^, e Similarly, an 77 e T*E decomposes as 

r, = i-V^ + e^) (S (K, + if^), eV, 0^eV°, V^ + ip^e L. 

Using again that L is isotropic, we obtain that for all X e TE, 

0={Hx+ ^x,V,j + if,^) = ifirjiHx). 

Thus (flri G H°. So, rj = On + is the decomposition of corresponding to F^. By a similar argument as 
before, this shows that V^/jo = 0, and that there is a vertical bivector 7r|^ e , such that = 7r^'''(C)- 
By comparing dimensions, we obtain that L = L^, where 

7 = K,ri,FL)ef]i. 

We still have to check that Lj being closed under the Dorfman bracket is equivalent to [7,7]k = 0. 
This equation splits into 4 components 

0= [7,71k = [7^7"]©2[F^,7-]K ®2(i?^^ + [7^F^])®2[F^,F^]K e 

G © ® ® ^E ~ ^E' 

Let's consider the condition 

[Y'\a)+a,Y'Hl3)+l3]DeL^, Va, /3 e F(i/°). (4.21) 
Explicitly, this expression is given by: 

and denote the form part by [a,/3]^v. Since the vector part is vertical, (|4.2ip is equivalent to the following 
two conditions 

[7^'«(a),7^'«(/3)] =7"'»([«,/?]70: (4-22) 
[a,/3]^v eF(i/°), (4.23) 
for all a, /3 G r{H°). Now for (3 E r{V°), and any 1-form a, we have that 

Therefore, if (I4.22p holds, then it holds for all 1-forms a,/3 S il.^{E). On the other hand, one easily sees 
(e.g. by applying (|4.22p to a — df,(3 — dg) that this is equivalent to 7^ being Poisson i.e. [7^, 7^] = 0. For 
a,l3 £ T{H°), contracting [a,/3]^v with hor(X), for X £ X(5), one obtains 

-/,^v.J(Q,)Lhor(X)(/3) + V'«(;3)-^hor(X)(a) + ihor(X) (7" P)) = 

= -1^ {a, L^or(x){P)) - Y{Lhoi{x){a),f3) + Lhor(X)(7''(a, ^)) = 
= [hor(X),7-](a,/3). 
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Since [hor(X),7'^] is vertical, condition (I4.23P is equivalent to 

[lior(X),7^] = [r^,7^]K(X) = 0, VX G X{S). 

Thus we have shown that (|4.2ip is equivalent to the vanishing of the first two components in [t'iTIk- 
Consider the condition 

[hor(X) + F^(X), 7"'»(a) + a]D e L^, V X G X{S), a e r{H°). (4.24) 

Explicitly, this is given by 

[hor(X), 7''''(q;)] + ihor(X)a - V'«(a)^''hor(X)F^- 

Using that [7^''*(q;), hor(X)] is vertical, for the last term we have 

Thus we have to show that 

[hor(X),7-'«(a)]+L 

The first term is in V and the last in V°, therefore (|4.24p is equivalent to the following two conditions 

[hor(X), 7-^«(a)] = 7"^"(^hor(^)«), (4.25) 

Lhor(X)a - thor(X)S"'«(a)^^7 ^ ^(i/"), (4.26) 

for all a G T{H°) and X G X{S). The first is equivalent to 

[hor(X),7'']«(a) = 0, 

which, as before, translates to [r-y,7^]K = 0. Before looking at (|4.26p . note that, using the Koszul formula 
to compute dFj and that vanishes on vertical vectors, we obtain 

d¥-y{V,hoT{X),hoT{Y)) ^ Lv{¥-y{X,Y)), yVeXyiE). (4.27) 

So, if we contract (j4.26p with hor(y), we get 

ihor(y)ihor(x)a - dF^(7'''''(a),hor(X),hor(y)) 

= a([hor(X),hor(r)])-L^v,,(„)(F^(X,y))- 
= a{Rr.,{X,Y) + [j\¥.,]{X,Y)). 

Thus (|4.26p is equivalent to [7^,F-,] + Rr ~ 0. We have shown that (|4.24p is equivalent to the vanishing 
of the second and third term in [7, 7] k ■ 
Finally, we analyze the condition 

[hor(X)+F^(X),hor(r)+F^(r)]D ei^, yX,YeXiS). (4.28) 
This can be rewritten as 

[hor(X),hor(r)] + Lhoi(X)i-hor(Y)^', - t-hor(Y)d{LhoiiX)^',) = 

= hor([X, Y]) + Rr., {X, Y) + L[x,y]¥^ + ihor(y)ihor(x)C?F7- 

So, (|4.28p is equivalent to 

Rr^ (X, Y) + thor(y)'.hor(jf)rfF^ e L^, y X,Y e X(5). 
Since the vector part is vertical, this also can be restated as two conditions 

thor(l')'.hor(X)rfF^ e T{H;), (4.29) 
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7"'''Kor(y)thor(x)dF^) = -Rr.,{X,Y), (4.30) 
for all X,Y G X{S). By (OO)) . we have that 

(flF^(hor(X),hor(r),hor(Z)) = [F^, F^] ^ (X, F, Z), 

so is equivalent to [r-y,F^],^ =0. Applying a to (gSHl), by (li^ we get 

a([7^F^](X,r)) = -aiRr,{X,Y)), 

thus (|4.30p is equivalent to i?r + [7^)IF-y] = 0. So, we have shown that (I4.28P is equivalent to the vanishing 
of the last two components of [7,7]x. This finishes the proof. □ 

Remark 4.2.6. Notice that the vertical Poisson structure 7^ corresponding to the Dirac element 7 can 
be described using the product of Dirac structures (see subsection I1.1.6P 

where Ly = V ®V°. Moreover, the fact that * Ly is Poisson, is equivalent to being horizontally 
nondegenerate. 

As a consequence of the proof of the proposition, we note the following: 
Corollary 4.2.7. Under the isomorphism 

H^®H;^ L^, {X, a)^{X + 7"'»(a), " + ^IW), 
the Lie algehroid {L^, [•, ■]d,Pt) becomes 

with Lie bracket 

[hor(X),hor(r)]^ = hoT{[X,Y]) + LhoriY)i^hor{x)d¥y 
[hor(X), a]^ = ihor(x)a + i'^^.»(a)i^hoi{x)dF^ 
[a, /3]^ — i^^,^oi)dP — i^^.'i{i3)da + dj^{a, 

and anchor 

p^(hor(X)) = hor(X), p^ia) = 7^'«(a), 

for all X,Y e X{S), a, (3 e r{H°). 

The complex computing the cohomology of a horizontally nondegenerate Dirac structure (see subsection 
I1.1.6P can be computed as follows. 

Proposition 4.2.8. Let j be a Dirac element, and L^ the corresponding Dirac structure on E. Using the 
isomorphism L* = V (B V° , given by the pairing on TE © T*E , the complex computing the cohomology of 
Ly becomes 

{^*E,d.y), d^:=[7, •]><■ 

Proof. We identify L^ with the Lie algebroid ® H° (as in the previous corollary), and H* = V°, 
{H°)* = V. With these identifications, we obtain that He = T{A*(y ® V°)), which is the complex 
computing the Lie algebroid cohomology of Hj ® H°. Denote its differential by d^^. Since both d^^ and 
d-y act by derivations, it suffices to check that they coincide on 

Wen°/ = Xy{E) and -q £ n]^° ^ n^{S, C°°{E)). 

First observe that 

d^W = [7, W] K = [7^ W] ® [F^, W^] K ® [F^, w] e r!^' ® n]^^ ® 
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We compute cIl on W and rj using the formulas from the previous corollary, and we compare the two 
differentials by evaluating them on elements a,/3 G r{H°) and hor(X), hor(y) e r{H^), for X,Y G X{S): 

- M^(i^v,»(c,)rf/3 - i^v,tt(^)C?Q; + d"f''{a, (3)) = 

— Lwi-'y^.t{a)dP + L\\ri"y^.t(p)da — L]vy^{a, /?) = 
= L^^,^a)Lwf3 ~ ij^,t(fi)Lwa - LwYia, /3) = 
= Y(a, Lwl3) + Y{Lwa, /S) - LwY{a, /3) = 
= [7^W^](a,/3) = [7,W^]x(a,/3). 

(di^iy)(hor(X),/3) - Lhor(X)/3(W^) - T^(ihor(X)/3 - ^hor(X)S-«(/3)'^IF7) = 

= [hor(X),W^](/?) = [r^,W^],<(X,/3) = [j,WUiX,P), 

where we used that dF vanishes on two vertical vectors. 

(rfL^W^)(lior(X),hor(y)) = -rfF^(hor(X),hor(r), VK) = -Lwi¥-y{X,Y)) = 

= [¥.,,WUiX,Y) = [j,WUiX,Y), 

where we used (|4.27p . 

(dL^r7)(a,/?) =0 = [7,??]K(a,/3), 

(rfL^r?)(hor(X),/?) = -L^v,,(^)7?(hor(X)) = h\v]{X,P) = [7, ry] k (X, /?), 
(dL,ry)(hor(X),hor(r)) = Lhor(x)r?(hor(y)) - Lhor(y)77(hor(X))- 
-77([hor(X),hor(y)]) = d77(hor(X), hor(y)) = 

= [r^,7jU{xX}^b,v]Ax,Y), 

where we used (|4.20p . □ 

4.2.3 Horizontally nondegenerate Poisson structures 

Observe that, for a Dirac element 7, the Poisson support of L-y is 

supp(iT,) ^{ee E \ g : Hy ^ H° is invertible}. 

We will refer to this open also as the Poisson support of 7. 

Definition 4.2.9. A Poisson bivector tt G X'^{E) which satisfies 

Ve + 7r*{V°) ^TeE, y eeE, 

is called horizontally nondegenerate. 

Clearly, a Poisson structure tt on i? is horizontally nondegenerate, if and only if L-j^ is a horizontally 
nondegenerate Dirac structure. We will denote the corresponding Dirac element as follows: 

7^ = (7r'^,r^,F^). 

We describe the triple explicitly. The nondegeneracy of tt implies that 

gives an Ehresmann connection on E, which corresponds to e i^^^. With respect to the resulting 
decomposition TE = V (B , the mixed component of tt vanishes 
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and tt'^ is the desired (0, 2)-component. The bivector is nondegenerate as a map V° — ^ H.^, and its 
inverse represents F^r G Vi^{S,C°° {E)). Exphcitly, 

F^(dp(7rh«,;), dp{^'^^^i)) = -7r'^(77, /i), V r,, /i G (4.31) 

Vorobjev's Theorem 2.1 in [55] can be summarized as follows: 

Proposition 4.2.10. There is a 1-1 correspondence between 

1. Dirac elements 7 G fl^ with supp(L~^) = E. 

2. Horizontally nondegenerate Poisson structures t: on E. 

The following reformulation of Proposition 4.3 [17 is a direct consequence of Proposition 14.2.81 

Proposition 4.2.11. Let n be a horizontally nondegenerate Poisson structure on E with corresponding 
Dirac element 7. Then there is an isomorphism of complexes 

: iX'{E),d^) ^ {n'E,d^), 

given by 

T^=A'U,,:X'iE)^n'E, (4.32) 

where f-^ is the bundle isomorphism 

U ■■= (/, -F|, ):V(SH^=TE^V®V°. 

Proof. By Proposition l4.2.8l both complexes compute the cohomology of the Dirac structure L^, so we need 
only identify the resulting isomorphism. This is the dual of the composition of Lie algebroid isomorphisms 

H^®Hl^L^^ T*E, 

{X, v)^{X + n^r^), 77 + ¥l{X)) ^ 7j + ¥i{X), 
which, by skew-symmetry of F^r, is /jr. □ 

We discuss now deformations of horizontally nondegenerate Poisson structures. Let {^t}te[o.i] be a 
smooth family of Dirac elements, and let U C E be an open contained in the support of 74 for all t G [0,1]. 
Denote by tt^ the corresponding horizontally nondegenerate Poisson structure on U. Then ^ttj is a closed 
element in the Poisson cohomology of irt- We describe this co-cycle in terms of 74. 

Lemma 4.2.12. We have that 

d \ d 



dt^') = Jt^'- 

Proof. Decomposing ttj — ttJ ~\- tt^, we see that iij is vertical, therefore we have to show that 

We use the following notations 

At := ttJ"'" : T*U -> TU, Bt := : TU T*U, Ct := At o Bt : TU TU. 

Clearly, Ct is just the horizontal projection corresponding to Fttj . Also, we regard F^rj and W^^^ as skew- 
symmetric elements in 

Hom(r[/ ® T*U, T*U ® TU), 

and as such they can be written as 

( ~c;\ ( Bt 

\ Ct y ' y 

The map f^^ :TU ^T*U® TU, is given by 

-Bt 
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With this formalism, on X'^{U) C Hom(r*[/, T?7), we have 

Now, we compute T^j(^t). First we have that 

At o f;^ = MBt,I- en = {AtBt,At ~ AtCl) = 
= {Ct-AtBu-{At-CtAtr) = 
= {Ct - AtBu -{CtAtT) = {Ct - AtBuAtCl), 

where we have used that CtAt — At. Therefore 

= j^^Ij^ ) {Ct - AtBt,AtCt) = 

Bti-Ct + AtBt) -BtAtC* 
(I ~ Ct){Ct - AtBt) iI-Ct)AtCt 

For the (1, l)-entry, we note that BtCt = 0, since Ct takes values vertical vectors; and BtAt = C^ , 
BtCt — Bt, therefore 

BtAtBt - -(BtCt)* =Bt + {BtCt)* = Bf 

For the (1, 2) entry, using also that Cf — Ct and that CtCt = (since Ct vanishes on vertical vectors), we 
obtain 

-BtAtC: = -C*tC*t = -{CtCty = -C*t + {CtCtT = -c'l 
Using (/ — Ct)At — 0, we fill in the remaining entries and obtain the result 

To trivialize a smooth family {7rt}fg[o,i] of Poisson structures on f/, means to find a smooth family of 
diffeomorphisms ^t '■ U ^ U that satisfy 

<I>o=Id, $t(7rt)=7ro. 
Let Xt denote the time dependent vector field generating the family $t 

j^M^) = Xti<i>t{x)). 

Then Xt satisfies the so-called homotopy equation: 

j^7Tt^[7Tt,Xt]. (4.33) 

Conversely, if we find a time dependent vector field Xt satisfying (|4.33p . then its flow, defined as the 
solution to the differential equation 

$o(x)=x, j^'l^tix) ^ XtiM^)), 

will send ttq to irt, i.e. $j(7rt) — ttq, whenever it is defined. 

Lemma [4.2. 121 and Proposition 14.2. iTl implv the following compact version of Proposition 2.14 fB^. 

Lemma 4.2.13. Let {7t}tg[o,i] be a family of Dirac elements on E, U <Z E an open included in the 
intersection of their supports, and let iTt be the corresponding family of horizontally nondegenerate Poisson 
structures. Then a time dependent vector field Xt G X{U) satisfies the homotopy equation \4.33^ , if and 
only if 

Vt:=T^AXt)(.n]j 

satisfies 

j^lt^[lt,VtU. (4.34) 
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4.2.4 The dilation operators and jets along S 

For t G K, t 7^ let /it :£'—>£' be the fiberwise multiplication by t. Fullback by /it gives an automorphism 

/i* : {hEA;-U) ^ i^sd: ■]><), 

which preserves and acts as the identity on 51* (5). 
Define the dilation operators as follows: 

(fit -.^Ie ^ ?^E, (fitiu) = i'^"Vt for u e h*^"^. 

Remark 4.2.14. ft is useful to describe this operation in local coordinates. Choose Xi coordinates for S 
and Ua linear coordinates on the fibers of E. An arbitrary element in nP{S, X'^{E)) is a sum of elements 
of type 

a{x,y)dxi (g) d^,, A 

where /, J and K are multi-indices with |/| — p, \J\ + \K\ = q and a = a{x,y) is a smooth function. 
Elements in Qe contain only terms with \J\ =0. The elements in Qe are also allowed to contain terms 
with I J| ~ 1, but those terms must have \K\ — 0, and the coefficient a only depending on x. Applying ift 
to such an element we find 

t\-'\^^a{x,ty)dxi ® dxj Ady^,. (4.35) 

Lemma 4.2.15. The dilation operator ipt preserves the hidegree, is an automorphism of the graded Lie 
algebra fi^ and preserves U,e- 

Proof. Due to its functoriality, //j has these properties. Since 

roP'9 oP'-^'l r- n'P+p' -'^ 

also the multiplication by t'^~^ has the same properties. Hence also the composition of the two operations, 
i.e. (/9t, has the desired properties. □ 

We introduce also the following subspaces of il^, for Z e Z: 

gVii^E) = {u e 51b : Vt{u) = t'^^w} C ^E, 

fsi^E) = groi^E) ® . . . © gr,{nE) C ^E- 

These spaces vanish for I < (see (|4.35|) 'l. The elements in grg are called constant, those in gr^^ are called 
linear, while those in gr^ are called homogeneous of degree I. Similarly, one defines gr;(ri£;). We have 
canonical isomorphisms (see e.g. (|4.35p ) 

gTiinP^'^) ^nP{S,A'^E(x)S^E*), (4.36) 

where S'^E* denotes the Z-th symmetric power of E* , and we identify: 

• sections of E with fiberwise constant vertical vector fields on E, 

• sections of S''E* with degree I homogeneous polynomial functions on E. 
Moreover, gr;(51^'^) coincides with gr;(f2^*) except for / = 1, g = 1, when 

gT,{n''/)^npis,XnniE)), 

where X\in{E) is the space of linear vector fields on E, i.e. projectable vector fields whose flow is fiberwise 
linear. 

Our next aim is to introduce the partial derivative operators along 5*, 

ds -.^E — > gr;(5l£;). 

To define and handle them, we use the formal power series expansion of tipt{u) with respect to t. Although 
(fit is not defined at t = 0, by (|4.35p it is clear that, for any u G He, the map 

R* 3t^ tipt{u) e ^E 
admits a smooth extension to M. Hence, the following makes sense. 
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Definition 4.2.16. Define the n-th order derivatives of u G He along S, denoted by d'gU, as the 
coefficients of the formal power expansion of tpt at t = 

ft{u) = t~^u\s + dsu + td^gu + . . . . 

In other words, 

1 d" ~ 
n\ dt"- |t=o 

We also use the notation u\s := d^gu. The n-th order jet of u along S is 

n 
k=0 

Lemma 4.2.17. We have that dg{u) e gr„(f2£;) and jg{u) e Jg{riE)- 

Proof. Since (pr o ip^ = (p^s, we have that (pr{sLps{'a)) = r~'^[£^ip^{u)]\^^rs- Taking n derivatives at s = 0, 
we obtain the result. □ 

The power series description, together with the properties of ipt, are very useful in avoiding computa- 
tions. For instance, using that ipt preserves [•,•]>< and comparing coefficients, we obtain a Newton type 
formula. 

Lemma 4.2.18. For any u,v Cz Qe, we have that 

dg[u,v]K = E [d^gu,dlv]^. 

p+q=l+l 

As an illustration of our constructions let us look again at connections. We have already seen that an 
Ehresmann connection on E can be seen as an element F € f^^^. We have that F is linear as an element 
of fls if and only if it is a linear connection. For the direct implication: the properties of ipt immediately 
imply that the x- bracket with F preserves gTQ^fl'^^) — VL*[S, E) hence it induces a covariant derivative 

dv := [T,-u ■.n'{s,E) ^n'+\s,E). 



4.2.5 The first jet of a Poisson structure around a leaf 

Throughout this subsection, we let tt be a horizontally nondegenerate Poisson structure on E, with corre- 
sponding Dirac element 7 = (tt'^, F^r, Ftt). After the first lemma, we will make the extra assumption that 
S, viewed as the zero section of E, is a symplectic leaf of tt, and we will describe the linearization of tt 
around 5' using the algebraic tools we have just developed. Actually, as one can easily see, everything what 
we prove works more generally, for any horizontally nondegenerate Dirac structure on E, which admits S 
as a presymplectic leaf. 

The fact that 5 is a symplectic leaf can be characterized algebraically (see also Proposition 6.1 TT]). 

Lemma 4.2.19. S is a symplectic leaf of n if and only if j\s lives in bi-degree (2,0). In this case, the 
symplectic form is 

Proof. Recall that the Dirac structure L.^ is spanned by hor{X) + ¥^{X) and TT^''^{a) + a, with X e X{S) 
and a E r{H°). Since tt has rank at least dim(S'), it follows that 5 is a symplectic leaf if and only if the 
vector part of these elements belongs to TS C TE^g, which means that hor(Ar)|5 — X and 'Kjg{a) = 0. 
These conditions are equivalent to 7r|^g = and F^|5 ~ 0, i.e. 7|5 € In this case, we have that 

and so 

□ 
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From now on, we will assume that (5*, cos) is a symplectic leaf of tt, or equivalently that 7|5 = wg. We 
look now at the next term in the Taylor expansion of 7 around S, whose components we denote as follows 

47= (7ri^n,rii„,Fii„) egri(f]|), 

Lemma 4.2.20. We have that d\.j and jgj are Dirac elements on E . 
Proof. By the Newton formula from Lemma [4.2. 181 we have that 

= 4 [7, 71k = 2[ws,47] + [47,47]k = [47,47]k, 

where we have used also that d|7 ^ ^1;; ^^'^ so, by Lemma [4.2.21 los commutes with d|7- Also, we have 
that ps{ft{u)) — ps{u), for all u G f^s, therefore ps{dsj) — 7s- This shows that ^7 is a Dirac element. 
For j^7, note that [ujs,ojs] = 0, PsUsl) ^Ps{dsj) = 7s, and also 

[47,ws]k = ips(<i^^)a;s = L^s^s = dojs = 0. 

These imply that jg'js is also Dirac. □ 

Observe that the 2-form part of J57 is los + ^Vm- Since Fiin vanishes along S, it follows that the open 
where cos + Fun is invertible contains S. This is precisely the support of ^57, which we denote by 

N := supp(js7). 

We denote the corresponding Poisson structure by 7riin(S'). 

Proposition 4.2.21. The Poisson manifold (iV, 7riin(5')) is the first order approximation of tt along S 
from Definition \4.1.1^ 

Proof. Recall that the path nt from Definition 14.1.191 is given by 

^t=tMt*(^(*-^)""), t^Q. 

This is not well-defined everywhere on i? as a Poisson structure, but it is a well-defined Dirac structure Lt 
on E, which is given by 

where we use the rescaling of Dirac structures from subsection 11.1.61 The fact that 5 is a symplectic 
leaf of TT implies that is horizontally nondegenerate on some open U containing S. We denote the 
corresponding Dirac element by 

7 = (7r^^,,F,) e ^l. 

We claim that Lt is horizontally nondegenerate on jC/, and we compute its Dirac element 7f g ^^i^;- 
Recall that L-^ is spanned by 

X + ¥{{X), 7r^'»(a)+a, X e H^, a e H°. 
Since los is horizontal, it follows that Lt is spanned by 

tpux) + (m^fo + {t- iVs)» liUx), iA^:(^^)V:(«) + 

with X E and a E H°. Observe that Ht := fiti-^j) is the horizontal distribution corresponding to 
/ij(r7r), and that = p,^{H°), both defined on ^U. Therefore, Lt is spanned by the elements 

X + t-' iij;i¥^) -LOS + tLOs)^ (X), + a, 

with X G Ht and a E H^. This shows that Lt is the Dirac structure L^_^ on jU, corresponding to the 
Dirac element 

7t := tpUn^ + pUT^) + t-V:(F.) + (1 - t-')LOs = 7|s + 
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That 7t is Dirac can also be checked directly: 

Psijt) = Psivtil) + (1 - t''^)^s) = Psh) = is, 
[7t,7t]>< = [<^i(7),'^t(7)]x + 2(1 - t~^)[(^t,t^s]b< = 
= ^t([7,7]K) + 2(l-t-i)dcj5 = 0. 

Also, it is clear that 74 extends smoothly at t = 0, with 70 = js7' therefore also ttq — 7riin(5'). This 
finishes the proof. □ 

Remark 4.2.22. The proof above implies the assertions made before Definition I4.1.19| namely that ttj 
extends smoothly at t = 0, and that on some neighborhood of S, nt is defined for all t e [0, 1]. The fact 
that such an open exists, follows by the Tube Lemma and the fact that the support of -ft contains S for 
all t (simply because 7^15 = wg). 

We prove now that ^^7 encodes the structure of the Lie algebroid As , the restriction of the cotangent 
Lie algebroid of tt to S' (see also [68]). 

Lemma 4.2.23. The Dirac element dgj induces a Lie algebroid structure on A := TS(S E*, with anchor 
the first projection and Lie bracket [•, ■]a given by 

[«,/3]^ = ^i^„(a,/3), [X,a]A^Vxia), [X,Y]a ^ [X,Y] +¥nniX,Y), (4.37) 

for X,Y € X(iS'), a,/3 € T(E*), where V is the covariant derivative corresponding to Tn^. Moreover the 
map 

A^TS®E* '"^^^ T*S (SE*^As 
is an isomorphism of Lie algebroids, where As is the Lie algebroid corresponding to the leaf S ofn. 

Proof. We will use Corollary I4.2.7[ which gives the Lie bracket on the Lie algebroid B := H.^ © H°, and 
an isomorphism between B = Lt,. Observe that H^^s = TS and H°^g ^ E* C T*E\s, thus hor(X)|5 = X, 
and since -njg = 0, it follows that S is an orbit of B, and that the anchor of B\s is the first projection. 
Moreover, one easily checks the following equalities 

(-^hor(X)(a))|s = ^x{a\s), {l^hor{Y)l^hor{X)d^ -k) \s = Vlin{X,Y), 

d7r^(«,/?)|s=^L(a|S,/3|s), V a, /3 e r(i7:), X,YeXiS), 

where we use the inclusion E* C T*E\s- These equations show that also the Lie bracket of B\s coincides 
with that oi A, thus B\s = A ss Lie algebroids. The induced isomorphism between B\s ^'^'^ -^n-is becomes 
(X, a) I— >■ (X, a + iJ^g^X)), and composing it with the isomorphism L^\s — ^Si {X^rf) 1— > rj, we obtain the 
one from the statement. □ 

The Dirac structure Lji^^ corresponding to the element (i^7 satisfies 

(-^47) = tLj_i^^, t ^ 0. 

Such Dirac structures deserve a name. 

Definition 4.2.24. A horizontally nondegenerate Dirac structure L on E is called a horizontally non- 
degenerate linear Dirac structure, if it satisfies 

fiKL)^tL, Vt^O. 

Of course, such Dirac structures correspond to linear Dirac elements. Note that any Lie algebroid 
structure on TS (3 E* with anchor the first projection, is given by formulas as in (|4.37p . for some linear 
element 

7lin = (7ri';„,riin,Fiin) G glii^s), 

such that ps(7iin) — is, i-e. Tun is a linear connection. We prove now that this element is Dirac, and that 
this is a bijective correspondence. 



98 



A normal form theorem around symplectic leaves 



Proposition 4.2.25. There is a one to one correspondence between 

• Lie algehroid structure on structure on A = TS ® E* with anchor pri, 

• horizontally nondegenerate linear Dirac structures on E. 
Explicitly, 

• the Lie algebroid corresponding to L is 

A:=Lis, 

• the Dirac structure corresponding to A is such that the inclusion 

{E,L) c {A*,nin{A)) 

is a backward Dirac map. 

Proof. Both structures are encoded by elements 7iin e gr]^(f2|;), satisfying psijua) = Js- Also, as in the 
proof of the previous lemma, if 7ii,i is Dirac, then the Lie algebroid A := I/^j.^|s has bracket determined by 
7iin via formulas (|4.37p . Thus it is enough to prove that for a Lie algebroid structure on A, determined by 
7iin, the inclusion {E,L-y^^^) C {A* , irnniA)) is a backward Dirac map. Integrability of i^^^ (or equivalent 
[7iin,7iin]K = 0) will foUow automatically. 

Denote by i C TE T*E the puUback of i^j.^(^), i.e. L is spanned by 

a + 7rfi,^(A)(0), where 6 e T*AJj^ satisfies O^te = T^Li^)^^) ^ TE. 

A priori, we know that, at every point in _B, L is a maximal isotropic subspace, but we don't know if it is 
a smooth subbundle. If this is the case, then it is automatically a Dirac structure. It is enough to check 
that i'yij,, C L, since, by comparing dimensions, i-yj.^^ = L, ao L is smooth and i^^^ is Dirac. 

The cotangent bundle oi A* = T* S ® E is spanned by the differentials of functions of the following 
type 

9 X E C°°{A*), the linear function corresponding to X e X(S'), 

• ^ e C°°{A*), the linear function corresponding to ^ G r{E*), 

• /e C°°(A*), the puUback of / e C°°(S'), 

and the nonzero Poisson brackets of such functions are 

{X,Y} = [xTf] + ¥r^Y), {X,C} = V^), 

{X, /} = Q7), {I ^ = nUfrj). 

This shows that Hj^ preserves the function in p* {C^ (E)), where p : A* E is the projection, or 
equivalently it is p-projectable, and clearly it projects to hor(A'). This implies the following relation 

7TUA){dX+p*i¥l.^{X)),dY) = [X^]+¥r^Y)-p*{¥ljX))iHy) = 
= \X^] + FnI(X>) - p*(Fii„(X, hor(r))) = \X^]. 
Restricting to i? C ^* , this gives 

TTUA){dX+p*{¥{^{X)),dY\E = 0. 

Since the differentials dY span {TE)°, this implies that 

TTUA)HdX+p*i¥l^{X}))^EeTE. 

We claim that this vector field equals hor(Ar). Since Hj^ projects to hor(Ar), it suffices to check that 
Triin{A)i{p*{¥l^{X)))iE = 0. But this is clear, since p*(Ffi„(X)) is in the span of df, and 

TrrnMKdl d4) = 0, ^ii„(A)(d/, dg) = 0. 
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Since dX^^ = 0, we have shown that the following elements are in L 

hor(X) + Ffi„(X) e L, y X e XiS). 

Consider now a e T{H°) C il^{E). Since projects to hor(X), it follows that p*[a){H^) = 0, or 

equivalently that ■K\n-,{A){p* {a),dX) = 0. As before, this implies that i^\i^{A){p* {a))\E G TE. Also, for 
any ^ € T{E*), by the formulas for the Poisson bracket, we have that 

7i"iin(^)(p*(a),dC)|iJ = KA^^dS), 
hence TT\ia{A)'^{p*{a))\E = '"'nf (o;)- So, we obtain that 

and this finishes the proof. □ 

The Lie algebroid As of the leaf has a canonical representation on the conormal bundle of the leaf, 
I/* = E*, since this coincides with the kernel of its anchor. The cohomology of As with coefficients in this 
representation (see subsection 12.3.21) can also be computed using our algebraic tools. 

Lemma 4.2.26. For any I > 0, the complex {fl'{As,S^i'g),dAs) computing the cohomology of As with co- 
efficients in the l-th symmetric power ofvg — E* is canonically isomorphic to the complex (gr;(f2|;), [dgj, 

Proof. We will use Proposition [2311] from chapter[Sl which states that the complex {n'{As,S''i'g),dAs) is 
canonically isomorphic to the complex 

(4x-(£;)/4+iX-(£;),4), (4.38) 

where Is is the vanishing ideal of S, Ig is its fc-th power and d^^ is the differential induced by d^^ — [vr, •]. 
Since the map r^r : X'{E) — >■ comes from a vector bundle isomorphism, it restricts to an isomorphism 

i'sX'{E)^i'sn'E, 

thus, by Proposition 14. 2. TTl it induces an isomorphism between (I4.38P and 

(4l]^//!+il)^,<), (4.39) 

where di^ is the differential induced by d^ — [7, •] x . As vector spaces, this quotient can be identified with 
gri(^^B), since 

Psn'E = i'+'n'E(B grain's), 

with projection d'^ : /^il^ — ^ gr;(51|,). Using the Newton- type formula from Lemma [4. 2. 181 we obtain the 
expected differential on gr;(f2^) 

dl^iu) = dg[^,u]K = [dsJjdgul^ = [dg^,u]K, m = d^w e gr;(il^). □ 

We end this section by proving the results stated in subsection 14. 1.61 

Proof of Lemma \4-1-14\ We have to check that the map I + p* sY o 'n\^^[A) is invertible. Let X, F G TE. 
We have that 

lj>*{usfonl^{A) op*{Los)\X),Y) = -i,Umx,iYl 

where U ■= p*iuJs)HX) and p*{ujs)HY). Now, ^x,^y are in the span of df, for / e C°°(5), and 

since Triin{A){df ,dg) = 0, it follows that Trvm{A){^x ,^y) = 0. Hence 

P*(^s)»o4„(A)op*(c.s)« =0. 

This shows that p*{ujs)^ o irl^j^iA) is nilpotent, thus / + p*{ujs)^ ° ^fini^) invertible. Moreover, the 
resulting Poisson structure is given by 

nC^-^^^\A) = 4JA) - nUA)op*iu:s? o nl{A). □ 
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Proof of Proposition \4-l- Using the splitting a, we identify the Lie algebroid A with TS (B E* with 
anchor the first projection, where E — K*. Let 7iin be the corresponding Dirac element. By Proposition 
I4.2.25[ we have that the inclusion {E, i-yu,,) C {A* , TT\in{A)) is a backward Dirac map. Gauge transforming 

both sides by p*{ujs) preserves this relation, thus (i?, C {A* ,T:f^J''^^\A)) is a backward Dirac 

map. The Poisson support of 7iin+ws coincides with the open N{A), where E is Poisson transversal, and it 
includes S. The induced Poisson structure tta, is the one corresponding to 7ii,i + ujsy therefore, by Lemma 
I4.2.19l it has {S,u!s) as a symplectic leaf, and by Lemma [4.2.231 it has the expected Lie algebroid. □ 

Proof of Proposition \4-l- 2U[ Clearly, we may assume that ^ = Id and that E = vs = M . Denote by 7 the 
corresponding Dirac element, defined on some open around S. By the proof of Proposition 14. 1 . TSl we have 
that IT As coincides with the Poisson structure 7riin(S') corresponding to the Dirac element ^'^7 — 715 + ^57, 
and by Proposition 14. 2.211 this coincides with ttq. We also note that, on N{As), tto can be given as the 
limit lim(_>.o7rt. To see this, note that, by the continuity of the family 74 from the proof of Proposition 
14.2.211 for every point e G N[As) = supp(j57), we find e > 0, such that e G supp(7t) for all t £ [0,e), 
hence TTf is defined around e for t e [0, e), and so tto.e = linit-i-o TTt.e- CH 

Proof of Proposition \4-1.16\ Let a : A —i' E* — K he a splitting inducing a decomposition A — TS © E* . 
We denote by [•, -Ja the resulting Lie bracket on TS ® E* and the induced linear Dirac element by 

7iin ^ (7ri^„,rii„,Fiin) e gri(r2|). 
A second splitting is given by an element A G i^^{S, E*) = gr]^(f2^°), i.e. 

ax: A^TS® E* — > E* , {X, a) ^ X{X) + a. 
Let [•, ■]x be the corresponding Lie bracket and the linear Dirac element be 

7Un = Kn\r^n,IFun)Ggri(f^l). 

The Lie algebroid structures are related by the bundle isomorphism 

ipx : (TS (BE\[-, -Ia) ^ (TS ® E* , [•, -U), {X, a) ^ (X, \{X) + a). 

We determine now the Dirac element 7j^jj. For a, /3 £ T{E*), we have 

[a,l3]x = (p^^[ipx{a),(px{P)]A = 7ri^n(",/3), 

thus TTj^;-^ = TT^.^. For X G X{S) and a G T{E*), we have 

[X,a]A = (^^M^ + A(X),«]a = Vx(a)+7r^„(A(X),a) = V^(a). 

The extra term can be also written as t:^^^{X{X) , a) ~ ^-[A.Tr^ ](x)(ct)i therefore the corresponding linear 
connection is 

rit-run-[A,7raegri(f2lj'). 

For X,Y e X{S), we have that 

[X, Y]x = iPx^iX + X{X),Y + X{Y)]a = [X, Y] + Fiin(X, Y) + 

+ Vx(A(r)) - Vy(A(X)) + nUHX),X{Y)) - X{[X, Y]) = 
= [X, Y] + ¥nn{X, Y) + [Fiin, A] ^ {X, Y) + 7r{,^{X{X) , X{Y)) , 

where we used (|4.20p . Also the last term can be expressed using the bracket 

7rL(A(X),A(y)) = i[A,[A,7r,y](X,r). 

So, for the 2-from we obtain 

^\in = - [AjPlinlx + -^[X, [A,7ri^„]]. 
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These formulas have a very simple interpretation; the operator 

adx :=-[A,.], : f2^^ fjl+i'"-! 
is nilpotcnt, therefore its exponential is well defined 

exp{adx){u) = V — 

n>0 

and the formulas reduce to j^^^ = exp(adA)(7iin)- Since [AjWs] = 0, it follows that the Dirac elements of 
the two local models are also related by 

+ 7iin = exp(adA)('^s + 7iin)- 

Consider now the smooth family joining them 

7t e^p{tadx){ujs + 7iin)- 

Either by using that exp{tadx) is a Lie algebra automorphism, or that 74 corresponds to the splitting at\, 
we deduce that 7^ is Dirac, for aU t. Since exp(adA) preserves the spaces gr;(r2|;), it follows that j^s = ^S, 
thus S is in the support of jt, for all t. By the Tube Lemma, there exists an open neighborhood U of S, 
such that U C supp(7t) for all t e [0, 1]. Let nt be the corresponding Poisson structures on U. The time 
dependent vector field 

Xt :-r-/(A)eX(t/) 

vanishes on S, so we can choose V C U, and open neighborhood of 5*, such that the flow of Xt is defined 
for all t G [0, 1] as a map ■ V —?' U . If we prove that Xt satisfies the homotopy equation (|4.33p . we are 
done since this equation implies that $1 is a Poisson diffeomorphism between 

which is the identity on S. Equivalently, by Lemma [4.2.131 we have to check that A satisfies (|4.34p . and 
this is straightforward: 

^7t = ^exp(tadA)(7o) = -[A, exp(tadA)(7o)]x = ['yt,X\t<- □ 

4.3 Proof of Theorem [2], Step 1: Moser's path method 

In this section we use Moser's path method to reduce the proof of Theorem [5] to some cohomological 
equations. The main outcome is Theorem 14.3. II 

Let (M, tt) be a Poisson manifold and let {S, ujs) be an embedded symplectic leaf. We start by describing 
the relevant cohomologies. They are all relatives of the Poisson cohomology groups H'{M). The first one 
is, intuitively, the Poisson cohomology of the germ of (M, tt) around S: 

i/:(M)s= hm if; JC/), 

where the limit is the direct limit over all opens U around S. 
The Poisson cohomology restricted to S, denoted by 

is defined by the complex (X*^(M), d^ig), where X*g(M) = r(A*rM|5). Of course, this is just the 
cohomology H*{As) of the transitive Lie algebroid 

the restriction of the cotangent Lie algebroid of tt to S. 

The last relevant cohomology is a version of H* g{M) with coefficients 

h:^s{M,i^*s) ■■^H'{As,iy*s), 

where Vg, the conormal bundle of S, is canonically a representation of As- This is also isomorphic to the 
cohomology of the complex of multivector fields which vanish at S, modulo those which vanish up to first 
order along S (see Proposition 15 .3 . Il in chapter [5]). 
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Theorem 4.3.1. Let S he an embedded symplectic leaf of a Poisson manifold (M, tt) and let 7riin('S') be 
the first order approximation of n along S associated to some tubular neighborhood of S in M. If 

Hl{M)s = 0, Hl^s{M) = 0, i?^,s(M,4) = 0, 

then, around S, n and T:ii^{S) are Poisson diffeomorphic, by a Poisson diffeomorphism which is the identity 
on S. 

The rest of this section is devoted to this proof of the theorem, followed by a slight improvement that 
will be used in the proof of Proposition 14. 1 .81 

First of all, by using a tubular neighborhood, we may assume that M = E la a. vector bundle over S 
and that tt is horizontally nondegenerate on E. Let 7 G ^% be the associated Dirac element and J57 its 
linearization. Consider the path of Dirac elements from the proof of Proposition 14. 2. 2T1 

ifi- (7) — 715 -, 
It = 7|S H ^ , with 70 = fsl-, and 71 7. (4.40) 

Let U be an open around S included in the support of 7f, for all t G [0, 1], and denote by i^t the corre- 
sponding Poisson structure on U (see (|4.10p V 

We are looking for a family $t of diffeomorphisms defined on a neighborhood of S in [/, for t E [0, 1], 
such that $t|s = Id, $0 — Id and 

$*7rt - ^0 = ^iin(^) (4.41) 

for all t E [0, 1]. Then $1 will be the desired isomorphism. We will define $t as the fiow of a time dependent 
vector field Xt, i.e. as the solution of: 

^$t(x) = Xtifitix)), ^oix) = X. 

Hence we are looking for the time dependent Xt defined on an around S. The first condition we require is 
that X = Q along S. This implies that $^[5 — Id, in particular $f is defined for all t E [0, 1] on S. Hence 
by the Tube Lemma, $t is well-defined up to time 1 on an open O C U containing S. Finally, since (|4.41[l 
holds at t = 0, it suffices to require its infinitesimal version 

j^7rt = [7Tt,Xt]. (4.42) 

By Lemma [4. 2. 131 this is equivalent to finding a time dependent element Vt = r^j(Xt) E fi^, such that 

j^lt = ht,VtU. (4.43) 

There is one equation for each t but, since 74 is of a special type, one can reduce everything to a single 
equation. 

Lemma 4.3.2. Assume that there exists Z E such that jgZ — and 

h,ZU^^ 7t- (4.44) 
dt |t=i 

Then Vt := t~^(ptiZ) satisfies the homotopy equations ^J^J3^. 

Proof. The condition that the first jet of Z along S vanishes, ensures that Vt is a smooth family defined 
also at t = and that Vt vanishes along S. We check the homotopy equations at all t E (0, 1]. For the left 
hand side 

[7t, Vt]^ = [ftij) + (1 - -)uJs,Vt]t< = [(fith), -(pt{Z)]tK) = -(pt{t/,Z]^), 

where we used that ujs lies in the center oi fls fLemnia I4.2.2p . and that ift commutes with the brackets. 
Using the assumption on Z, we find 



103 



Chapter H 



Hence (|4.43p will follow for t £ (0, 1] if we prove the following equation 

i~Vt(7i) = 7t- (4.45) 
The explicit formula for 74 (j4.40p implies that 

ipths) = 7ts + (1 - t^^)^^s- 

Taking the derivative with respect to s, at s = 1, we obtain the result. □ 

The equation for Z in the last lemma lives in the cohomology of (57^,6?^). Note that the right hand 
side of the equation is indeed closed. This follows by taking the derivative at i = 1 in [7t,7t]x = 0. 
By Proposition 14.2.111 and the first assumption of Theorem I4.3.1[ after shrinking U if necessary, we may 
assume that 71 is exact. This ensures the existence of Z. To conclude the proof of the theorem, we still 
have to show that Z can be corrected so that jgZ — 0. We will do so by finding F E fi^ = C°°{E), such 
that 

Then Z' = Z — [7, F\ k will be the correction of Z. Since the condition only depends on jgF , it suffices to 
look for F of type 

F^F^ + F^E gvoin%) e gT,{n%) = ® r(i?*). 

So F\s — Fq, dgF — Fi. Using the Newton formula (Lemma I4.2.18P and that ojs,Fo are central in He 
(Lemma l4.2.2p . we find 

jUi,FU = [dh,FoU + [dh.FiU e gro(f7^)®gri(r!i;), 
so we have to solve the following cohomological equations: 

[dh,FoU^Z\s, [47,Fi]>< =4^- (4-46) 

By Lemma 14.2.261 the relevant cohomologies are precisely the ones assumed to vanish in the theorem. 
So it is enough to show that Z\s and dgZ are closed with respect to the differential [dgj,-]^- These 
are precisely the first order consequences of the equation (|4.44l) that Z satisfies. By (14.451) . we have that 
'ftiii) — tit, hence ^5(71) — 0. Applying the Newton formula to (I4.44p gives 

[47, ^Is] K = 0, [47, d\Z] X + [47, ZI5] K = 0. (4.47) 

Hence Z\s is closed, and so we can find Fq satisfying the first equation in (|4.46p . In particular, this shows 
that 

Z\s - [47,^o]k = L^s(dl-t)FG = dFo G ^{3). 

Hence Z\s commutes with fi^;, and since 47 G ^b, the second equation of (|4.47p becomes [dgj, dgZ],^ = 0. 
This finishes the proof. 

Remark 4.3.3. The previous arguments reveal a certain cohomology class related to the linearization 
problem, which we will describe now more explicitly. Consider a tubular neighborhood p : E ^ S. Since 
any two tubular neighborhoods are isotopic, it follows that the class in the de Rham cohomology of the 
"germ of M around S"' 

[p*{u;s)]eH'iM)s=rimH'iU), 

is independent of p. The chain map between the de Rham complex and the Poisson complex (see subsection 
I1.1.4P induced by tt", induces a map 

Consider the class oi p*{ujs) under this map, denoted by 

[^15] := H{7T^)[p*{oJs)] = -[A'7r\p*{u:s))] e i/^(M)s. 
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Definition 4.3.4. The linearization class associated to an embedded leaf S of a Poisson manifold 
(M, tt) is defined by 

l^.s ■■= M - [ttis] e HliM)s. 

Corollary 4.3.5. In the Theorem \4-3.1\ the condition H^(M)s — can be replaced by the condition 
l^.s = 0. 

Proof. In the proof above we only used the vanishing of [71], hence, by Lemma [4.2.121 it suffices to show 
that [tti] = l^^s- Recall that 

Since fj-^t is the flow of the Liouville vector field £ = ^yi , we obtain 

■ki — TT + [£, tt] + Ul, 
where u\ = 7r'*(Id+ {t — \)p* {ujs)'^t:^)^^ . We compute iii as follows 

dt\t^i ("f(id+(t-iK(c.s)M)) = 

= u\ + 7rV(ws)''7r« = ui- tt\p* {ijj s)) ■ 
This finishes the proof. □ 

4.4 Proof of Theorem [2], Step 2: Integrability 

In this section we show that the conditions of Theorem [2] imply the integrability of the Poisson structure 
around the symplectic leaf which, in turn, implies that the cohomological conditions from Theorem 14.3. II 
are satisfied. As in the geometric proof of Conn's linearization theorem [18j . this step will be divided into 
three sub-steps, corresponding to the three subsections: 

• Step 2.1: Integrability implies the needed cohomological conditions. 

• Step 2.2: Existence of "nice" symplectic realizations implies integrability. 

• Step 2.3: Proof of the existence of such "nice" symplectic realizations. 

In the first sub-step we will also finish the proof of Proposition 14.1.81 

By integrability we mean here the integrability of the cotangent Lie algebroids T*M, or, equivalently, 
the integrability of the Poisson manifold {M, tt) by a symplectic groupoid (see section 12. 5p . 

4.4.1 Step 2.1: Reduction to integrability 

The idea of using integrability in order to prove the vanishing of the cohomologics from Theorem 14.3.11 is 
very simple. First of all, all the cohomologics involved are Lie algebroid cohomologics. Then, with the 
Lie groupoid at hand, one can try to integrate algebroid cocycles (in the relevant cohomologics) to the 
groupoid level. This is the idea of Van Est maps, used by Van Est in the case of Lie groups to prove Lie's 
Theorem III. The generalization to Lie groupoids was carried out in [13, (Theorem 4, which we recall in 
subsection 1 2 . 3 . 3( ) . At the groupoid level, if this is compact, or just proper, one can use averaging in order 
to prove the triviality of groupoid cocycles (Proposition 1 in [T3], which we recall in subsection l2.3.ip . The 
outcome is the following. 

Theorem 4.4.1. Let (Af, tt) be a Poisson manifold, x G M, and let S be the symplectic leaf through x. If 
Px, the homotopy bundle at x, is smooth and compact, then 

If moreover II^{Px) — and S admits an open neighborhood U whose associated Weinstein groupoid 
Q{JJ,t:\u) is smooth and Hausdorff, then also 
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Proof. The first part of the proof is completely similar to that of Theorem 2 in [TH]. The conditions on 
Px imply that ^^(^5), the 1-connected groupoid of As — T*M^g, is smooth and compact. Hence, its 
differentiable cohomology with any coefficients vanishes. Since its s-fibers are 1-connected, the Van Est 
map with coefficients is an isomorphism in degree 1. So, also the cohomology of As, with any coefficients, 
vanishes in degree 1. 

For the second part, it suffices to show that, for any open W C U containing S, there exists a smaller 
one V, containing S, such that H^{V) — 0. Proceeding as in the first part, it suffices to find V for which 
0{V,Tr\Y) has s-fibers which are compact and cohomologically 2-connected. Let G C G{U,it\u) be the set 
of arrows with source and target inside W, and for which both the s-fiber and the i-fiber are diffeomorphic 
to Px- By local Reeb stability applied to the foliation by the s-fibers (and i- fibers respectively), we see 
that all four conditions are open, therefore G C G{U,7r\ij) is open, and by assumption, all arrows above 
S are in G- By the way G was defined, we see that it is an open subgroupoid over the invariant open 
V := s{G) D S, thus it integrates T*V. Since all its s-fibers are 1-connected, we have that G = G{V,tt^y), 
and this finishes the proof. □ 

End of the proof of Proposition \4.1.8\ We will adapt the previous argument, making use of Corollarv l4.3.5l 
We have to show that 



s- 



We show that, for any tubular neighborhood p : W S oi S with W C U, there exists a smaller one V, 
containing 5, such that 

Let V be as in the previous proof, which we assume to be connected (take the component containing S 
in V). Since G{V,TT^y) is still proper, it suffices to show that the class above is in the image of the Van 
Est map of G{V,tt\y) (in degree 2). By Corollary 2 [T3] (which we recall in subsection I2.3.3p . this image 
consists of elements [uj] e H^{V), such that 

' Jiuj) = 0, 
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for all 2-spheres 7 in the s-fibers of G{V,tt^y). Hence it suffices to check this for [it] — [n^s]. Let a;^ = 
p*{uJs)\Y and let n be the symplectic form on tj(y, 7r|y). We compute now J(A^7r''(cjs)). Note that 

A2^«((i5)(«,/3) =<i5(^"(a),^" (/?)). 

Recall from section \TM that, under the identification between the Lie algebroid of G{V,Tr^Y) and T*V 
given by — ri", we have that dt^x'V = Thus, for a,/3 £ T^GiV, 7r|y), we obtain 

J{A\^{^s)){a,l3)^^s{7rHdrgia)),Jidrgim = 

^Zjs{dtodrg{a),dtodrg{P))^Zjs{dt{a),dt{fi))=t*{Zjs){a,P). 

Hence, J {h? ii^ [oj s)) is the restriction to the s-fibers of t*{u}s)- On the other hand, it is well known (see e.g. 
[71]), and can also be easily checked using the properties listed in section ^IM that J(7r) is the restriction 
to the s-fibers of Vl. Thus we obtain that J([7r] — ['k\s]) is the restriction to the s-fibers of the closed 2-form 

w := + i*(ws)- 

Notice also that uj vanishes over the s-fibers over points x £ S. This follows from the fact that t is an 
anti-Poisson map, and so ^l\g-i(^x) — ~^*('^5)- Now let 7 a 2-sphere in an s-fiber of GiV)- Since V is 
connected, we can find a homotopy between 7 and a 2-sphere 71 which lies in an s-fiber over S. Since lo is 
closed, we have that J^uj = J^^ w, and since the restriction of u to s-fibers over S vanishes, it follows that 
/^^ ui = 0. This ends the proof. □ 

4.4.2 Step 2.2: Reduction to the existence of "nice" symplectic realizations 

Next, we show that the integrability condition from 14.4.11 is implied by the existence of a symplectic 
realization with some specific properties. 

We will use the following notation. Given a symplectic realization /i, we denote by J^(/i) the foliation 
defined by the fibers of /i. By Libermann's theorem, the symplectic orthogonal TT{ii)^ is involutive, and 
we denote by T{ix)^ the underlying foliation. 
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Theorem 4.4.2. Let (M, tt) he a Poisson manifold and let S be a symplectic leaf. Assume that there 
exists a symplectic realization 

of some open neighborhood U of S in M such that any leaf of the foliation which intersects /i^^(S') 

is compact and 1-connected. 

Then there exists an open neighborhood V d U of S such that the Weinstein groupoid Q{V^'k\y) is 
Hausdorff and smooth. 

Proof. We may assume that all leaves of are compact and 1-connected. Otherwise, we replace S 

by E' and U hy U' = /i(S'), where S' is defined as the set of points y G S with the property that the leaf 
of J-{ii)^ through y is compact and 1-connected. Local Reeb stability implies that S' is open in E. The 
hypothesis implies that ^~^{S) C S' and, since /i is open, U' is an open neighborhood of S. Clearly, we 
may also assume that U = M. 

Hence we have a symplectic realization 

with the property that all leaves of J-{ij)^ are compact and 1-connected. We claim that tJ(Af, tt) has 
the desired properties. By Theorem 8 in [TS], if the symplectic realization pL is complete, then t/(M, tt) 
is smooth. The compactness assumption on the leaves of implies that /i is complete since the 

Hamiltonian vector fields of type -'^^•(/) are tangent to these leaves. For Hausdorffness, we take a closer 
look to the argument of [15'. It is based on a natural isomorphism of groupoids 

where the left hand side is the fibered product over s and fi, and the right hand side is the homotopy 
groupoid of the foliation J-{fi)'^- obtained by putting together the homotopy groupoids of all the leaves. 
Since homotopy groupoids are always smooth, [TS] concluded that ^(M, tt) is smooth. In our case, the 
leaves of J-{p)'^ are 1-connected, hence the homotopy groupoid is a subgroupoid of M x M. So it is 
Hausdorff, and this implies that also Q{M,ti) is Hausdorff. □ 

4.4.3 Step 2.3: the needed symplectic realization 

To finish the proof, we still have to provide a symplectic realization as in Theorem 14.4.21 This will be 
constructed using the methods from section YIM We will use the notations: 

• X — P{T*M) is the Banach manifold of cotangent paths. 

• J- ^ J-{T* M) is the foliation on X given by the equivalence relation of cotangent homotopy; it is a 
smooth foliation of finite codimension. 

• 3^ = s^^{S) C X , the submanifold of X sitting above S. Note that this is the same as the manifold 
P{As) of v4-paths of the algebroid As^T*M\s- 

• Fy = T^y, the restriction of to y. This coincides with the foliation J^{As) associated to the 
algebroid As [T^, and y/J^y is the groupoid G{As) of As- 

• We will denote B — Q{As). By the assumptions of Theorem[21 B is smooth and compact. 

By Proposition l2.6.^ every transversal T to J- inherits a symplectic structure fl\f, such that a = s\j- : 
T — > M is a symplectic realization of its image. Moreover, fl^j- is invariant under the induced holonomy 
action of J-. Our strategy is to produce such a T and an equivalence relation ^ on T, weaker than the 
holonomy relation, such that the quotient T/ ~ is smooth. Then fl^j- will descend to a symplectic structure 
on T/ ^ and a (which is invariant under holonomy) will induce the required symplectic realization. 

As in the appendix in [TS], we will use the following technical lemma: 

Proposition 4.4.3. Let T be a foliation of finite codimension on a Banach manifold X and let y d X 
be a submanifold which is saturated with respect to T (i.e. each leaf of T which hits y is contained in y). 
Assume that: 
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(HO) The holonomy groups of the foliation T at the points of y are trivial. 
(HI) J-y J-\y is induced by a submersion p : y ^ B, with B-compact. 
(H2) The fibration p : y ^ B is locally trivial. 
Then one can find: 

(i) a transversal T d X to T such that Ty := y HT is a complete transversal to Ty (i.e. it intersects 
each leaf of Ty at least once). 

(a) a retraction r : T ^ Ty. 

(Hi) an action of the holonomy of J-y on r along the leaves of J- . 
Moreover, the quotient of T by this action is a smooth Hausdorff manifold. 

In our case, once we make sure that the lemma can be applied, the resulting quotient E of T will 
produce the symplectic realization required in Theorem 14.4.21 To see this, notice that by construction, 
a^^{S) — G{As) C S, and by Proposition [233J the symplectic orthogonals to the a fibers are the r fibers. 
Now on Q{As), t becomes the target map, thus all its fibers are diffeomorphic to Px, in particular they 
are compact and 1-connected. 

(HI) is clear since B is smooth and compact. We first prove a lemma: 

Lemma 4.4.4. Let M be a finite dimensional manifold, xq G M , and denote by Path(M, xq) the Banach 
manifold of -paths in M starting at xq . Then 

e : Path(M, xq) — > M, 7 i-^- 7(1) 

is a locally trivial fiber bundle. 

Proof. For a; G M, we construct open neighborhoods U C V and a smooth family of diffeomorphisms 

(t>y^t ■■ M ^ A/, for y eU, teM, 

such that (py^t is supported inside V, (j}yfl — Wm and (j)y_i{x) = y. Then the required trivialization over U 
is given by 

Tu : e'\x) xU^ e-\U), Tu{i,y){t) = 4>yAl{t)), 

with inverse 

rc7'(7)W = (0;(\).,(7(i)),7(l))- 

The construction of such maps is clearly a local issue, thus we may assume that M = M™, with x = and 
U — Bi{Q), V = -62(0), the balls of radii 1 and 2 respectively. Consider / e C°°(M™), supported inside 
-82(0), with /|_Bi(o) — 1- Let (j)y^t be the flow at time t of the compactly supported vector field Xy := fl/, 
where 1^ represents the constant vector field on M"* corresponding to y G -Bi(O). Then (j)y^t satisfies all 
requirements. □ 

Next, we denote by Ped.h'' {Q{As), 1) the Banach manifold of C^-paths 7 in G{As) starting at some unit 
Ij; and satisfying 507 = 2:. Proposition 1.1 of [Tl] identifies our bundle p : y B with the bundle 

I : Path^(g(As), 1) g{As), 7 ^ 7(1)- (4-48) 
Hence, the following implies (H2). 

Lemma 4.4.5. For a source locally trivial Lie groupoid Q, the map e |^.^<$[ ) is a locally trivial fiber bundle. 

Proof. Consider ^ G t — s{go). Consider a local trivialization of s over an open U, with xq G U, 
T : s^^{U) ^ U X s^^{xo). Since the unit map is transverse to s, we may assume that t{1x) = {x, Ixg) for 
all X G U. Left composing with r induces a diffeomorphism : e~^{s~^{U)) ^ U x Path(s^^(a;o), la:o), 
under which e becomes 

Id X e : U X Path(s^"^ (sq), l^a) — > U x s^^{xo), 

where e is the map from the previous lemma. By that lemma, for every go S s~^{xq), we can find V C 
s~^{xo) an open around go, over which e can be trivialized. Thus, e'can be trivialized over t^^{U x V). □ 
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We still have to check (HO). First we note the following. 
Lemma 4.4.6. For any leaf C of F inside y, t^i{C) = t^2{Px)- 

Proof. The foliation Ty is given by the fibers of p : 3^ — )• S, which, as remarked before, is isomorphic to 
the bundle e : Path" (CJ (As), 1) Q{As). So, a leaf L will be identified with ?"^(g), for some g £ Q{As). 
Let y := s{g) and Py :— s^^{y). Then £ is a fiber of e : Path(Pj^, Ij^) — >• Py, which, by Lemma 14.4.41 is a 
locally trivial fiber bundle. Since Path(Py, ly) is contractible, using the long exact sequence in homotopy, 
we find that 7ri(£) = T^2{Py)- Since Q{As) is transitive, Py and Px are diffeomorphic. □ 

Of course, if tt2{Px) were assumed to be trivial, then condition (HO) would follow automatically. Since 
Px is 1-connected, by the Hurewicz theorem, the hypothesis that H^{Px) = is equivalent to tt2{Px) being 
finite. We show that this is enough to ensure triviality of the holonomy groups. 

Lemma 4.4.7. The holonomy group of the foliated manifold {X,J-) is trivial at any point a Cz y. 

Proof. Let a E y and let F be the holonomy group at a. Let T be a transversal of {X, F) through a. Since 
F is finite, T can be chosen small enough so that the holonomy transformations hol„ define an action of 
F on T. Denote hy Ty :~T C^y. Since the holonomy of (3^, Fy) is trivial, by making T smaller, we may 
assume: 

CI: the action of F on Tj^ is trivial. 
Note also that the submersion cr : T — > Af satisfies: 
C2: a is F-invariant. 
C3: (J-^{<j{a)) cTy. 

For C2, just note that, for a' G T, since a' and hol„(a') are in the same leaf (i.e. cotangent- homotopic) , 
they have the same starting point. C3 is also clear, since (j~^{S) C y. 

We have to show that the action of F is trivial in a neighborhood of a in T. Since F is finite, it suffices 
to show that the induced infinitesimal action of F on TaT is trivial. At the infinitesimal level, we have a 
short exact sequence 

ker(da)„^r„r*^"T,(,)Af. 

This is a sequence of F-modules, where F acts trivially on the first and the last term. For the last map, this 
follows from C2. For the first map, C3 implies that ker{da)a C TaTy on which F acts trivially by CI. Since 
F is finite, the action on the middle term must be trivial as well (use e.g. an equivariant splitting). □ 



109 



110 



Chapter 5 

Formal equivalence around Poisson 
submanifolds 

In this chapter we study the normal form problem for Poisson structures from the formal point of view. The 
main result (Theorem [3]) is a formal rigidity theorem for Poisson structures around Poisson submanifolds, 
which generalizes Weinstein's formal linearization around fixed points with semisimple isotropy Lie algebra 
|72] . The first order jet of a Poisson bivector at a Poisson submanifold encodes in the structure of the 
restricted Lie algebroid. We find cohomological conditions on this Lie algebroid which insure that all 
Poisson structure with the same first order jet are formally diffeomorphic. This result the formal version 
of Theorem |4] form chapter |6l which treats the smooth rigidity problem. The content of this chapter was 
published in [55] . 

5.1 Statement of Theorem [3] 

Let {M, tt) be a Poisson manifold. Recall that an immersed submanifold 

is called a Poisson submanifold of M if tt is tangent to S. Recall also (see subsection I2.2.4p that the 
cotangent Lie algebroid of tt can be restricted to S, inducing a Lie algebroid structure on 

This fits in a short exact sequence of Lie algebroids 

— >iy*s — > As — >T*S — ^0, (5.1) 

where C As is the conormal bundle of S and T* S is the cotangent algebroid of 7r|5. In particular, we 
obtain a representation of As on Vg and thus, also on its symmetric powers 5*^(1/^). Using the explicit 
formula for the Lie bracket of T*M (|2.ip . we see that the Lie algebroid structures on As and the sequence 
(j5.lL they both depend only on the first jet of tt at S, denoted by i|57r. 

The cohomology relevant for formal deformations of tt around S is version of the Poisson cohomology 
of (M, tt) restricted to S with coefficients (see section H75|) . In terms of the Lie algebroid As, this is defined 
as 

H:^siM,S\,y:s)) :^H'iAs,S'^{,.*s))- 
An equivalent description of these groups, in terms of jets of multivector fields, will be given in subsection 

The main result of this chapter is the following: 

Theorem 3. Let tti and 112 be two Poisson structures on M , such that S <Z M is an embedded Poisson 
submanifold for both, and such that they have the same first order jet along S. If their common algebroid 
As satisfies 

H\As,S''ii^*s))^0, Vfc>2, 
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then the two structures are formally Poisson dijfeomorphic. More precisely, there exists a diffeomorphism 

with dip\TM^s ~ IdTj\/|Sj where U and V are open neighborhoods of S , such that -k^u o-nd i^*{T^2\v) have 
the same infinite jet along S: 

j\si'^m) = i|s(V'*(7r2|v))- 

Applying Theorem [3] to the hnear Poisson structure on the dual of a compact, semisimple Lie algebra, 
we obtain the following result. 

Corollary 5.1.1. Consider the linear Poisson structure (g*,7rg) corresponding to a semisimple Lie algebra 
of compact type q, and let C g* he the unit sphere in q* centered at the origin, with respect to some 

invariant inner product. Any Poisson structure tt, which is defined on some open around §(g*), and that 
satisfies 

J|s(b-)K) = J|s(r)W' 
is formally Poisson diffeomorphic to tTj around S(0*). 

Recall from chapter 2] that around an embedded symplectic leaf {S,lus) we have the notion of a first 
order approximation of vr around S, which we denote by 7riin(5'). This Poisson structure has the same first 
order jet as tt at S, and is constructed only using data encoded in J|g7r. 

Theorem 13] implies a version of Theorem [5] in the formal category: 

Theorem 5.1.2. Let (M, tt) be a Poisson manifold and let S C M be an embedded symplectic leaf. If the 
cohomology groups 

H\As,SHyl)) 

vanish for all k > 2, then tt is formally Poisson diffeomorphic to its first order approximation around S . 

In many cases, we prove that these cohomological obstructions vanish, and we obtain the following 
corollaries: 

Corollary 5.1.3. Let (Af, tt) be a Poisson manifold and let S C M be an embedded symplectic leaf. 
Assume that the Poisson homotopy bundle of S is a smooth principal bundle with vanishing second de 
Rham cohomology group, and that its structure group G satisfies 

where g is the Lie algebra of G and H*^ff{G,S''{g)) denotes the differentiable cohomology of G with coeffi- 
cients in the k-th symmetric power of the adjoint representation. Then tt is formally Poisson diffeomorphic 
to its first order approximation around S. 

Differentiable cohomology of compact groups vanishes, therefore: 

Corollary 5.1.4. Let (Af, tt) be a Poisson manifold and let S <Z M be an embedded symplectic leaf. 
Assume that the Poisson homotopy bundle of S is a smooth principal bundle with vanishing second de 
Rham cohomology and compact structure group. Then tt is formally Poisson diffeomorphic to its first 
order approximation around S. 

A bit more technical is the following: 

Corollary 5.1.5. Let (Af, tt) be a Poisson manifold and let S d M be an embedded symplectic leaf whose 
isotropy Lie algebra is reductive. If the abelianization algebroid 

Af:^As/W*s,'^*s] 

is integrable by a simply connected principal bundle with vanishing second de Rham cohomology and compact 
structure group, then tt is formally Poisson diffeomorphic to its first order approximation around S . 

Corollary 5.1.6. Let (A/, tt) be a Poisson manifold and let S C M be an embedded symplectic leaf through 
X € M . If the isotropy Lie algebra at x is semisimple, tti{S, x) is finite and tt2{S, x) is torsion, then tt is 
formally Poisson diffeomorphic to its first order approximation around S . 
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5.1.1 Some related results 

The first order approximation of a Poisson manifold around a fixed point is the linear Poisson structure 
corresponding to the isotropy Lie algebra. Formal linearization in this setting was proven by Weinstein 
in [72], under the hypothesis that the isotropy Lie algebra is semisimple. This case is covered also by our 
Corollary 15.1.61 

A weaker version of Theorem[3]is stated in [33]. Instead of embedded Poisson submanifolds, the authors 
of loc.cit. work with compact symplectic leaves and also their conclusion is a bit weaker, they prove that 
for each k there exists a diffeomorphism that identifies the Poisson structures up to order k (Theorem 
7.1 loc.cit.). Compactness of the leaf is a too strong assumption for formal equivalence. For example. 
Corollary 7.4 loc.cit. concludes that hypotheses similar to those of our CoroUarv 15.1.61 implv vanishing of 
the cohomological obstructions; but, as remarked by the authors themselves, these assumptions together 
with the compactness assumption imply that the leaf is a point. 

In order to prove Theorem[31 we first reduce the problem to an equivalence criterion for Maurer Cartan 
elements in complete graded Lie algebras. In the context of differential graded associative algebras, this 
criterion can be found in Appendix A [2] . 

In order to prove vanishing of cohomology and to obtain the corollaries enumerated above, we use 
techniques like Whitehead's Lemma for semisimple Lie algebras, spectral sequences for Lie algebroids, but 
also the more powerful techniques developed in |13| such as the Van Est map and vanishing of cohomology 
of proper groupoids. 

The statement of Corollary 15.1.41 resembles the most that of Theorem [21 the only hypothesis that is 
weakened is the compactness of the leaf. Yet, the assumptions of Corollarv l5.1.4l are too strong in the formal 
setting; in particular, they imply compactness of the semisimple part of the isotropy Lie algebra. The more 
technical Corollarv 15.1.51 generalizes this result by allowing the semisimple part to be noncompact, and 
therefore, we consider this result to be the appropriate analogue of Theorem [51 in the formal category. 

5.1.2 The first order data 

Let {M, tt) be a Poisson manifold and let l : S ^ M be an embedded Poisson submanifold. There are 
several ways to encode the first order data associated to S, which we explain below. Since we are interested 
in local properties of tt around S, we may assume that S is also closed in M (this happens if we replace 
M with a tubular neighborhood of S) . 

The first order jet 

We use the same notations as in subsection 14. 1.51 Is is the vanishing ideal of S, X* (M) is the algebra of 
multivector fields tangent to S, and the jet spaces are defined by 

JliX'siM)) ^ X's{M)/ll+'X'{M). 

Recall also that the jet spaces inherit a graded Lie algebra structure. 

Denote by ns '.= tt^s the Poisson structure induced on S. Similar to Definition (|4. 1.111) . we consider: 

Definition 5.1.7. A first jet of a Poisson on M with Poisson submanifold (S*, tts), is an element r € 
J_^(X|(M)), satisfying 

''"IS = ""s '"^'^ b'^ ■''] = 0- 
We denote by J^g ^^jPoiss(Af ) the space of such elements. 

An extension of Poisson algebras 

The fact that is a Poisson submanifold is equivalent to Is being an ideal of the Lie algebra (C°°(Af ), {•, •}). 
The quotient space C°° [M) / 1 s carries a natural Poisson algebra structure, which is canonically isomorphic 
to the Poisson algebra corresponding to tts 

(C-(5), {.,•}). 

We regard this algebra as the 0-th order approximation of the Poisson manifold (Af , tt) around S. This 
gives a recipe for constructing higher order approximations. For example, the first order approximation 
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fits into an exact sequence of Poisson algebras 

^ {Is/Ih {•, •}) (C-(Af)//|, {., •}) {C^{S), {., •}) 0. (5.2) 

An extension of Lie algebroids 

Tlie cotangent Lie algebroid {T*M, [■, ■]tt,tt'^) can be restricted to S, i.e. there is a unique Lie algebroid 
structrue on As '■— T*M\s such that the restriction map T{T*M) V{As) is a Lie algebra homomorphism. 
Endowed with this structure, As fits in the short exact sequence of Lie algebroids: 

{v*s, [, .]) {As. [•, •]) {T*S, [., 0, (5.3) 

where the last term is the cotangent Lie algebroid of (5, tts). The representation of As on Vg corresponds 
to the flat ^5-connection: 

V : r{As) X r(j.*) r(4), V„(77) := [a, 77]. 
These three constructions are equivalent ways to encode the first order data of tt around S. 

Proposition 5.1.8. Let (S,ns) be Poisson manifold and let l : S M be a closed embedding. There is 
a one to one correspondence between 

• first jets of Poisson structures with {S,tts) as a Poisson submanifold, 

• Poisson algebra structures on the commutative algebra C^{M)/Ig that fit in the short exact sequence 

• Lie algebroid structures on the vector bundle As ~ T* M\s that fit in the short exact sequence \5.S\] . 

Proof. We first show that the three structures are encoded by the same type of objects. Using a tubular 
neighborhood, we may replace M with vs. This gives canonical identifications As — T*S © Vg and 
C°°{vs)/Is = C°°{S) © r(z^g). As a commutative algebra, C°°{S) © T{i'g) is the square-zero extension of 
C°°{S) by r{i/s), i.e. r(j/^)^ = 0. When regarding an element 6 G r(j/g) as a linear function on vs, we 
denote it by 9; and when we view it as the restriction of a 1-forms on i>s to S, we simply denote it by 6. 
Using the inclusion vs C (Ti'5)|5, we have that 

We encode an element r e j|(X|(j^5)), such that t^s = '^s, by a triple: 

(i?,V,7r-). 

To explain each component, write t — for a bivector W on 1/3- Then: 

• i? e X^(5) (g) r(j/^) is a bivector with values in defined by 

i?(a,/3) ~ d{Wip*ia),p*{m\us, G r{T*S), 

• V : r{T*S) (8) ^(i^s) ~^ ^i'^s) ^ contravariant connection on i/g for the cotangent Lie algebroid of tts 
defined by 

V„(0) := diWip*{a),d0))\,„ a G T{T*S),ee r(j.^), 

• tt" e r(j/^ (8) A^i/g) is defined by 

7T^r^,0) := diw{dfn,de))i,„ 77,0 e r(4). 

It is straightforward to check that these elements are C°°(S')-linear in both arguments, except for V in the 
second argument, in which it satisfies the rule of a contravariant derivative (see subsection II . 1 . 7( ) : 

V„/0-/V,,0 + L^,(^)(/)0. 

Similarly, a bilinear operator on As that fits in (15. 3p and satisfies the Leibniz rule is also given by the 
same structures, namely the "bracket" is 

[(a, 77), (/3, 9)] = ([a, , i?(a, /3) + V„0 - V + ^^(77, 0)). 
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for a,/3 G T{T*S) and 77,6* £ r(j/^). 

Also, a biderivation of the commutative algebra C°° (S) r(i/g) that fits into (I5.2[) is given by the same 
type of elements: 



{{f,f]),ig,9)} = {{f,g}s,Ridf,dg) +\7,ifie) - Vdgiv) +7r-irj,e)), 

for {f,ri), {g,0) e C°°(5) ® r(z/g). It is a lengthly but straightforward computation, which we omit, to 
check that the equation [r, r] = is equivalent to the Jacobi identity for [•,•] on T{As) and also to the 
Jacobi identity for {•, •} on C°°{S) ® T{v*). 

In the case when r is the first jet of a Poisson structure tt, notice that the bracket on As is the one 
obtained by restricting the cotangent Lie algebroid of tt to S, and that the Poisson algebra on C°° {S)(BT{i'g) 
is the one of tt modulo the ideal /|. □ 

If TTs is nondegenerate, i.e. tts — ujg^ for a symplectic form W5 on S, then every first jet of a Poisson 
tensor t G J^-^ ^^,^Poiss(M) can be extended to a Poisson structure on a neighborhood of S. This follows 
from the results in subsection l4.1.6l by the previous proposition, r determines a Lie algebroid structure on 
As, which, by nondegeneracy of tts, is transitive; by Proposition 14. 1 .T51 the local model ttas constructed 
out of ^5 and ujs has {S, ujs) as a symplectic leaf and As as its Lie algebroid, hence, again by the previous 
proposition, j^^TTAs — t. 

In the case when t:s is degenerate this is no longer true. The example below illustrates this. 

Example 5.1.9. Consider S := M? as the submanifold {2 = 0} C M R'^. We define a Poisson algebra 
structure on the commutative algebra 

C°°{M)/Il = C°°{M)/{z^) = C°°{S) e zC°^{S) 

with the property that {f,g} G (z), for all /,.g G C°"{M)/{z'^). Explicitly, 

, ,df dg df dg df dg dfdg. , , / 2\ 

J r Q Y ^ z ( — -|- X — X ) modulo { z ) . 

' dx dy dy dx dx dz dz dx 

It is easy to check that {•, •} satisfies the Jacobi identity. We obtain an extension of Poisson algebras 

zC°°{S) C°°{S) ® zC°^{S) — ^ C°°{S) 0, 

with zero Poisson bracket on C°°S. The total space of the corresponding Lie algebroid As is R"^ x 5 -> 5 
with a global frame given by {dx\s, dy\Si dz\s}- The anchor is zero, thus the bracket is determined by the 
relations 

[dx\s, dy\s] = dz\s, [dy\s, dz\s\ = 0, [dx\s, dz\s] = xdz\s- 

We claim that there is no Poisson structure on M (nor on any open neighborhood of S) that extends 
this first order data. The bracket of such a Poisson structure must be of the form: 

{x,y} — z + z^h, {y,z} — z'^k, {x, z} — xz + z'^l, 

for some smooth functions h, k, I. Computing the Jacobiator of x, y, z, and putting together all terms that 
vanish up third order on 5', we obtain 

J{x, y, z} = {x, {y, z}} + {y, {z, x}} + {z, {x, y}} = 
— {x, z^k} — {y, xz + z^l} + {z, z + z^h} — 
= 2z'^k{x, y, 0) + — xz'^k{x, y, 0) + z'^a{x, y, z) = 
= z2((2 - x)k{x, y, 0) + 1) + z^a{x, y, z), 

where a is a smooth function. Note that J cannot vanish, because 

5^(2,2/,0) = 2. 
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5.2 The algebra of formal vector fields 

Let S* C M be a closed embedded submanifold. We describe now the algebraic framework that controls 
formal jets of multivector fields along S. 

The ideal Is induces a filtration on X* (M): 

X^(M) D J-' D J-' D . . . J-,' D 3 . . . . 

It is readily checked that 

C J-fe+i, [X^(Af),J-fc] C J-fc, (5.4) 

therefore the jet spaces 

j|(X^(Af)) X's{M)/:F', 

inherit a graded Lie algebra structure. Let J|^(X' (M)) be the completion of X' (M) with respect to the 
filtration it is defined by the inverse limit 

jr(XMM)) := limX^(Af)/J-,- = hm j|(XJ(M)). 

By (15. 4p . it follows that also J|°(X' (A/)) inherits a graded Lie algebra structure, for which the natural 
projections 

J\s ■■ J^i^'siM)) J|(X-s(M)), for fc > 

are Lie algebra homomorphisms. The algebra ( J|°(X* (Af)), [•, •]) will be called the algebra of formal 
multivector fields along S. Consider also the graded Lie algebra homomorphism 

j|^:X^(Af)^ J-(X^(A/)). 

By a version of Borel's Theorem (see e.g. [5^) about existence of smooth sections with a specified infinite 
jet along a submanifold, is surjective. Observe that J|°(X* (Af)) inherits a filtration T from X*g{M), 
given by 

fc — J\S-^k' 

and which satisfies the corresponding equations (|5.4p . 
The adjoint action of an element X € J^l 

adx : J^(X^(Af)) ^ J^(Xj(Af)), adx(>^) [Y,X] 

increases the degree of the filtration by 1. Therefore, the partial sums 

are constant modulo for n > k and all Y G J|°(X* (Af)). This and the completeness of the filtration 
on show that the exponential of adx 

e^'^ : JF(XMAf)) ^ Jr(XS(Af)), e'^''-(y) := ^(F) 

n>0 

is well defined. It is readily checked that e"'^^ is a graded Lie algebra isomorphism with inverse e~°''^^ and 
that it preserves the filtration. 

These isomorphisms have a geometric interpretation. 

Lemma 5.2.1. For X G t/iere exists ip : Af M a diffeomorphism of M , with -015 — Ids o.'nd 
dijj\s — IdTM|s; such that 

j^s{r{W)) = e'^'^H^rs^W)), V e Xj(Af). 
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Proof. By Borel's Theorem, there exists a vector field V on M, such that 

We claim that V can be chosen to be complete. Let g be a complete metric on M and let : M — [0, 1] be a 
smooth function, such that (/> = 1 on the set {x\gx{Vx, Vx) < 1/2} and (f) — on the set {x\gx{Vx, Vx) > 1}. 
Since Vis = 0, (/)¥ has the same germ as V around S, therefore j^{(t)V) — X. Since (j)V is bounded, it is 
complete. So, just replace V with (fiV. 

We will show that i/j := ipv, the flow of V at time 1 satisfies all requirements. Since j^g{V) = 0, it is 
clear that ip\s — Ids and dip\g = IdTj\/|s- 

For W e X' (M), we denote by := (v3f/)*(VK) the pullback of W by the flow of V at time s. Using 
that satisfies the differential equation j^Ws = [V, Wg] — —adv{W s)i we obtain that 



d ( s^adX 



\j=0 / i=0 ^ ^ ^ 



This shows that the sum 



^ s'ad\ 



i< 

1=0 



ad\, 



modulo J^/c+i is independent of s; therefore, 

i=0 

Applying to this equation yields 
hence, the conclusion 

5.3 The cohomology of the restricted algebroid 

Let (Af, tt) be a Poisson manifold and S C M a closed, embedded Poisson submanifold. By the discussion 
in the previous subsection, we have that 

[^,J-,']c J-,'. 

Hence J^* is a subcomplex of the Poisson complex 

(J-^d.) C {X%M),d^). 
Denote the complexes obtained by taking consecutive quotients by 

For k = 0, this computes the Poisson cohomology relative to S. Observe that the differential on these 
complexes depends only on the first jet of tt along 5. Therefore, following the philosophy of subsection 
15.1.21 it can be described in terms of the Lie algebroid As- 

Proposition 5.3.1. The following two complexes are isomorphic 

{Tl/Tl+„dl) - {^l'{As.S\vl)),d^.), Vfc > 0. 
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Proof. Using that the space r(i/g) is spanned by differentials of elements in Is, it is easy to check that the 
following map is well-defined and surjective 

Tkifi ■ ■ . fkW) = W^is . . . dfk\s, 

where fi, ■ ■ ■ , fk ^ Is and W e X*(M). Moreover, its kernel is precisely ~ Ig'^^X* (M). So, it suffices 
to prove that 

Tki[Tr,W])=dy.{niW)), yWeT'^. (5.5) 
The algebroid As has anchor p = Trj'^ and its bracket is determined by 

[dcj,^s,diJis]As := dR^}|s, V 0,^ e C°°(M). 

Moreover, V" is given by 

V° : T{As) X C°°(5) ^ C°°(5), V°(/i) = 

Since both differentials dT^ and 6?^*= act by derivations and V'' is obtained by extending by derivations, 
it suffices to prove ^ for G C'°°(M), X € X^{M) (for fc = 0) and / € Is (for A: = 1). 

Let (j) g C°°(M) and ry e r(yl5). Using that tt is tangent to S, we obtain that (|5.5p holds for c^: 

ro([7r,(/)])(77) = [7r,(/)]|5.(77) = d0|5.(7r[_5(?7)) = Lp(,,) (tq (</>)) = dyo (tq (<?!>) )(?7). 

Let X e Xi(M), a,/3 e C°"(Af) and rj := da\s, := d(3\s e r(As). Then 

To([^,X])(r,,0) = [7r,X]|5(da|s,d/3|5) = 

=({X(a), /?} + {a, Xm - X{{a, /3}))|s = 

=^f^(da|5)(X|s(d/3|s)) - 7rf5(d/3|s)(^|5(c««|5)) - ^|s(d{a,/3}|5) = 
=Lp(,)(ro(X)(0)) ~L,(,)(ro(X)(r;)) -ro(X)([,7,0]^J = 
=dvo(To(X))(77,0), 

thus ([53)1 holds for X. 

Consider now f E Is and yy := dai^ G r(^s), with a G C°°(M). The following shows that (j5.5p holds 
also for / 

ri([7r,/])(r;) =ri([^,/])(da|5) =Ti([^,/](da)) =ri({a,/}) = 

= f}\s = = Vi (r(/)) = (r(/))('7)- □ 

5.4 The proofs 

5.4.1 Proof of Theorem [3] 

By replacing M with a tubular neighborhood of S, we may assume that S is closed in M. Denote by 

7:=J|^^i,7' :=J|^7r2G Jr(X|(M)). 

By Proposition 15 .3 . Il we can recast the hypothesis as follows 

[7,7] = 0, [7',7']=0, 7-7'eA, H\f'jf'^+„d.,) = 0, Vfc>l, 

where d.^ = [7, •]. These conditions are expressed in terms of a graded Lie algebra C* with a complete 
filtration, namely: 

C J^(X-+\M)). 

We will prove in the appendix (Theorem I5.5.5P a result about equivalence of Maurer-Cartan elements 
in complete graded Lie algebras. In our case, this result implies the existence of a formal vector field 
X G J-l, so that 7 = e'"'^(7'). By Lemma 15.2.11 there exists a diffeomorphism -0 of M, such that 
j^^ii'*iW)) = e'^'^^j^iW), for ah W G X'g{M). This concludes the proof: 

J^(0*(^2)) = e"'^^J|5('r2) = e"'^^(7') = 7 = J^('ri). 
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5.4.2 On the existence of Poisson structures with a specified infinite jet 

The proof of Theorem [3] presented above can be used to obtain an existence result for Poisson bivectors 
with a specified infinite jet. Let S" be a closed embedded submanifold of M . An element tt £ J^(X|(M)) 
satisfying the equation [7r,7r] = will be called a formal Poisson bivector. Observe that 

is a Poisson structure on S. By the results in subsection l5.1.2l its first jet 

j|g(7r) = TT modulo Pi 

determines a Lie algebroid As on T*M\s- Assuming that S" is a symplectic leaf of tt (i.e. that 7r|5 is 
nondegenerate) , consider 7rii„(S') the local model corresponding to As and ujs '■— tt^s from subsection 
14.1.61 Then 7riin(S') is a Poisson structure on an open around S, whose first order jet coincides with that 
of TT. If the cohomology groups 

H\As;S\y*s)) 

vanish for all k > 2, then, by the proof of Theorem[21 we find a diffeomorphism V', such that 

j^{r{7rUS)))^TT. 

Thus TT := tp* (7riin(S')) gives a Poisson structure defined on an open around S whose infinite jet is tt. Hence, 
we proved the following statement. 

Corollary 5.4.1. Let tt e J^(X|(M)) be a formal Pais son structure, for which S is a symplectic leaf. If 
the algebroid As induced by j^^n satisfies 

H^{As;S''{,y*s)) = 0, V A; > 2, 
then, on some open around S, there exists a Poisson structure tt such that 

5.4.3 Proofs of the criteria 

In this section we prove the corollaries from the section fS. II First, we summarize some of the results from 
[13] in the form of a lemma (see also section 12.31 for the cohomologies involved and some of the vanishing 
results) . 

Lemma 5.4.2. Let Q be a Lie groupoid over N with Lie algebroid A and E ^ N a representation of Q. 
(1) If the s- fibers of Q are cohomologically 2-connected, then 

H\A,E)^Hl^{g,E). 



(2) If Q is proper, then 

(3) If Q is transitive, then 
where Gx ■— s~^{x) n t~^{x). 



Hls{g,E)^Q. 
Hlsig,E)^Hls{g,,E,), x€N, 



Proof. For (1) see Theorem 4 [T3]. For (2) see Proposition 1 \VS^. For (3), since G is transitive, it is Morita 
equivalent to |58| . By Theorem 1 [13j . Morita equivalences induce isomorphisms in differentiable 
cohomology. □ 
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Proof of Corollary ] 5. 1.1[ Recall ('subsection l2.4.2l) that the cotangent Lie algebroid of (g*, ttj) is integrable 
by the action groupoid G k g*, where G denotes the 1-connected Lie group of g. By assumption, G is 
compact. The symplectic leaves of tTq are the coadjoint orbits, and since the inner product is invariant, 
§(0*) is a union of symplectic leaves; thus, a Poisson submanifold. Also, the algebroid As(g.) is integrable 
by the action groupoid G x S(0*). Since G is simply connected it follows that H^{G) = (see Theorem 
1.14.2 [17]). On the other hand, the s-fibers of G k §(0*) are diffeomorphic to G; and so, the assumptions 
of Lemma [5.4.21 (1) are satisfied. Hence, for any representation E §(0) of G k we have that 

H'{As^,,y,E) = Hj,s{GKS{g*);E). 

Since G k §(g*) is compact it is proper, by Lemma [5.4.21 (2), we have that H'^^^{G x S(0*); _E) = 0. The 
corollary follows from Theorem [31 □ 

Proof of Corollarv \5.1.3\ Let P be the Poisson homotopy bundle of S, and let G be its structure group. 
By hypothesis, P is smooth, 1-connected and has vanishing second de Rham cohomology. Let Q :— P XqP 
be the gauge groupoid of P. The s-fibers of Q are diffeomorphic to P; thus, Q satisfies the assumptions of 
Lemma [5X1] (1). Therefore 

H\As-,S\y*s))^ Hl^{g-S\y*s))- 
Since Q is transitive, by Lemma 15.4.21 (3), we have that 

Since ^^^^ = as G representations. Theorem 15.1.21 implies the conclusion. □ 

Proof of Corollary \5.1.4\ By Lemma [5.4.21 f2). the differentiable cohomology of compact groups vanishes; 
thus, Corollarv 15 . 1 . 31 implies the result. □ 

Proof of Corollarv \ 5. 1.5[ Let x G S and denote by Qx ■= the isotropy Lie algebra of the transitive 
algebroid As- By hypothesis, 0a; is reductive, i.e. it splits as a direct product of a semisimple Lie algebra 
and its center 0^; = Sx ®lx, where Sx — [QxtQx] and ix — Z[qx) is the center of 02;. Since := Vg is a Lie 
algebra bundle, it follows that this splitting is in fact global: 

= [0,0]ez(0) = 5 03. 

Since s is an ideal of As, we obtain a short exact sequence of algebroids 

Q^s^As^Af^Q, 

with A^g — As/ 5. Similar to the spectral sequence for Lie algebra extensions (see e.g. PD]), there is a 
spectral sequence for extensions of Lie algebroids (see ^50j, Theorem 5.5 and the remark following it), 
which, in our case, converges to H'{As\S*'{q)), with 

El'^ = HP{Af-m{5-S\Q))) ^ HP+'i{As;S\Q)). 

Since s is in the kernel of the anchor, PP^ {s; S'' (g)) is indeed a vector bundle, with fiber H'^{s;S'^{g))x — 
H'^{Sx;S'^{gx)) and it inherits a representation of A'^ . Since Sx is semisimple, by the Whitehead Lemma 
we have that H^{Sx;S'''{gx)) = and H^{Sx;S'''{gx)) = 0. Therefore, 

H^As;S'^{g))^H^Af;S'^{Qn (5-6) 

where iS'^(0a;)''^ is the Sx invariant part of S''{gx)- By hypothesis, Ag^ is integrable by a 1-connected prin- 
cipal bundle P^^ with vanishing second de Rham cohomology and compact structure group T. Therefore, 
by (|5.6p and by applying Lemma [5.4.21 we obtain 

H^{As;S''{g)) - H\Af;S''{sr) = ^diff(^''' xt P^^5'=(0)^) - 
-i/2.^(T;5'=(0,)^==) = O. 

Again, Theorem 15.1.21 concludes the proof. □ 

Proof of Corollarv \5.1.6\ Assume that 0^; is semisimple, ■ki[S,x) is finite and 7r2(S', x) is a torsion group. 
With the notation from above, we have that A'g^ = TS. TS is integrable and the 1-connected principal 
bundle integrating it is S, the universal cover of S. Finiteness of tti [S] is equivalent to compactness of the 
structure group of S. By the Hurewicz theorem H2{S,'L) = 7r2(S') and since 7r2(S') = 7r2(S') is torsion, we 
have that H^iS) ~ 0. So the result follows from Corollarv l5.1.5l □ 



120 



Formal equivalence around Poisson submanifolds 



5.5 Appendix: Equivalence of MC- elements in complete GLA's 

In this appendix we discuss some general facts about graded Lie algebras endowed with a complete filtra- 
tion, with the aim of proving a criterion for equivalence of Maurer-Cartan elements (Theorem l5.5.5l) . which 
was used in the proof of Theorem |31 Some of the constructions given here can be also found in Appendix 
B.l of 6 in the more general setting of differential graded Lie algebras with a complete filtration. In 
fact all our constructions can be adapted to this setup, in particular also Theorem 15.5.51 The analog of 
Theorem 15. 5. 5[ in the case of differential graded associative algebras can be found in the Appendix A of 

m- 

Definitions 5.5.1. A graded Lie algebra (GLA) consists of a Z-graded vector space C* endowed with 
a graded bracket [•, •] : x C — > which is graded commutative and satisfies the graded Jacobi 

identity: 

= -(-1)1^11^1 [x,[r,z]] = [[x,y],z] + (-i)i^ii^i[y,[x,z]]. 

An element 7 £ £^ is called a Maurer Cartan element if [7, 7] = 0. 

A filtration on a GLA is a decreasing sequence of homogeneous subspaces: 

>C* D J'qC'* D . . . D J'n^* ^ -Fn+l^* D . . . , 

satisfying 

A filtration J^C is called complete, if C is isomorphic to the projective limit ^im/!/J>i£. 

An example of a GLA with a complete filtration appeared in section \572\ starting from a manifold M 
with a closed embedded submanifold S C M, we constructed the algebra of formal vector fields along S, 

(J^(X-+i(Af)), [.,•]), 

with filtration given by the powers of the vanishing ideal of S. So, the index of the filtration is the order 
to which elements vanish along S. 

For a general GLA with a complete filtration TC, define the order of an element as follows: 

0{X) 

The order has the following properties: 

• 0{X) = 00 if and only if X = 0, 

• 0{X + Y)> 0{X) A 0{Y) := mm{0{X), 0{Y)}, 

• 0{aX) > 0{X), V a e R, 

• 0{[X,Y])>OiX) + 0{Y). 
Completeness of the filtration implies a criterion for convergence. 
Lemma 5.5.2. Let {Xn}n>o (z C be a sequence of elements such that 

lim 0{Xn) = 00. 

There exists a unique element X ^ C, denoted X :— Xln>o such that 

n 

X — ^ Xk G TmC, 

k=0 

for all n big enough. 



{0,1,, 




00}, 




' 0, 


if 


X e 




n, 


if 


X e 




00, 


if 


X = 


0. 
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Note that q{C) := FiC^ forms a Lie subalgebra of For X G q{C), consider the operator 

Y ^ adxiY) := [X,Y]. 

These operators satisfy 

0{adxiY))>OiY) + l, 
for all Y E C, therefore, by Lemma [5.5.21 the exponential of adx is well-defined 

Adie^) : £• ^ Ad{e^)Y := e""^^ (F) = V — ^(F). 

n>0 

Moreover, Ad{e^) is a GL A- automorphism of C*. By Lemma 15.5.21 the Campbell-Hausdorff formula 
converges for X, F e g(£) 

/I \fc 

X *Y = X + Y + y2\^^Dk{X,Y), where (5.7) 

fc>i 

We will use the notation G{C) = {e-^lX e q{C)}, i.e. G{C) is the same space as but we just denote 

its elements by . The universal properties of the Campbell-Hausdorff formula (15.71) . imply that 
endowed with the product e^e^ = e-^*^ forms a group. Moreover, Ad gives an action of G{C) on C by 
graded Lie algebra automorphisms, which preserves the order: 

• Ad{e^*^) = Ad{e^e^) = Ad{e^) o Ad{e^) 

• Ad{e^){[U,V]) ^ [Ad{e^)U,Ad{e^)V], 

• 0{Ad{e^){U)) ^0{U), 

for all X, r e q{C) and all U,V & C. 

For later use, we give the following straightforward estimates: 

Lemma 5.5.3. For all X,Y, X' ,Y' E q{C) and U E C, we have that 

(a) 0{X *Y - X' *Y')> 0{X - X') A 0{Y - Y'), 

(h) 0{Ad{e^)U ~ Ad{e'^)U) > 0{X - Y). 

Let 7 be a MC-element. Notice that [7,7] — 0, implies that d^ :— adj is a differential on C . The 
fact that J^fc>C are ideals implies that {TkC* ^ d-y) are subcomplexes of (£*, d^). The induced differential on 
the quotient of consecutive complexes depends only on 7 modulo Ti , and their cohomology groups will be 
denoted 

H':;{TkC'/Tk+iC'). 

For E G{C), Ad{e'^)'^ is again a MC-element, and we will call 7 and Ad{e^)'y gauge equivalent. 
The next lemma gives a linear approximation of the action G{C) on MC-elements. 

Lemma 5.5.4. For 7 a MC-element and E G{C), we have that 

0{Ad{e^)-i - 7 + d^X) > 20{X). 

We have the following criterion for gauge equivalence. 

Theorem 5.5.5. Let (£*, [•, •]) be a GLA with a complete filtration TnL. Let 7,7' he two Maurer Cartan 
elements such that 0(7 — 7') > 1 and 

Hl^{F,C/F,+,C') = 0, V q > 0(7 - 7')- 

Then 7 and 7' are gauge equivalent, i.e. there exists an element e-^ E G{C) such that 7 = Adle-^)^' . 
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Proof. Denote by p := 0(7 — 7'). By hypothesis, for q > p, we can find homotopy operators 

hi : TgC^ — > TqC° and : TgC^ — > TqC^ 
such that h\[Fq+iC^) C Fq+iC^ , h\{Fq+iC'^) C Fq+iC^ and 

{d^h\ + hld^ - ldi){TqC^) C Tq+lC^. 

We first prove an estimate. Let q>p and 7 a MC-element, with 0(7 — 7) ^ 1- Then for X := /if (7 — 7), 
we claim that the following hold: 

0{X)>q, OiAd{e^)j--f)>q+l. (5.8) 
The first holds by the properties of hf. To prove the second, we compute: 

0{Ad{e^)^ - 7) > 0(^^(6-^)7 - 7 + rf^(X)) A 0(7 - d^(X) - 7) > 

>20(X)AO([7-7,^])AO(7-7-rf7W) > 
> 2g A (0(7 - 7) + 0{X)) A 0(7 - 7 - d^{X)) > 
>2gAO((Id-d^/j?)(7-7)), 

where, for the second inequality, we used Lemma [5.5.41 The last term can be evaluated as follows: 

0((ld - d>?)(7 - 7)) > 0{{ld - d^h\ - hld,){^ - 7)) A 0(/i«(d^(7 - 7))) 

> (g+l)AO(/il(d^(7-7)))- 
Since ^^(7 — 7) = — ^[7 — 7j 7 — 7]: we have that 

0(^7(7-7)) >2g>g + l, 

hence h\[d-y['^ — 7)) G J^g+i£^, and this proves (jS.Sp . 

We construct a sequence of MC-elements {7fc}/c>o and a sequence of group elements {e-^''}k>i G Q{C) 
by the following recursive formulas: 

70 := 7', 

Xk:=}i{+''-\lk-i-l). forfc>l, 
7fc :=Me^')7fe-i, for fc > L 

To show that this formulas give indeed well-defined sequences, we have to check that 7^-1 — 7 G J^p+fc_i£^. 
This holds for fc = 1, and in general, by applying inductively, at each step fc > 1, the estimate (|5.8p with 
7 = 7fe_i and g = p + fc — 1, we obtain: 

0{Xk)>p + k-l, 0(7fc-7)>p + fc. 

Using Lemma [5.5.31 (a), we obtain that 

0{Xk * Xu-i . . . * Xi - Xk-i . . . * Xi) > 0{Xk) > p + fc - 1, 

therefore, by Lemma [5.5.21 the product Xk * Xk-i * ... * Xi converges to some element X. Applying 
Lemma 15.5.31 fa) fc times, we obtain 

0(Xfc * . . . * Xi) > 0{Xk) A 0{Xu-i) A ... A 0(Xi) > 1, 

thus X G q{C). On the other hand, we have that 

0(Me'')7'-7) > 0(Me'')7'-7fc)AO(7fc-7) > 

> 0{Ad{e^)i - Ad{e^''*-*^')i) h{p + k) > 

> 0(X-Xfc*...*Xi)A(p + fc), 

where for the last estimate we have used Lemma 15.5.31 (b) . If we let fc — >■ c» we obtain the conclusion: 
Ad{e^)-f' =7. □ 
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Chapter 6 

Rigidity around Poisson submanifolds 



Conn's original proof of the linearization of Poisson structures around fixed points is analytical; it uses the 
Nash-Moser fast convergence method (see chapter [Ij . The geometric approach to Conn's theorem from 
[T5] . allowed us to obtain Theorem [21 which generalizes Conn's result to arbitrary symplectic leaves. In 
this chapter we close the circle and provide an analytical approach to this case of symplectic leaves. We 
obtain a local rigidity result (Theorem 2]) for Poisson structure that are integrable by a Hausdorff Lie 
groupoid whose s-fibers are compact and have vanishing second de Rham cohomology. Moreover, we prove 
that such structures are determined by their first jet around compact Poisson submanifolds, and this gives 
an improvement of Theorem [51 which is noticeable already for fixed points. The content of this chapter is 
available as a preprint at |55) . 

6.1 Statement of Theorem |4] 

Recall that the compact-open C'^-topology on the space of smooth sections r(F) of a fiber bundle F M 
is generated by the opens 

OiK,u) :-{/er(F)|/(/)WcC/}, 

where K C M is a. compact set and U is an open subset of J''{F), the fc-th jet bundle of F. For a second 
manifold N, the space of smooth maps from M to is endowed with the compact-open C'^-topology, via 
the identification 

C°°{M, N) = T{M X N ^ M). 
The rigidity property that we will study in this chapter is defined in terms of the compact-open topology: 

Definition 6.1.1. Let (A/, tt) he a Poisson manifold and S d M a compact submanifold. We say that ir 
is C^-C^ -rigid around S, if there are small enough open neighborhoods U of S, such that for all opens 
O with S d O d O d U , there exist 

• an open Vq d X^(C/) around tt^u in the compact-open -topology, 

• a function tt i— > ■f/'j, which associates to a Poisson structure tt G Vq o.n embedding ip^ : O '-^ M , 
such that ijj:^ restricts to a Poisson difjeomorphism 

-0? : (0,7r|o) ^ (■(/'5(0),7r|^^(o)), 

and Tp is continuous at n — n (with — Id^-j, with respect to the -topology on the space of Poisson 
structures and the C^-topology on C°°{0,M). 

The main result of this chapter is the following rigidity theorem for integrable Poisson manifolds. 

Theorem 4. Let (M, tt) be a Poisson manifold for which the cotangent Lie algebroid is integrable by a 
Hausdorff Lie groupoid whose s-fibers are compact and their de Rham cohomology vanishes in degree two. 
There exists p > 0, such that for every compact Poisson submanifold S of M , the following hold 

(a) TT is C^-C^ -rigid around S, 
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(b) the first order jet of t: at S determines tt around S. 
For p we find the (most probably not optimal) value: 

p = 7([dim(M)/2j +5). 

In part (b) we prove that every Poisson structure tt defined on an open containing S, that satisfies 
j^gTT — j^gTT, is isomorphic to tt around S" by a difl^eomorphism which is the identity on S up to first order. 

6.1.1 An improvement of Theorem [2] 

As an immediate consequence of Theorem [31 we obtain the following improvement of Theorem [21 which 
also includes rigidity; 

Theorem 6.1.2. Let (M, tt) be a Poisson manifold and let {S,ujs) be a compact symplectic leaf. If the 
Lie algebroid As '■= T*M\g is integrable by a compact Lie groupoid whose s-fibers have vanishing de Rham 
cohomology in degree two, then 

(a) t: is Poisson diffeomorphic around S to its local model around S, 

(b) TT is C^-C'^ -rigid around S. 

Proof. Since As is transitive, the hypothesis implies the existence of a principal G-bundle P ^ S, such 
that As = TP/G. Let : — >■ M be a tubular neighborhood of S in M, and consider the corresponding 
first order approximation of tt around S (constructed in subsection I4.1.6P , which is a Poisson structure 
7rim('S') on an open around S. By Proposition 14. 1 .201 "if sends ttasi the local model constructed using 
As and the splitting d^^'^g, to 7riin(S'). By Proposition 14.1.181 {N{As),TrAs) coincides with (7V(P),7rp), 
the local model corresponding to P (constructed in subsection I4.1.3p . By Proposition 14.1.41 there are 
arbitrarily small opens U C N{P), containing 5', such that {U,^^p^^) is integrable by a Hausdorff Lie 
groupoid whose s-fibers are diffeomorphic to P. Since P is compact and H^{P) = 0, the Poisson manifold 
{U, Trp\u) satisfies the conditions of Theorem^ thus also 7riin(5') will satisfy these conditions on '^{U). By 
part (a) of TheoremHl 7riin(<5')|*((7) is C^-C^-rigid around S, and since 7riin(S') and tt have the same first 
order jet at S, part (b) of the theorem implies that they are isomorphic around S. In particular, also tt is 
CP-C^-rigid around S. □ 

Part (a) of this theorem is a slight improvement of Theorem[51 both results require the same conditions 
on a Lie groupoid, here this groupoid could be any integration of As, but in Theorem [51 it has to be the 
fundamental integration of As (i.e. the s-fiber 1-connected). 

Already in the case of fixed points, part (a) is stronger than Conn's theorem. Namely, a Lie algebra 
is integrable by a compact group with vanishing second de Rham cohomology if and only if it is compact 
and its center is at most one-dimensional (Lemma I6.2.2p . The case when the center is trivial is Conn's 
result, and the one-dimensional case is a consequence of a result of Monnicr and Zung on smooth Levi 
decomposition of Poisson manifolds [SS] • 

Another class of Poisson structures, where the difference in strength between these two results is easily 
noticeable, is that of trivial symplectic foliations. This is discussed in subsection 16.2.61 

For a Poisson submanifold S of (Af, tt), the structure encoded by j^gir can be organized as an extension 
of Lie algebroids (see subsection 15.1.2^ 

— >i^*s — > As — >T*S — ^0, (6.1) 

where T*S is the cotangent Lie algebroid of the Poisson manifold (5, TTjg). One might try to follow the 
same line of reasoning as in the proof of Theorem 16.1.21 above . and use TheoremHto obtain a normal form 
result around Poisson submanifolds. Unfortunately, around general Poisson submanifolds, a first order 
local model does not seem to exist. As explained in Example I5.1.9[ there are Lie algebroid extensions as 
in (|6.ip which do not arise as the first jet of Poisson structures. Nevertheless, one can use Theorem [31 to 
prove normal form results around particular classes of Poisson submanifolds. 
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6.1.2 About the proof 

The proof of Theorem H] is inspired mainly by Conn's paper [TO] . As explained in chapter [TJ Conn uses a 
technique due to Nash and Moser to construct a sequence of changes of coordinates in which tt converges 
to the linear structure tTj^ . At every step the new coordinates are found by solving some equations which 
are regarded as belonging to the complex computing the Poisson cohomology of tt^^ . To account for the 
"loss of derivatives" phenomenon during this procedure he uses smoothing operators. Finally, he proves 
uniform convergence of these changes of coordinates and of their higher derivatives on some ball around 

X. 

Conn's proof has been formalized in [5S1 [SI] into an abstract Nash Moser normal form theorem. It is 
likely that part (a) of our Theorem H] could be proven using Theorem 6.8 in [SS]- Due to some technical 
issues (see Remark l6. 3. 14L we cannot apply this result to conclude neither part (b) of our Theorem |4] nor 
Theorem 16. 1.21 therefore we follow a direct approach. 

We prove Theorem U] in section [^751 using the Nash- Moser method. We simplify Conn's argument by 
giving coordinate free statements and working with flows of vector fields. For the expert: we gave up on 
the polynomial-type inequalities using instead only inequalities that assert tameness of certain maps, i.e. 
we work in Hamilton's category of tame Frechet spaces. 

Our proof deviates the most from Conn's when constructing the homotopy operators. Conn recognizes 
the Poisson cohomology of tt^^ as the Chevalley-Eilenberg cohomology of Qx with coefficients in the Frechet 
space of smooth functions. By passing to the Lie group action on the corresponding Sobolev spaces, he 
proves existence of tame (in the sense of Hamilton |37]) homotopy operators for this complex. We, on 
the other hand, regard this cohomology as Lie algebroid cohomology, and prove a general tame vanishing 
result for the cohomology of Lie algebroids integrable by groupoids with compact s-fibers. We call this 
result the Tame Vanishing Lemma, and we devote the appendix to its proof. This general result can be 
applied to similar geometric problems. Such an application is presented also in the appendix, where we 
briefly review an unpublished paper of Hamilton on rigidity of foliations. 

6.2 Remarks, examples and applications 

In this section we give a list of examples and applications for our two theorems and we also show some 
links with other results from the literature. 

6.2.1 A global conflict 

Theorem 2] does not exclude the case when the Poisson submanifold 5* is the total space M, and the 
conclusion is that a compact Poisson manifold for which the Lie algebroid T*M is integrable by a compact 
groupoid G whose s-fibers have vanishing is globally rigid. Nevertheless, this result is useless, since the 
only example of such a manifold is S^, for which the trivial Poisson structure is clearly rigid. In the case 
when G has 1-connected s-fibers, this confiict was pointed out in [16] , and we explain below the general 
case. 

In symplectic geometry, this non-rigidity phenomenon can be easily remarked: if (M, uj) is a compact 
symplectic manifold, then tuj (for i > 0) is a nontrivial deformation of w, since it gives a different symplectic 
volume. 

Let (Af, tt) be a Poisson manifold, for which T*M is integrable by a compact Lie groupoid Q whose 
s-fibers have trivial second de Rham cohomology. We will prove in Theorem lA.1.2[ that its second Poisson 
cohomology vanishes. In particular the class [tt] is trivial, so there exists a vector field X such that 
Lx{t^) — TT. This implies that the flow of X gives a Poisson diffeomorphism 



By compactness of G, the leaves of M are compact. Let M''"*' be the open in M where tt has maximal 
rank. We will prove in the lemma below, that the regular leaves (i.e. leaves in JW"^^) have finite holonomy. 
For (5,^5) a regular leaf, denote by Hol(5) its holonomy group, and by ¥01(5*) the symplectic volume of 
S. We also prove in the lemma that the function 




(6.2) 



vh : M'^'S 



R, vh(a;) := Vol(S')|Hol(S')|, for a; G 5 



127 



Chapter [5] 



extends continuously to M, with vh(a;) = 0, for x ^ M'^^^. Since vh is defined in Poisson geometric terms, 
by (j6.2p . we have that vho — e*'^vh, where 2k denotes the maximal rank of tt. Thus vh is unbounded 
unless TT = 0. If tt = 0, then Q — > M is a bundle of tori, so by the cohomological condition, its fibers are 
at most one-dimensional. Hence also M is at most 1-dimensional, thus M is a point or M = 

Lemma 6.2.1. The function vh extends continuously to M , with vh(a;) = 0, /or x ^ NF^^. 

Proof. We may assume that M is connected. We will show that every leaf of M has a saturated neighbor- 
hood U , such that J7''''s jg open and dense in U . Thus, since M is connected, all leaves that are locally of 
maximal dimension, are also globally of maximal dimension, and Af's jg open and dense in M . 

Let {S, ojs) be a symplectic leaf of M. We have that Q^g integrates As, therefore, by Theorem l6.1.21 the 
local model holds around S. So, for a compact, connected principal G-bundle P (the connected component 
of an s-fiber of Q^g) we have that {M, tt) is Poisson isomorphic around S to an open around S in the local 
model {N{P), irp). Recall from subsection 14. 1 .31 that the local model is constructed as the quotient of the 
symplectic manifold; 

(S],f^)/G=(7V(P),^p), 

where Vl — p*{uJs) — d9 e fl^{Pxg*) and S is the open in Pxg* where is nondegenerate. The symplectic 
leaves of ttp are of the form 

iO^,0J^), 0^:=Pxg{G^}, 
hence they are the base of the principal G^-bundle 

P5 : P X {C} Oc, 

where is the stabilizer of ^. We claim that 

P|(^?) = f^|Px{c}- (6.3) 

This follows from a general fact about a symplectic realization whose proof is straightforward: Let J^-^ be 
the foliation on S whose tangent bundle is the symplectic orthogonal of the vertical bundle. A leaf L of 
J-^ is mapped to a symplectic leaf {S,ujs), and the puUback of ojs to L is il\L- To see that we are in this 
situation, first recall that TJ^^ is spanned by the Hamiltonian vector fields Hp,(ff, for / S C°°(N(P)). 
Since the action of G is Hamiltonian with G-equivariant moment map /i((?, ^) = ^, it follows that these 
vector fields are tangent to the fibers of fi, i.e. to the submanifolds P x {^}, for £, € Q* ■ Comparing 
dimensions, we have that TT-^ = {TP x 0*)|s, thus (gSl) follows. 

We will show that vh extends to a continuous map on P Xq 0*. Let T be a maximal torus in G and let 
t be its Lie algebra. By compactness of G, we can consider an invariant metric on q. This metric allows 
us to regard t* as a subspace in g* (i.e. the orthogonal to t°), and also gives an isomorphism between the 
adjoint and the coadjoint representation. For the adjoint representation it is well know (see e.g. [27]) that 
every orbit hits t, hence also every orbit of the coadjoint action hits t* . An element ^ e t* is called regular 
if 05 = t, where is the Lie algebra of Gj, and we denote by t*'^''^ the set of regular elements. Then i*''®^ 
is open and dense in t* and it coincides with the set of elements ^ for which G^/T is finite (see e.g. [17]). 
Thus, for ^ e i*, a leaf has maximal dimension if and only if ^ G t*i'og^ hence the regular part of TTp 
equals 

^(p)rog ^ (p xg G • t""^) n N{P). 

This implies also the claims made about AP'^s ^t the beginning of the proof. 

Now, we fix ^ e t*™s. By Theorem 3.7.1 [37] we have that {G°)^ = T, therefore also G^ = T. Since P 
is connected, the last terms in the long exact sequence in homotopy associated to are 

...^^i(Oe) A^o(Ge)^l. (6.4) 

Thus we obtain a surjective group homomorphism 6 : ni(0^) G^^/T. Explicitly, let [q,S] G and j(t) 
be a closed loop at this point. Consider ^{t) a lift of 7 to P, with 7(0) = q. Since P5(7(l),0 — [^iC]: it 
follows that 7(1) = qg, for some g G^. The map in (16. 4p is given by 6{j) ~ [g] E G^/T. 
Next, we compute the holonomy group of O^. Notice first that 

T^G-^ = gl = e CQ*-T^g*, 
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and, since t* = t°'''", it follows that ^ + t* is transverse at ^ to the coadjoint orbit. Hence also the 
submanifold 

r:-{g}x (e + t*)cFxG0* 

is transverse to at [q,^]. Let 7 be a loop in based at [q,^], and let 7 be a lift to P. Observe that, 
for ri £ t*, the path 

stays in the leaf 0^+,j, and that the map [q,^ + r/] i— > [7(1),^ + rj] is the holonomy of 7 on T. Writing 
7(1) = qg, for g G G^, it follows that the holonomy of 7 is corresponds to the action of 5 on t*. This and 
the surjectivity of 9 imply that 

Hol(Oe) - G^/Zg{T), 

where Zq{T) denotes the set of elements in G which commute with all elements in T. In particular, the 
holonomy groups are finite. 

Since every coadjoint orbit hits t*, it follows that the quotient map P x g* P g* induces a 
surjective map 

pr:P/Txt* -^Pxag*. 

Clearly, pr is a proper map, thus it suffices to show that vh o pr extends continuously. Note that, for 
^ £ l*rcs^ the map pr restricts to a |G^/T|-covering projection of the leaf 

: P/T X {i} ^ P/G^ - Oj. 

Thus we have that 

Vol(P/r X = |G^/T|Vol(O^,..,0 = ^^g^Lvh(O^) = 

= \Zg{T)/T\MO{}. 

Hence it suffices to show that the map 

t*9e^Vol(P/TxU},p|K)) (6.5) 

is continuous. By (j6.3|) . we have that the puUback of to Px {^} is given by f2|px{^} — p* {ujs)—d{^, 9), 

in particular it depends smoothly on ^. Hence also pj(a;^) depends smoothly on ^, and so the map l|6.5p 
is continuous. To conclude the proof, we have to check that this map vanishes for ^ ^ i™s^ For such an 
^, since dim(G{/r) > 0, we have that 

21 = dim{0^) = dim(P/G^) < dim(P/T) = 2k. 

This finishes the proof, since 



6.2.2 C^-C^-rigidity and isotopies 

In the definition of G^-G^-rigidity we may assume that the maps V's are isotopic to the inclusion Id^- of 
O in M by a smooth path of embeddings. This follows from the continuity of tjj and the fact that Mq has 
a path connected G-'^-neighborhood in C°°{0,M) consisting of embeddings. To construct such an open, 
consider the exponential map exp : TM — )■ M of a complete metric on M. Then exp induces a "chart" on 
the Frechet manifold G°°(0, M): 

X : r(TM|o) ^ C^(0,M), x{X){p) := exp(Xp), 

which is continuous with respect to all the G*^ -topologies (see [37]). One can take hi := x(C)i where O is 
a convex, G^-open neighborhood of zero in T{TAdfQ). If O is G-'^-small enough, U consists of embeddings. 
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6.2.3 The case of fixed points 

Consider a Poisson manifold (Af, tt) and let x S M be a fixed point of tt. To apply Theorem 16. 1.21 in this 
setting, the isotropy Lie algebra at x needs to be integrable by a compact Lie group with vanishing second 
de Rham cohomology. Such Lie algebras have the following structure: 

Lemma 6.2.2. A Lie algebra q is integrable by a compact Lie group with vanishing second de Rham 
cohomology if and only if it is of the form 

where t is a semisimple Lie algebra of compact type. 

Proof. It is well known (e.g. [27:) that a compact Lie algebra g decomposes as a direct product g = { ® 3, 
where i — [g,g] is semisimple of compact type and 3 is the center of g. Let G be a compact, connected Lie 
group integrating g. Its cohomology can be computed using invariant forms, hence H^{G) = H^(g). By 
Hopf's theorem, G is homotopy equivalent to a product of odd-dimensional spheres, therefore H^(G) = 
A^H^{G). This shows that: 

H^iG) = A^H\G) - A^H\g) = A2(0/[0,0])* = A^j*. (6.6) 

So H^{G) = implies that dim(3) < 1. 

Conversely, let K be the compact, 1-connected Lie group integrating i. Take G = if in the first case 
and G = K X in the second. By (|6.6p . in both cases we obtain that H^{G) = 0. □ 

So for fixed points Theorem 16. 1.21 gives: 

Corollary 6.2.3. Let (M, tt) be a Poisson manifold with a fixed point x for which the isotropy Lie algebra 
gx is compact and its center is at most one- dimensional. Then tt is rigid around x, and an open around 
X is Poisson diffeomorphic to an open around in the linear Poisson manifold (o^jTTg^). 

The linearization result in the semisimple case is Conn's theorem [10| , and in the case when the isotropy 
has a one-dimensional center, it follows from the smooth Levi decomposition theorem of Monnier and Zung 

m- 

This fits into Weinstein's notion of a nondegenerate Lie algebra [72]. Recall that a Lie algebra g is 
called nondegenerate if every Poisson structure that has isotropy Lie algebra g at a fixed point x is 
Poisson-diffeomorphic around x to the linear Poisson structure (g*,7rg) around 0. 

A Lie algebra g for which tt^ is rigid around is necessarily nondegenerate. To see this, consider a 
Poisson bivector tt whose linearization at is iTg. We have a smooth path of Poisson bivectors tt*, with 
TT^ — TT and tt" — tTq, given by tt* — t/i^ (tt), where fit denotes multiplication by t > 0. If tTj, is rigid around 
0, then, for some r > and some t > 0, there is a Poisson isomorphism between 

^:(B„^*)^(^(S,),^g). 

Now ^ := ■0(0) is a fixed point of tt^, which is the same as an element in (g/[0, fl])*. It is easy to see that 
translation by ^ is a Poisson isomorphism of tTj, , therefore by replacing ip with ip — we may assume that 
^/'(O) = 0. By linearity of TTg, we have that /ij(7rg) = jTTg, and this shows that 

7^ = Jl^l/ti^*) = ^MVt(V'*(7rg)) = fil/t OlP* O Ait (TTg), 

which implies that tt is linearizable by the map 

fltOlpO fl^^t : {Btr,TT) — > {tip{Br),ng), 
which maps to 0. Thus g is nondegenerate. 
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6.2.4 The Lie-Poisson sphere 

Let g be a semisimple Lie algebra of compact type and let G be the compact, 1-connected Lie group 
integrating it. Recall from subsection 12.4.21 that the linear Poisson structure (g*,7rg) is integrable by the 
symplectic groupoid (G K g*, Wg) ^ g*, whose s-fibers are diffeomorphic to G. Since H'^{G) = 0, we can 
apply Theorem 3] to any compact Poisson submanifold of g*. Taking the sphere with respect to some 
invariant metric, we obtain a strengthening of Corollary 15. 1.1 1 

Proposition 6.2.4. Let q be a semisimple Lie algebra of compact type and denote by §(g*) C g* the unit 
sphere centered at the origin with respect to some invariant inner product. Then TTg is C^-C^ -rigid around 
S(g*) and, up to isomorphism, it is determined around §(g*) by its first order jet. 

Using this rigidity result, we will give in chapter [7] a description of an open around 7i'B|S(g*) in the 
moduli space of all Poisson structures on §(g*). 

6.2.5 Relation with stabihty of symplectic leaves 

Recall from [T7] that a symplectic leaf (5, ws) of a Poisson manifold (Af, tt) is said to be C^-strongly 
stable if for every open U around S there exists an open neighborhood V C X'^{U) of n^jj with respect 
to the compact-open C^-topology, such that every Poisson structure in V has a leaf symplectomorphic to 
{S,ujs)- Recall also 

Theorem 6.2.5 (Theorem 2.2 [17 ). Lf S is compact and the Lie algebroid As '■= T*M^g satisfies 
H'^{As) — 0, then S is a strongly stable leaf. 

If TT is C^-C^-rigid around S, then S" is a strongly stable leaf. Also, the hypothesis of our Theorem l6.1.2l 
imply those of Theorem 2.2 loc.cit. To see this, let P — S" be a principal G-bundle for which As = TP/G. 
Then 

H'iAs)-H'iniPf). 

If G is compact and connected then 

H'{Q{Pf) = H'{Pf C H'{P), 

hence H^{P) = implies H^{As)^0. 

On the other hand, H^{As) = doesn't imply rigidity, counterexamples can be found even for fixed 
points. Weinstein proves [73) that a noncompact semisimple Lie algebra g of real rank at least two is 
degenerate, so TTg is not rigid (see subsection 16.2.31) . However, is a stable point for TTg, because by 
Whitehead's Lemma H^{q) = 0. 

According to Theorem 2.3 [T7], the condition H^{As) = is also necessary for strong stability of the 
symplectic leaf {S,ujs) in the case of Poisson structures of "first order", i.e. Poisson structures that are 
isomorphic to their local model around S. So for this type of Poisson structures, H'^{As) = is also 
necessary for rigidity. 

For Poisson structures with trivial underlying foliation, we will prove below that the hypotheses of 
Theorem 16. 1.21 and of Theorem 2.2 [T7] are equivalent. 

6.2.6 Trivial symplectic foliations 

In this subsection we discuss rigidity and linearization of regular Poisson structures tt on S* x R" with 
symplectic foliation 

{{S X {y),ujy := 7r|gix{j,})}yeE", 

where LOy is a smooth family of forms on S. Denote by (5, wg) the symplectic leaf for y — Q. As explained 
in subsection I4.1.7[ the first order approximation around S corresponds to the family of 2-forms 

where 5sUJy is the vertical derivative of uj 

SsUJy := ■^iuJey)\e=0 = yiUJl + . . . + y„Wn- 
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The first order approximation is defined on an open U C S x containing 5*, such that jl;{(-^)y is 
nondegenerate along U Ci {S x {y}), for all y € R". 

By Lemma SXH the splitting T*M^s = T*S x M" and the isomorphism of Jg -.TS ^ T*S give an 
identification of As with TS x R"; and the corresponding Lie bracket is: 

[(X,/i,...,/„),(y,.gi,...,5„)] = (6.7) 
= ([X, Y],X{gi) - Y{h) + LUiiX, Y),..., X(.g„) - y(/„) + ^„(X, Y)). 

The conditions in Theorem 16 . 1 . 2 1 are easier to verify in this case. 
Lemma 6.2.6. IJ S is compact, then the following are equivalent: 

(a) As is integrable by a compact principal bundle P, with H^{P) — 0, 

(b) H^{As)=0, 

(c) The cohomological variation [ds^o] : R" — > H^{S) satisfies: 
(ci) it is surjective, 

(C2) its kernel is at most 1- dimensional, 

(cs) the map (S) ® M."- (S) , rj <Si y ^-^ i] A [Sst^y] is injective. 

Proof. The fact that (a) implies (b) was explained in subsection 16.2.51 Now, we show that (b) and (c) are 
equivalent. The complex computing H*(As) is given by: 

n''{As) := nP{S)(g)AV, 

p+q=k 

and the differential acts on elements of degree one and two as follows: 
d-As (A, ^ M^ei) = (dA - ^ fMUj.,, ^ d^i (g) a, 0), 

i i i 

dAsia,'^ Pi fS) e^^'^jije^ A e-j) = 

i i,j 

= (da + ^ /3i A U!i,^^{dl3i - ^ li.ji^j) <8) ei, ^ djij (g) A e^-, 0), 

i i j i,j 

where {ci} is the canonical basis of R". We use the exact sequences: 

— > K — > H^{As) — > A^M" — > H^{S) ® R", 

M" — > H^{S) — > K — > H\S)(g>M:" — > H^iS), 

where the map H^iAs) A^M" is [a, /3 (g) -it, u A w] ^ v A vu; the map A^R" H^{S) (g) R", denoted by 
[Ssijj] (g Id, sends v Avu 1-^ [Ss^^v] g) w — [^gWu,] g) v; the map R" — >■ H'^iS) is [Ssuj]; the map H'^{S) K is 
[a] M> [a, 0,0]; the map K -)■ iJ^(S')g)M" is [a,f3(E)v,0] H> [[3]^v; the last map is the one from (03). When 
proving exactness, the only nontrivial part of the computation is at A^R". This is based on a simple fact 
from linear algebra: 

keT{[5suj] g) Id) = A'^(keT[SsLu]). (6.8) 

So, an element in ker([Js'^] ® Id) can be written as a sum of the form '^v Aw, with v,w (Iz keT[5suj]. 
Writing dsoJv = dr], SsoJw = dO, for ?/, 9 e ^^^(5*), one easily checks that 

{rj A9,ri®w - 6 ®v,v Aw) G ^'^{As) 

is closed. This implies exactness at A^R". So H'^{As) vanishes if and only if (ci) and (C3) hold and the 
map [5si>j\ g) Id is injective. By (|6.8p . injectivity is equivalent to (C2). 

We prove that (b) and (c) imply (a). Part (ci) implies that, by taking a different basis of R", we may 
assume that [wi], . . . , [a;„] € H^{S, Z). Let P — > be a principal T" bundle with connection (6*1, ... , 0„) 
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and curvature (— wi, . . . , — w„). We claim that the Lie algebroid TP/T" is isomorphic to As and therefore 
As is integrable by the compact gauge groupoid 

Pxt-^P^ S. 

A section of TP/T"- (i.e. a r"-invariant vector field on P) can be decomposed uniquely as 

where X is the horizontal lift of a vector field X on 5, /i, . . . , /„ are functions on S and de- is the unique 
vertical vector field on P which satisfies 

Using (16. 7p for the bracket on ^5 and that dOi = —p*{uji), it is straightforward to check that the following 
map is a Lie algebroid isomorphism: 

TP/T" ^As, X + Y, hde, ^{X,h,..., /„). 

Using that T" acts trivially on H'^{P) and (b), we obtain the conclusion: 

H^{P) = H^{pf H^iTP/T"^) = H'\As) = 0. □ 

So for trivial symplectic foliations the conditions in Theorem 16.1.21 and in Theorem 2.2 17' coincide. 

Corollary 6.2.7. Let {uiy G f2'^(5')}j,gMn be a smooth family of symplectic structures on a compact manifold 
S. If the cohomological variation at 

{Ssu}] : M" H\S) 
satisfies the conditions from Lemma 1 6. 2. (A then the Poisson manifold 

is isomorphic to its local model and -C^ -rigid around S x {0}. 

By Theorem [1] condition (ci) from Lemma 16.2.61 (i.e. surjectivity of [^sw]) is sufficient for the symplec- 
tic foliation to be isomorphic to its first order approximation, but by Theorem 2.3 [17] . all conditions are 
necessary for rigidity. 

In the case of trivial foliations we also have an improvement compared to Theorem [21 Recall from 
Corollarv 14. 1.221 that, in this case, the condition of this result are equivalent to: 

• 5 is compact with finite fundamental group, 

• [dsi^] ■ K" — > H^{S) is an isomorphism, 

where S denotes the universal cover of S. The first condition implies that H^{S) = (so (ci) holds), 
and, as in the proof of Lemma 14.1.231 the second implies that the pullback induces an isomorphism 
H^iS) H^{S), hence also (ca) and (cg) hold. 

The conditions of Lemma 16.2.61 suggest the following construction of rigid Poisson manifolds. 

Example 6.2.8. Let {S,ujs) be a compact symplectic manifold. Choose a basis of H'^{S) represented by 
closed 2-forms wi, . . . ,a;„. We define a symplectic foliation on an open around 5* x {[w^]} in 5 x H^{S): 

{{S X {C},ujc)}ceu, with ujc =ujs + Ui^^i + • ■ ■ + J/nWn, 

where the coefficients yi are such that C = [luc]. By applying the leafwise Moser argument from Lemma 
13.3.31 one proves that different bases of H'^{S) induce Poisson structures that are isomorphic around 
S X {[ujsW- By Lemma [6.2.61 Corollarv 16.2.71 and Theorem 2.3 |T7], we have that this Poisson structure 
is rigid around S x {[ujsW if and only if the cup product is an injective map between the spaces: 

A : H^{S) ® H^{S) H^{S). 

This is certainly satisfied if H^{S) = 0. 
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6.3 Proof of Theorem H] 

We start by preparing the setting needed for the Nash-Moser method: we fix norms on the spaces that 
we win work with, we construct smoothing operators adapted to our problem and recall the interpolation 
inequalities. Next, we prove a series of inequalities which assert tameness of some natural operations like 
Lie derivative, flow and pullback, and we also prove some properties of local diffeomorphisnis. The section 
ends with the proof of Theorem |4l 

Remark 6.3.1. A common convention when dealing with the Nash-Moser techniques (e.g. ^7\), which 
we also adopt, is to denote all constants by the same symbol: In the preliminary results below, we work 
with "big enough" constants C and C„, and with "small enough" constants 9 > 0; these depend on the 
trivialization data for the vector bundle E and on the smoothing operators. In the proof of Proposition 
16.3.131 Cn depends also on the Poisson structure tt. 



6.3.1 The ingredients of the tame category 

We will use some terminology from [3 7) . A Frechet space F endowed with an increasing family of semi- 
norms {II • ||n}n>o generating its topology will be called a graded Prechet space. A linear map T : Fi 
F2 between two graded Frechet spaces is called tame of degree d and base b, if it satisfies inequalities of 
the form 

\\Tf\\n<Cn\\f\\n+d, ^ n > bj & F^. 

Let — ^ 5 be a vector bundle over a compact manifold S and fix a metric on E. For r > 0, consider 
the closed tube in E of radius r 

Er-.^iveE: \v\ < r}. 

The space X*{Er), of multivcctor fields on Er, endowed with the C"-norms || • ||„ is a graded Frechet 
space. We recall here the construction of these norms. Fix a finite open cover of S by domains of charts 
{Xi '■ Oi M''}^! and vector bundle isomorphisms 

X^ : S|o, ^ K'' X 

covering Xi- We will assume that Xi(£',.|oJ = M.'^ x Br and that the family 

covers S for all (5 > 1. Moreover, we assume that the cover satisfies 

if of ^ n of ^ ^ then O] C Of. (6.9) 

This holds if Xi'^ : ^ Oi is the exponential corresponding to some metric on 5, with injectivity radius 
bigger than 4. 

For W e X'{Er), denote its local expression in the chart Xi by 



l<ii<...<ip<(i+_D 

and let the C"-norm of W be given by 



d 



i.i-i . 



\\W\\n,r:= sup \\ — Wl''-'^{z)\:zeB^xBr,0<\a\<n 



For s < r the restriction maps are norm decreasing 

X'{Er) 3W^W\, := W\E^ e X'{E,), \\Wl,\\n,s < \\W\\n,r- 

We will work also with the closed subspaces of multivcctor fields on Er whose first jet vanishes along 
5*, which we denote by 

X''{ErY^^ := {W e X''{Er) : jlgW = 0}. 
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The main technical tool used in the Nash-Moser method are the smoothing operators. We will call 
a family {St : F — >■ -F}t>i of linear operators on the graded Frechet space F smoothing operators of 
degree d > 0, if there exist constants Cn,m > 0, such that for all n, m > and f £ F, the following 
inequalities hold: 

\\St{f)\\n+m < t'"+''C„,„,||/|l„, \\St{f) - fWn < f-"' Cn,rn\\ f\\n+,n+d. (6.10) 

The construction of such operators is standard, but since we are dealing with a family of Frechet spaces 
{X'^(£'r)}o<r<i, we give the dependence of Cn,m on r. 

Lemma 6.3.2. The family of graded Frechet spaces {{X''{Er), \\ ■ ||n,r)}re(o.i] f^^,^ ^ family of smoothing 
operators of degree d = 

{Sf : X''{Er) !■ X'^(i?r)}t>l,0<r<l, 

which satisfy S6.1(J\) with constants of the form Cn,m{T) — Cn^mT^'""'^™'^^^ ■ 
Similarly, the family {{X^ {Er)'''^\\\ ■ |U.r)}re(o,i] has smoothing operators 

{Sl^^ : X'=(i?,)(i'}t>i,o<.<i, 
of degree d=l and constants C„^,„(r) — Cn^m''"'-"^'"^'"'^"'^-' ■ 

Proof. The existence of smoothing operators of degree zero on the Frechet space of sections of a vector 
bundle over a compact manifold (possibly with boundary) is standard (see [37]). We fix such a family 

{St : X\E^) ^ X\E^)}t>i. 
Consider also the rescaling operators, defined for p 7^ by 

Hp-. Er — > EpR, ^p(v) := pv. 
For r < 1, we define SI by conjugation with these operators: 

SI : X^{Er) X'^iEr), 5[ := o St o 
It is straightforward to check that /i* satisfies the following inequality 

\\t^;{W)\\n,R < max{p-^p"}||t¥||„,pfl, yWe X\EpR). 



Using this we obtain that SI satisfies (|6.10p with Cn,m{r) — Cn 



To construct the operators 5*^^'^, we first define a tame projection 



P : X''{Er) X'^iEr 



Choose {Xi}fLi a smooth partition of unity on S subordinated to the cover {0}}fL^, and let {Xi}fL^ be 
the pullback to E. For W G X^{Er), denote its local representatives by 

:= X^AW\E^,o^)^ X Br). 

Define P as follows: 

P{W) := ^ A, • xi].{W, - TliW,)), 
where Ty{Z) is the first degree Taylor polynomial of Z in the fiber direction 

37 

Tl{Z){x,y) :=Z(x,0) + ^% — (x,0). 

If 14^ S X^{Er)'^^\ then Ty{Wi) = 0; so P is a projection. It is easy to check that P is tame of degree 1, 
that is, there are constants C„ > such that 

Define the smoothing operators on X''(£^r)^^'' as follows: 

Sl^^ : X'^iErY^'' X\Er)''-^\ Sl'^ := P o 5[. 
Using tameness of P, the inequalities for Sl'^ are straightforward. □ 



135 



Chapter [5] 



The norms || • \\n r satisfy the classical interpolation inequalities with constants that are polynomials in 
Lemma 6.3.3. The norms \\ ■ \\n.r satisfy: 

\\W\\l,r<Cnr''-\\\W\\u,r)^{\\W\U,r)^-. V r G (0, 1] 

/or all < k < I < n, not all equal and all W G X'{Er). 

Proof. By [ID], these inequalities hold locally i.e. for the C"-norms on the space C°°{Bi x Br). Applying 
these to the components of the restrictions to the charts {E^^o^ ,Xi) of element in X'{Er), we obtain 
the conclusion. □ 

6.3.2 Tameness of some natural operators 

In this subsection we prove some tameness properties of the Schouten bracket, the pullback, and the flows 
of vector fields. 

The tame Prechet Lie algebra of multivector fields 

We prove that 

{X'iEr),[;-],{\\-\\n,r}n>0) 

forms is a graded tame Frechet Lie algebra. 

Lemma 6.3.4. The Schouten bracket on X'{Er) satisfies 

||[W^,^]||„,. <C„r-("+i)(||W^||o,.||F|U+i,, + ||W^||„+i,,||F||o,.), Vr e (0,1]. 
Proof. By a local computation, the bracket satisfies inequalities of the form: 

i+j=n+l 

Using the interpolation inequalities, a term in this sum can be bounded by: 

The following simple inequality (to be used also later) implies the conclusion 

x^y^-^<x + y, \f x,y>0,X£[0,l]. (6.11) 

□ 

The space of local diffeomorphisms 

Next, we consider the space of smooth maps Er E that are C^-close to the inclusion Ir : Er ^ E. We 
call a map ip : Er E a. local diffeomorphism/ocaZ diffeomorphism if it can be extended on some open to 
a diffeomorphism onto its image. Since Er is compact, this is equivalent to injectivity of dip : TEr — >■ TE. 
To be able to measure C"-norms of such maps, we work with the following open neighborhood of Ir in 
C°^iEr;E): 

Ur := [ip : Er ^ E : (^(-B^iqi) C E\o^,l < z < A^} . 
Denote the local representatives of a map ip &l4r hy 

(p,:BixBr — >R'^ X M^. 
Define C"-distances between maps p,ijj Ur as follows 

f 

d{(p,ip)n,r sup <\^:—i'Pi-ipi)iz)\:zeBixBr,0<\a\<n 

l<i<N { OZ°' 
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To control compositions of maps, we will also need the following C"-distances 

d{(p,ip)„,r,s ■= sup <\——{(pi-tlJi){z)\:zGBsxBr,0<\a\<n)', 

l<i<JV I 

which are well-defined only on the opens 



Similarly, we define also on X'{Er) norms || • \\n.r,5 (these measure the C"-norms in all our local charts on 

Bs X Br). 

These norms and distances are equivalent: 
Lemma 6.3.5. There exist Cn > 0, such that V ?■ e (0, f ] and 5 £ [1, 4] 

\\W\\n^r < \\W\\n,rJ < Cn\\W\\n,r, V 1^ G 

We also use the simplified notations: 

d('0)„,r := d{^p, Ir)n.r, d{lp)n^r,S d(7/;, Ir)n.r,5- 

The lemma below is used to check that compositions are defined. 

Lemma 6.3.6. There exists a constant 9 > 0, such that for all r £ (0, f], e € (0,1], 5 € [1,4] and all 
if ^Ur, satisfying d{ip)Q,r < ^d, 

We prove now that has a C^-neighborhood of local diffeomorphisms. 

Lemma 6.3.7. There exists 9 > Q, such that, for all r £ (0, 1], if ip (z lAr satisfies d('i/')i.r < , then -0 is 
a local diffeomorphism. 

Proof. By Lemma 16.3.61 if we shrink 9, we may assume that 

^(i;^l^i)c£;|o3/2, ^{E^^-^.) c E\o,. (6.12) 
In a local chart, we write ip as follows 

ipi := Id + .9, :B4xBr — ^ K"* x M^. 
By Lemma 16.3.51 if we shrink 0, we may also assume that 

l||«l< 2(1^0)-" 

This ensures that Id + {dgi)z is close enough to Id so that it is invertible for all z £ Bi x Br; thus, {dip)p 
is invertible for all p £ Er. 

We check now injectivity of ip. Let S ^r|Oi ^'^d p^ € -E-rloi be such that ip{p^) = q = 4'i'P')- 
Then, by (|6.12p . q G E^^3/2 H E^^3/2, so, by the property (|6.9I) of the opens, we know that Oj C Of, 

hence p'^,p' G -B^io*- Denoting by := Xi(p') and := Xii'P') we have that w^,w^ E B4 x Br. Since 
+ gi{w^) — + gi{w^), using (j6.13p . we obtain 

\w'-w^ = \g,{w')-gi{w^)\ = 



^1 D+d ^ 

{yjl~wi)dt\<-\w'^~W^. 



„1 D+d „ 

1/ g^(«»' + (i-«K)(. 



Thus = w-' , and so = p^ . This finishes the proof. □ 
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The composition satisfies the following tame inequalities. 

Lemma 6.3.8. There are constants C„ > such that for all \ < 5 < a < A and all < s < r < I, we 
have that if ip (z Us and ijj £ Ur satisfy 

'P{E^^-^.) C Er\ot, ^(K\o:) C ^|o,, V < i < iV, 

and d{ip)i^s < 1; then the following inequalities hold: 

d{lp O ip)n,s,5 <d(V')„,r,<T + d{(p)n,s,S + 

+ CnS~'\d{lp)n,r,ad{(p)l,s.5 + d{ip)n,s,sd{^)l,r,a) , 
d(V' O ip, ■ip)„,s,S <d{(p)n,s.5 + 

+ CnS'"{d{lp)n+l,r,ad{(p)l,s,S + d{ip)n,s,sd{i^)l^r,a) ■ 

Proof. Denote the local expressions of ip and i/j as follows: 

ipi Id + gi : Bs X Bs — > B„ x Br, 

V'j Id + .A -.B^xBr — ^ R'* X M^. 
Then for all z £ Bs x Bg, we can write 

By computing the of the right hand side, for a multi-index a with |q;| — n, we obtain an expression of 
the form 

where the multi-indices in the sum satisfy 

p 

l<P<n, l<|/3U7jl<", 1 (6.14) 

The first two terms can be bounded by d(ip)n,r,a + d{ip)n,s.s- For the last term we use the interpolation 
inequalities to obtain 

\\f^\\m,r.a<Cns'-^^\\\f.\\,:-^ 

n—\-y\ — 1 

iig.iii7.i,M<C".'~'''''ii5.iii"i?ii5di,::xr- 

Multiplying all these, and using (|6.14p . the sum is bounded by 

CnS^^^WgiW^'^siWfiWl.rMldiWn.s^s) "-i' {\\ft\\n,r.a\\9i\\l,s,s)^"'' ■ 

Lemma [6.3.51 implies that 1,5.5 < C. Dropping this term, the first part follows using inequality (|6.1ip . 
For the second part, write for z £ Bg x Bg-. 

tpiifiiz)) - ipt{z) = ft{z + gi{z)) - f^{z) + gi{z). 
We compute of the right hand side, for a a multi-index with \a\ — n: 
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where the multi-indices in the sum satisfy (I6.14p . The last term we bound as before, and the third by 
'i{f)n,s,s- Writing the first two terms as 



d+D „i 



they are less than Cd{ijj)n+i.r,a-d{ip)o^s.5- Adding up, the result follows. □ 

We give now conditions for infinite compositions of maps to converge. 
Lemma 6.3.9. There exists 6 > 0, such that for all sequences 

{(fik e Ur^}k>l, ■ Er,^ > Er^_^, 

where < r < rk < Vk-i < r^ < \, which satisfy 

O-Q := ^ d(v5fe)o,r;. < (T„ := ^ d((/3fc)n,rt < oo, V n > 1, 

k>l k>l 

the sequence of maps 

Ipk ° ■ ■ ■ ° ■ > Era : 

converges in all -norms on to a map ip : Er E^a, with ^ CzUr- Moreover, there are C„ > 0, such 
that if d{(pk)i.rk < 1, V fc > 1, then 

Proof. Consider the following sequences of numbers: 

k 

''k ■- ^ TT ^ , Ok Z - } ei. 

We have that d{ipk)o.rk ^ ^fc^- So, by Lemma 16.3.61 we may assume that 
and this implies that 

So we can apply Lemma 16.3.81 to the pair ^pk-i and ipk for all k > ko. The first part of Lemma 16.3.81 and 
Lemma 16.3.51 imply an inequality of the form 

1 + d{ijk)n.rk,S, < (1 + d{lpk-l)n,T^.uSk-l)i'^ + C„r""d((/9fe )„,r J . 

Iterating this inequality, we obtain that 

k 

l + d{tPk)n,r,.S,<{l+d{tPko)n,r,„.sJ J] (1 + Gn'^^M'POn,^ ) < 

/=fco + l 

<(l + d(V'feoW.„,5.Je^"'^""^". 
The second part of Lemma 16.3.81 and Lemma 16.3.51 imply 

d{ipk,ipk-i)n,r < (1 + d(?/;fe_i)„+i^r^_i,5^_JC„r~"d((y9fe)„,rfe,5fc < 

< (1 + d(V'fe„)„+i,..„,5.Je^"+^'-^'~"-"+^C„r-"d(<^fc)„,.,. 

This shows that the sum J2k>i ^(V^fe, V^fe-i)n,r converges for all n, hence the sequence {ipkiEAkyi converges 
in all C"-norms to a smooth function -0 : — J- Er„ . 

If d{ipk)i,rk < 1 for all fc > 1, then we can take fcg — 0- So we obtain 

fe 

I + d{i>k)n.r„S, < n(l + C"r-"d(^On,n) < e^^^'" ^^'^'^"■n < e^"'^""'^". 
1=1 

Using the trivial inequality — 1 < xe^ for x > 0, the result follows. □ 
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Tameness of the flow 

The C°-norm of a vector field controls the size of the domain of its flow. 

Lemma 6.3.10. There exists 6 > such that for all < s < r < 1 and all X £ X^{Er) with ||X|lo,r < 
(r — s)9, we have that (px, the flow of X , is defined for all t G [0, 1] on Eg and belongs to lAg- 

Proof. We denote the restriction of X to a chart by Xi g 'X.^iW^ x Br). Consider p £ Bi x Bg. Let 
t E (0, 1] be such that the flow of Xi is defined up to time t at p and such that for all t G [0,t) it satisfies 
VxXp) ^ B2 X Br. Then we have that 

Jo Jq 

where for the last step we used Lemma r6.3.5l Hence, if ||X||o,r < {f^ s)/C , we have that [p) G ^2 x -Br, 
and this implies the result. □ 

We prove now that the map which associates to a vector field its flow is tame (this proof was inspired 
by the proof of Lemma B.3 in [SB])- 

Lemma 6.3.11. There exists 9 > such that for all < s < r < 1, and all X G X^{Er) with 

\\X\\o^r < {r - s)9, \\X\\i^r<0 

we have that ipx '■— belongs to Us and it satisfies: 

d{^x)o,s < Co||X||o,., d{ipx)n,s < ri-"C„||X|l„^„ V n > 1. 

Proof. By Lemma r6.3.10[ for t G [0, 1], we have that ipx G ^s, and by its proof that the local representatives 
take values in B2 x Br 

(p^x, ■= Id + gi,t -.BixBs — > B2X Br. 
We will prove by induction on n that gi^t satisfies inequalities of the form: 

\\9^An,s < CnPn{X), (6.15) 

where P„(X) denotes the following polynomials in the norms of X 

PoiX) =. \\X\\o^r, Pl{X) - 



Jp+l,r- 



Jl+...+jp = 71-l 

l<ifc<n-l 



Observe that (16.151) implies the conclusion, since by the interpolation inequalities and the fact that 
ll-'^lli.r < < 1 we have that 



< C^r-^''{\\Xh^rf- — {\\XUr)— < C^r-^^\\X 

hence 

Pn{X)<C„r'-''\\X\\n,r- 

The map gi^t satisfies the ordinary differential equation 

rfffM(^) ^ ^(^) ^ (z)) = X^ig.^z) + z). 



dt ' ' dt 
Since gi^ = 0, it follows that 



r* 

9i,ti^) = I Xi{z + gi^riz))dT. (6.16) 



Using also Lemma [6.3.51 we obtain the result for n — 0: 

\\9i,t\\o,s < ||-'^||o,r%2 < Co||X||o,; 
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We will use the following version of the Gronwall inequality: if u : [0, 1] — > M is a continuous map and 
there are positive constants A, B such that 

u{t) < A + B [ u{T)dT, 
Jo 

then u satisfies u{t) < Ae^ . For the proof, we first compute the derivative 

j^(^-*^{A + B u{s)ds)j ^e-'^B (^-A- B u{s)ds + u{t)j < 0. 
Thus, the function is non-increasing, and therefore 

e"*-^ (^A + B u{s)ds^ < A, 

which implies the inequality: 

u{t) < Ae'^ < Ae^. 
Computing the partial derivative of equation (j6.16p we obtain 

D+d 



k=l 



Therefore, using again Lemma [6.3.51 the function |^^(2:)| satisfies: 
The case n — 1 follows now by Gronwall's inequality: 

ll%^llo..<q|x||i,.e(^+'^)ii^ii^.'-<q|x||i,.. 

For a multi-index a, with |a| = n > 2, applying |^ to we obtain 

" 2<|,3|<|a| 



where the multi-indices satisfy 

1 < l7fc| < ^ - 1, (l7i| - 1) + . . . + (l7p| - 1) + W\ = n. 
Since |7fc| < n — 1, we can apply induction to conclude that 

So, the first part of the sum can be bounded by 

Cn E \\XU,+i,iPj,+i{X)...P,^+^{X). (6.18) 

3Q + - ■■+jp=n — l 

It is easy to see that the polynomials Pk{X) satisfy: 

Pu+i{X)P„+i{X) < (6.19) 
therefore (|6.18p is bounded by C„P„(X). Using this in (I6.17p . we obtain 

''^'"'^"(z)i<c„p„(x)+(i?+d)iixiii,. r\^^^iz)\dT. 



Applying Gronwall's inequality, we obtain the conclusion. □ 
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Next, we show how to approximate pullbacks by flows of vector fields. 

Lemma 6.3.12. There exists 9 > 0, such that for all < s < r < 1 and all X G X^{Er) with |lX||o,r < 
(r — s)9 and \\X\\i^r < we have that 

y*x{W)\\n,s < Cnr'"{\\W\\n.r + || o,. || ^ || , 

\\ip*xiW) - Wis\\n,s < C„r-2"-i(||X||„+i,,||Ty||i,, + ||X||i,,||W^||„+i,,), 

< C„r-3("+2)||X||o,.(||X||„+2,r||M/||2,,. + ||^||2,r.||M/||„+2,,.), 

for all W e X*{Er), where Cn > is a constant depending only on n. 

Proof. As in the proof above, the local expression of (px is defined as follows: 

(fx, = Id + gi : Bi X Bs — > B2 x Br- 
Let W £ X'{Er), and denote by Wi its local expression on E^^-^ : 

W,:= Wf{z)^A...A^eX'(B,xBr). 

J={n<-<3.} 

The local representative of ipxO^)i is given for z £ Bi x Bg hy 



i^*xWh = J2 ^^'(^ + + dz9^)-'^ A ... A (Id + d^g^y 



ozj^ oz 
By the Cramer rule, the matrix (Id + dzgi)~^ has entries of the form 

^(^iz))det{ld + d,g,)-\ 



dzj 



where ^ is a polynomial in the variables y', which we substitute by ^^{z). Therefore, any coefficient of 



the local expression of Lp*x(W)i, will be a sum of elements of the form 

i, 

^0 



W,'{z + g,{z))^ (|f^(^)) ^^^(I^ + d.g^)-''■ 



When computing of such an expression with \a\ = n, using an inductive argument, one proves that 
the outcome is a sum of terms of the form 

^^(z + g,iz))^-^{z) . . . ^-^{z)det{ld + d.gr'' (6-20) 
with coefficients depending only on a and on the multi-indices, which satisfy 

0<p, 0<M, 1< |7,|, |/3| + (|7i|-l) + ... + (|7p|-l) = "- 
By Lemma [6.3. Ill < C9, so by shrinking 9 if needed, we find that 

dei(Id + d^g.y^ < 2, e Si x B^. 

Using this, Lemma [6.3.51 for and |^(^)| < we bound (j6.20D by 
where the indexes satisfy 

< j, < jk, j + 31 + ■ ■ ■ + jp = n. 
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The term with p = can simply be bounded by C„|| Vl^||„_r- For the rest, we use the bound ||<?i||jfc+i,s < 
Pj^+i{X) from the proof of Lemma [6.3.111 The multipUcative property (|6.19p of the polynomials Pi{X) 
implies 

n 

\\^*x{W)\\n.,s < CnY.\\WUrPn-j + l{X). 

Applying interpolation to Wj,r and to a term of Pn-j+i{X) we obtain 

\\WUr<C^r"mW\\l-'/'^\\WrJ-, 

ii^ii,.+i,.r < c^r-^^mi-'^^^xwi^ii^ < a.r-^'-wxwiii,. 

Multiplying these terms and using (|6.1ip . we obtain the first inequality: 

111^11,, . . . < C„r-"(||Vl^||o,.||^||„+i,.)'-^'/"||l^ll^{;' < 

< C„r-"(||iy|l„^, + \\W\\oAX\\n+l,r)- 

For the second inequality, denote 

Wt ■.^ip'^iw)-W\,ex'{Es). 

Then Wo = 0,Wi^ y^*x(W) ~ W\s, and f^Wt = <y9^([X, P^]), therefore 

V*xiW)-W^,^ [ ^'^{[X,W])dt. 
Jo 

By the first part, we obtain 

\\ip*x{W) - W^|,||„,, < Cnr-"i\\[X,W]\\n^r+\\[X,W]\\a^r\\X\\n+l,r)- 

Using now Lemma [6.3.41 and that ||X||i < 9 we obtain the second part: 

y*xiW) - W\,\\n,s < C„r-2"-i(||X||„+i,,|lTy||i,, + ||14^||i,,||X||„+i,,). 
For the last inequality, denote 

Wt ■.^ip'^iW)~W\s-tip'^i[X,W]). 
We have that Wq = 0,Wi^ ^*xiW) - Wi^ - W]), and 

lwt^-t^'^{[X, [X,W]]), 

therefore 

f-i 



Wi=- tip'*{[X,[X,W]])dt. 
Jo 

Using again the first part, it follows that 

||M/i||„,, < C„r-"(||[X,[X,lF]]|l„,, + |l[X,[X,W^]]|lo,.||X|l„+i,,). (6.21) 
Applying twice Lemma 16.3.41 for all fc < n we obtain that 

||[^, [X,l^]]||fe,, <a.(r-('^+3'||X|U+i,,(||X|lo,.||W||i,. + ||X|li,,|lW|!o,.)+ 

+ r-(2'=+3)||X||o,.(||X||o,.||l^|U+2,r+||^|U+2.r||VF||o,.)) < 
< C„r-(2fc+5)||X||o,,(||l^|U+2,,||X||o,. + \\WhAX\\k+2,r), 

where we have used the interpolation inequality 

||^||l,r||X||fc+l,. < Cnr-^''+^^\\X\\oAX\\k+2,r. 

The first term in (j6.2ip can be bounded using this inequality for k ~ n. For fc = 0, using also that 
ll-'^lli.r S and the interpolation inequality 

||^||2,r.||^||„+l.r < C„r-("+l)||X||i,,||X||„+2,., 

we can bound the second term in (I6.2ip . and this concludes the proof: 

||[X,[X,VK]]||o^.|iX||„+l^. <C'„r-("+6)||iy||2,,||X||o,r||X||„+2,r. □ 
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6.3.3 An invariant tubular neighborhood and tame homotopy operators 

We start now the proof of Theorem [4] Let {M,tt) and S C M be as in the statement. Let C/ =t M be a 
Lie groupoid integrating T*M. By restricting to the connected components of the identities in the s-fibers 
of Q [SS], we may assume that G has connected s-fibers. 

By Lemma I2.1.1[ S has an invariant tubular neighborhood E = vs endowed with a metric such that 
the closed tubes Er :— {v £ E\\v\ < r}, for r > 0, are also fj-invariant. We endow E with all the structure 
from subsection [OH 

Since E is invariant, the cotangent Lie algebroid of tt) is integrable by G\Ey which has compact 
s-fibers with vanishing H^. Therefore, by the Tame Vanishing Lemma and Corollaries lA.l.ll and lA.Ol 
from the appendix, there are linear homotopy operators 

X\E) ^ X^{E) ^ X'^iE), 

[TT,hi{V)]+h2{[7r,V])^V, VVeX^E), 

which satisfy; 

• they induce linear homotopy operators hi and on (i?r,7r|r); 

• there are constants C„ > such that, for all r G (0, 1], 

||^l(^)IU,i- — C',i||X||„+s^j., Il^2(-^)l|n,r — C'„||y||„+s^r, 

for all X € X^{Er), Y G X?{Er), where s ^ [idim(A-/)J + 1; 

• they induce homotopy operators in second degree on the subcomplex of vector fields vanishing along 
S. 

6.3.4 The Nash-Moser method 

We fix radii < r < i? < 1. Let s be as in the previous subsection, and let 

a:=2(s + 5), p:=7(s + 4). 

The integer p is the one from the statement of Theorem U) Consider a second Poisson structure tt defined 
on E^. To 7? we associate the following inductive procedure: 
Procedure Pq: 

• consider the number 

• consider the sequences of numbers 

eo := (i? - r)/4, ro := i?, := i(^), 

3/2 3/2 
Cfe-l-i := Cfe , Tk+i ■■= rk - ek, tk+i := tf.' , 

• consider the sequences of Poisson bivectors and vector fields 

{TTfc e X^(£'rfc)}fc>0, {Xk e X^{Er^)}k>0, 

defined inductively by 

TTo := TT, TTfc+i := ip*x^{Trk), Xk := Sl^; {hi" {iTk - TT\rJ), (6.22) 

• consider the sequence of maps 
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By our choice of eoi observe that r < rk < R for all fc > 1: 

oo oo oo 

k=Q k=Q k=0 V U 

For Procedure Pq to be well-defined, we need that: 
(Cfc) the time one flow of Xk to be defined as a map 

For part (b) of Theorem^ we consider also Procedure Pi associated to tt such that j^gir = jj^Tr. We 
define Procedure Pi the same as Procedure Pq except that in (|6.22p we use the smoothing operators 

For Procedure Pi to be well-defined, besides for condition (Cfc), one also needs that h^^ (tt/j — tti^j.) G 
X^{Er^.Y-^K This is automatically satisfied because the operators preserve the space of tensors vanishing 
up to first order, and because j^giT^k ~''^\rk) — 0- This last claim can be proven inductively: By hypothesis, 
i|5(7ro — t^\r) = 0. Assume that j}g{'Kk — '^\rk) — Oj for some A; > 0. Then also Xk G X^{Er^Y^\ hence the 
first order jet of (pxk along S is that of the identity, and so 

Therefore j^giTrk+i - 7r|,^^^J = 0. 

These procedures converge to the map ijj from Theorem |3) 

Proposition 6.3.13. There exists S > and an integer d > 0, such that both procedures Pq and Pi are 
well defined for every tt satisfying 

\\n-Tr\\p,R<SiriR-r)f. (6.23) 

Moreover, the sequence ipk\r converges uniformly on Er with all its derivatives to a local diffeomorphism 
which is a Poisson map between 

Tp : {Er,7Tlr) > {ER,Tr), 



and which satisfies 



d{i^h,r<\\n-n\\l% (6.24) 



// jigTr = JigTr, then ■0 obtained by Procedure Pi is the identity along S up to first order. 



'\s' 

Proof. We will prove the statement for the two procedures simultaneously. We denote by Sk the used 

and in Pi we let Sk ■= S^' 



smoothing operators, that is, in Pq we let Sk ■— Si'' and in Pi we let Sk ■= S^'"^ . In both cases, the 



following hold: 

\\SkiX)\\jn,rk < Cmr^''''^t'-j^^\\X\\m-l,rk, 



\Sk{X) - X\\,n-i,r, < C„,r-''H-'\\X\ 



For the procedures to be well-defined and to converge, we need that tg = t(7r) is big enough, more 
precisely, it must satisfy a finite number of inequalities of the form 

to^t{n) > Cir{R-r))-''. (6.25) 

Taking tt such that it satisfies (|6.23p . it suffices to ask that 6 is small enough and d is big enough, such 
that a finite number of inequalities of the form 

S{{R-r)rr<^iriR-r)r 

hold, and then to will satisfy (j6.25p . 

Since to > 4(i? — r)~^ = Cq ^, it follows that 



tk>eZ\ Vfc>0. 
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We will prove inductively that the bivectors 

Zk ■= TTfe - ■K\r^ e X^(£'rfc) 

satisfy the inequalities (ofc) and (hk) 

(ak) \\Zk\\s.r,<t^^, (bk) \\Zk\\p,r,<tt. 

Since t^" — ||Zo||p,fl, (ao) and (bo) hold. Assuming that (ak) and (6^) hold for some k > 0, we will show 
that condition {Ck) holds (i.e. the procedure is well-defined up to step k) and also that (ak+i) and (fofe+i) 
hold. 

First we give a bound for the norms of Xk in terms of the norms of Zk'. 

\\Xk\Ur, = \\Skih'^iZk))\Ur, < Crr,r-'-tl+'\\h'^iZk)\U^l,r, < (6.26) 



<c^r-''Hl+'\\Zk\u+s^i,r„ y 0<l< 



m. 



In particular, for m = I, we obtain 

||Xfc|l„,,,, <C„r-^'"4+'"-". (6.27) 
Since a > 4 and tk > e^^, this inequality implies that 

ll^fclli,,., < < < Cr-%hk. (6.28) 

Since to > Cr^'^/O, we have that ||Xfe||i,rfc < (^^k, and so by Lemma [6.3.101 {Ck) holds. Moreover, Xk 
satisfies the inequalities from Lemma 16.3.111 and Lemma 16.3.121 

Next, we deduce an inequality for all norms ||^A:+i||n,rfc+i with n > s: 

||^fe+i||„,,..+, = y*xAZk) + ^*xS7t) - n\\,,^r,^, < (6.29) 

< Cnr'^^iWZkWn.rt + 1 1 -'^fc 1 1 n+l,r J | ■Z'fe 1 1 O.rfc + |1 -'i^fe |1 n+l,r J| 7r|l „+i,r J < 

< C„r ^" {\\Zk\\n,rk + \\Xk\\n+l,rk) 1^ CnT t^'^'^ \\ Z k\\n,rk 7 

where we used Lemma [6. 3. 121 the inductive hypothesis, and inequality (j6.26p with m — n+1 and I = s + 1. 
For n = p, using also that s + 2 + a < — 1, this gives {bk+i)'- 

ll^.+i||p,..+, < Cr-%+'+'^ < Cr-^tt-' < Cr-%ht+, < f^k+i- 
To prove (a^+i), we write Zk+i = 14 + ip*x^ {Uk), where 

■■= V*Xk{'^) - •f*Xki\-^k,T^]), Uk Zk - ['K,Xk]. 

Using Lemma 16.3.121 and inequality (j6.27p . we bound the two terms by 

||14||s,..+, < Cr-^||7r||,+2.rJ|^;c||o,,.J|^;c||s+2.r. < Cr-^tf 4-^", (6.30) 
WxSUk)\\s,r,^^ < Cr-^iWUklkr, + ||;7fe||o,.J|Xfe||,+i,,J < (6.31) 
^ n^-cniTT. I, _^ , 

^ ''k 

To compute the C*-norm for Uk, we rewrite it as 



<Cr-'^{\\Uk\\s.r,+tl+'-^Uk\\o, 



Uk = Zk- [tt, Xk] = [k, (Zk)] + hi" {[n, Zk]) - [it, Xk] = 
= [7r,{I-Sk)h{''{Zk)]^hl''{[Zk,Zk]). 
By tameness of the Lie bracket, the first term can be bounded by 

\\[7T,iI - Sk)h["iZk)]\\s,r, < Cr-^\\il ~ Sk)h[''{Zk)\\s+l,-, < 

< Cr-%-^''+''\\hl"{Zk)\\r,-s,r, < Cr-%-^+'^\\Zk\\,,r, < 
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and using also the interpolation inequalities, for the second term we obtain 

p-(2s + l) s + 1 _„n4-£^^i2i±2)-| 

<Cr~%'^\\Zk\Urr \\ZkU:rl<Cr-\ >. 
Since —a(l + ^^—^ij^) < ^fct ^ li these two inequalities imply that 

\m\s,r, < Cr-%i''-\ (6.32) 
Using (|6.27p . we bound the C'^-norni oi Uk by 

\\Uk\\o,r, < \\Zk\\o,r, + ||[7r,Xfe]||o,., < t-^ + Cr-^\\Xkh,r, < Cr-^f-^. (6.33) 
By foot . (|63T|) . ((02|) . (I03)) . and s + 4 - 2a = -fa - 1, (ak+i) follows: 

ll^.+ill....,, < Cr-(C'"'" +i,T^""') < 

< Cr-H'J'^'' < (r-=CAo)t;^" < t^:,- 

This finishes the induction. 

Using (j6.29p . for every n > 1, we find a A:„ > such that 

\\Zk+l\\n.rk + i < tl'^^\\Zk\\n.rk, ^ k > k^. 

Iterating this we obtain 

^fc^'^ll-^fc||n,''fc — {tktk-1 ■ ■ ■tk^y^^\\Zk„\\n,rk^- 

On the other hand we have that 

. , . ,1 + f + ... + (§)"-'=" . 2(1 + 3 

Therefore, we obtain a bound valid for all k > kn 

Consider now m > s and denote by rt := Am — 3s. Applying the interpolation inequalities, for fc > fc„, 
we obtain 

3 1 

\\Zk\\m.rk ^Cmf '^^\\Zk\\s',rk \\Zk\\n,rl = CmT || ^fc || s.r^ || ■Z'fc || n.rfc 5: 

l£Cm1" ^'"^fe ^ ~\\Zk„\\n,rk„ — CmT ^'"^fc'' II -^fen ll",»"fc„ ■ 

Using also inequality (|6.26p . for Z = s, we obtain 



\X. 



^ Cmf ''"^t^'^^\\Zk\\m,rk l^^k^ i^^nf "^"^ 1 1 ^/£„ 1 1 n,''fc„ ^ 



k\\m.rk — 

This shows that the series J2k>o ll^fe||m,i-fc converges for all to. By Lemma [6. 3. Ill also J2k>o '^iV'Xk)m,rk+i 
converges for all m and, moreover, by (j6.28p . we have that 

ai :-^d(<^^Ji,.,^, <Cr-^^||X,||i,,, <Cr-VE^'^^^o'- 

k>l k>l k>l 

So we may assume that ai < 9 and d(}pxk)i.rk+i < 1- Then by applying Lemma [6.3.91 we conclude that 
the sequence ijjkir converges uniformly in all C"-norms to a map if) : Er ^ Efj in Ur which satisfies 

d(V')i,r < e'=''"''"iCr--Vi < e^o^t^^ < Ct^"^ < 

So (|6.24p holds, and we can also assume that d(V')i,r < 6, which, by Lemma IB. 3. 71 implies that ■0 is a local 
diffeomorphism. Since ipk\r converges in the C^-topology to ?/; and iPKtt) — {dil}k)~^(j^^k)^ follows that 
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V'fc(7r)|r converges in the C°-topology to tp*{Tr). On the other hand, Zk\r = ipl{'7T)\r — T^\r converges to in 
the C'^-norm, hence ip*{'if) = 'K\r- So ^/^ is a Poisson map and a local difFeomorphism between 

V' : (£'r,7r|,.) — > {Eb^,¥). 

For Procedure Pi, as noted before the proposition, the first jet of (pxk is that of the identity along 
S. This clearly holds also for ■0fc, and since tpk\r converges to ip in the C^-topology, we have that ip is also 
the identity along S up to first order. □ 

Now we are ready to finish the proof of Theorem |4l 
Proof of part (a) of Theorem |4] 

We have to check that the rigidity property from Definition 16.1.11 holds. Consider U := int(£'p) for some 
p e (0, 1), and let O C J7 be an open such that S C O cO C U. Let r < i? be such that O C Er C ErCU. 
With d and 5 from Proposition 16. 3.131 we let 

Vo ■■= {W e X\U) : \\W\R - n\R\\j,^R < SiriR - r)f}. 

For TT G Vo , define V's to be the restriction to O of the map ip obtained by applying Procedure Pq to 
7r|^. Then ip is a Poisson difFeomorphism (0,7r|o) {U,tt), and by (|6.24p . the assignment H ^ ip has the 
required continuity property. 

Proof of part (b) of Theorem |4] 

Consider tt a Poisson structure on some neighborhood of S with jj^TT — jj^Tr. First we show that tt and 
TT are formally Poisson diffeomorphic around S. For this we have to check that H'^{AsTS^{vg)) ~ 0. The 
Lie groupoid Q\s ^ S integrates As and is s-connected. Since v*g C Ag is an ideal, by Lemma 12.2.21 the 
action of As on Vg (hence also on S^{vg)) also integrates to Q\s. Since Q\s has compact s-fibers with 
vanishing iJ^, the Tame Vanishing Lemma implies that H'^{AsTS'^{vg)) — 0. So we can apply Theorem [3] 
to conclude that there exists a diffeomorphism Lp between open neighborhoods of S, which is the identity 
on S up to first order, such that 

Consider R £ (0, 1) such that (P*{tt) is defined on Er. Using the Taylor expansion up to order 2d + 1 
around S for the bivector tt — V5*(Tf) and its partial derivatives up to order p, we find a constant M > 
such that 

\\ip*in)\r - TTi^llp^^ < Mr^'^+\ V < r < i?. 

If we take r < we obtain that ||iy9*(7r)|r — 7r[r||p,r < 6{r{r — r/2))''. So we can apply Proposition 

16.3.131 and Procedure Pi produces a Poisson diffeomorphism 

T : {Er/2,'^\r/2) > {Er,yy*{T^)\r), 

which is the identity up to first order along S. We obtain (b) with ip = ip o t. 

Remark 6.3.14. As mentioned already in section [O] Conn's proof has been formalized in [56j[59] into 
an abstract Nash Moser normal form theorem, and it is likely that one could use Theorem 6.8 [SB] to prove 
partially our rigidity result. Nevertheless, the continuity assertion, which is important in applications (see 
chapter [7]), is not a consequence of this result. There are also several technical reasons why we cannot 
apply [SS]: we need the size of the C-open to depend polynomially on and {R — r)~^, because we use a 
formal linearization argument (this dependence is not given in loc.cit.); to obtain diffeomorphisms that fix 
5", we work with vector fields vanishing along S up to first order, and it is unlikely that this Frechet space 
admits smoothing operators of degree (in loc.cit. this is the overall assumption); for the inequalities in 
Lemma r6.3.8l we need special norms (indexed also by "5") for the embeddings (these are not considered in 
loc.cit.). 
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Deformations of the Lie-Poisson 
sphere of a compact semisimple Lie 
algebra 

The linear Poisson structure (0* , tt^ ) corresponding to a compact semisimple Lie algebra g induces a Poisson 
structure tts on the unit sphere S(g*) C 0*. As a surprising application of Theorem 21 in this chapter wc 
compute the moduli space of Poisson structures on §>{g*) around tts (Theorem [5]). This is the first explicit 
computation of a Poisson moduli space in dimension greater or equal than three around a degenerate (i.e. 
not symplectic) Poisson bivector. The content of this chapter is available as a preprint at [5^ . 

7.1 Statement of Theorem [5] 

Let (g, [•, •]) be a semisimple Lie algebra of compact type. We consider an inner product on g* which is 
not just 0-invariant, but also ^ui(0)-invariant (e.g. induced by the Killing form). The corresponding unit 
sphere around the origin, denoted by §(0*), is a Poisson submanifold, and as such it inherits a Poisson 
structure tts i'g|s(g*)- We will call the Poisson manifold 

(§(0*),^s) 

the Lie-Poisson sphere corresponding to 0. Lie algebra automorphisms of restrict to Poisson diffeo- 
morphisms of Trg. The inner automorphisms preserve the coadjoint orbits and so, they act trivially on the 
space of Casimir functions. Therefore Out^g), the group of outer automorphisms of 0, acts naturally on 
the space of Casimir functions, which we denote by 

C:asim(§(0*),7rs). 

The main result of this chapter is the following description of Poisson structures on S(0*) near Trg. 

Theorem 5. For the Lie-Poisson sphere (S(0*),7rs), corresponding to a compact semisimple Lie algebra 
Q, the following hold: 

(a) There exists a C^-open W C X^(S(0*)) around vrg, such that every Poisson structure in W is iso- 
morphic to one of the form /tts, where f is a positive Casimir, by a diffeomorphism isotopic to the 
identity. 

(b) For two positive Casimirs f and g, the Poisson manifolds (§(0*), /tts) and (S(0*),57rs) are isomorphic 
precisely when f and g are related by an outer automorphism of q. 

The open W will be constructed such that it contains all Poisson structures of the form /vrg, with / a 
positive Casimir. Therefore, the map F i— )■ e^Trg induces a bijection between the space 

e:osim(S(0*),7rs)/Out(0) 



149 



Chapter El 



and an open around tts in the Poisson moduli space of S(g*). Using classical invariant theory, we show in 
section 17.51 that this space is isomorphic to 



where B C M.'^^ {I = rank(fl)) is a bounded open which is invariant under a linear action of Out{Q) on R . 

Recall from subsection 11.1.41 that the space of Casimir functions of a Poisson manifold (M, tt) is the 
0-th Poisson cohomology group iJ^(M). Also, that the second Poisson cohomology group H^{AI) has 
the heuristic interpretation of being the "tangent space" to the Poisson moduli space at tt. As our result 
suggests, for the Lie-Poisson sphere we have that multiplication with [tts] induces an isomorphism (see 
Proposition 17.2. 2p 



There are only few descriptions, in the literature, of opens in the Poisson moduli space of a compact 
manifold. We recall below two such results. 

For a compact symplectic manifold (M, w), every Poisson structure C°-close to uj^^ is symplectic as 
well. The Moser argument shows that two symplectic structures in the same cohomology class, and which 
are close enough to uj, are symplectomorphic by a diffeomorphism isotopic to the identity. This implies that 
the map tt i— )■ [tt"^] g H^{M) induces a bijection between an open in the space of all Poisson structures 
modulo diffeomorphisms isotopic to the identity and an open in H^{M). Also the heuristic prognosis 
holds, since H'^{M) = ff^_i(M). In general it is difficult to say more, that is, to determine whether two 
symplectic structures, different in cohomology, are symplectomorphic. In Corollarv 17.3.91 we achieve this 
for the maximal coadjoint orbits of a compact semisimple Lie algebra. 

In (641 , Radko obtains a description of the moduli space of topologically stable Poisson structures on 
a compact oriented surface S. These are Poisson structures tt G j£^(I]) that intersect the zero section of 
A^TE transversally, and so, they form a dense C^-open in the space of all Poisson structures. The moduli 
space decomposes as a union of finite dimensional manifolds (of different dimensions), and its tangent 
space at tt is precisely -ff^(S). The fact that E is two-dimensional facilitates the study, since any bivector 
on S is Poisson. 

The main difficulty when studying deformations of Poisson structures on compact manifolds (in contrast 
e.g. to complex structures) is that the Poisson complex fails to be elliptic, unless the structure is symplectic. 
Therefore, in general, H^{M) and the Poisson moduli space are infinite dimensional. This is also the case 
for the Lie-Poisson sphere of a compact semisimple Lie algebra g, except for g = su(2). The Lie algebra 
su(2) is special also because it is the only one for which the Lie-Poisson sphere is symplectic (thus the 
result follows from Moser's theorem). Moreover, it is the only one for which the Lie-Poisson sphere is an 
integrable Poisson manifold (in the sense of section 12. 4p . 



Throughout this chapter, we fix a compact semisimple Lie algebra (g, [•, •]) and an 74ut(g)-invariant inner 
product on g (e.g. the negative of the Killing form), hence also on g*. We denote by G a 1-connected Lie 
group integrating g. Then G is compact and H^{G) = 0. 

The linear Poisson manifold (g*,7rg) is integrable by the action Lie groupoid G x g* (see subsection 
I2.4.2p . Since the s-fibers of G x g* are diffeomorphic to G, we can apply Theorem U] and conclude that TTg 
is G^'-G^-rigid around any compact Poisson submanifold. 

For / G G°°(§(g*)), with / > 0, consider the following codimcnsion-one sphere Sf in g*\{0} 



C°^{B)/Out{B), 



7.2 Proof of part (a) of Theorem [5] 




We denote the map parameterizing S*/ by 



■■ §(0*) 



Sf, 9^/(0 
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The spheres of the type Sf form a C^'^-open in the space of all (unparameterized) spheres. Namely, every 
sphere S C 0*\{O} for which the map 

is a diffcomorphism, is of the form Sf for some positive function / on S(g*). 

Lemma 7.2.1. The sphere Sf is a Poisson submanifold if and only f is a Casimir. In this case, the 
following map is a Poisson difjeomorphism 

Ipf : (S(0*) X R+,i/^s) ^ (fl*\{0},^g), iU) j^C 

Proof. Compact Poisson submanifolds of g* are the same as G-invariant submanifolds, and Casimirs of Trg 
are the same as G-invariant functions on This implies the first part. For the second part, it suffices 

to check that preserves the Poisson bracket on elements in g C C°°{g*). Using that Casimirs go inside 
the bracket, and that S(0*) is a Poisson submanifold, it is a straightforward computation: 

lp*f{{X,Y}) =^{X,y}|S(g.) =t/{^X|S(g.),^y|S(g.)}|S(g.) = 

-t/{^}(x),^;.(r)}|s(g.).n 

Now, we are ready to prove the first part of Theorem [SJ 

Proof of part (a) of Theorem\^ For every positive Casimir / we construct a G^-open W/ C X^(§(0*)) 
containing /tts, such that every Poisson structure in is isomorphic to one of the form gTrg, for some 
positive Casimir and moreover, by a diffcomorphism isotopic to the identity. This will imply that the 
G^'-open W := U/W/ satisfies the conclusion. 

For the compact Poisson submanifold Sf, consider opens S*/ C O C C/, as in Definition 16 . 1 . II of G^-G^- 
rigidity, with ^ U. Denote by Uf the set of functions x G C°°{0, g*) satisfying ^ x{Sf), and for which 
the map 

pioxoipf :§(g*) — ^§(g*) 

is a diffcomorphism isotopic to the identity. The first condition is G'^-open and the second is G^-open 
(see subsection 16. 2. 2p . For the inclusion Id^ of O in g*, we have that pr o MqO ipf — Id, thus l^f is G^- 
neighborhood of Id^. By continuity of the map ip from Definition I6.1.1[ there exists a G^-neighborhood 
Vf C X'^{U) of Trg\u, such that g l/lf, for every Poisson structure n in V/. We define the G^-open W/ 
as follows 

Wf := {W e X\S{g*))\^f^4tW)\u e V/}. 

By Lemma 17.2.11 we have that ^f,*{tfT^s)\u = ''^s\Ui thus /tts € Wj. Let 7f be a Poisson structure in Wf. 
Then for tt := ipf^^{t'W)\ij € Vf, we have that ip^ £ Z^/ is a Poisson map between 

tp^ : {0,TT\o) — > (C/,7rg|[/). 

By the discussion before Lemma 17.2.11 the fact that the map pr o tjjijf o f is a diffcomorphism, implies 
that il)^{Sf) = Sg, for some 5 > 0. Clearly, (§(g*) x {l},7f) is a Poisson submanifold of (§(g*) x E+,t7f), 
therefore also Sf = ^/(S(g*) x {1}) is a Poisson submanifold of (0,7r|o), and since V'tF is a Poisson map, 
we have that also Sg — ip^{Sf ) is a Poisson submanifold of (g*, tTj,). So by Lemma r7.2.1l o is a Casimir and 

<fg ■ (S(0*),57rs) ^ ('S'g,7rg|sJ 

is a Poisson diffcomorphism. Therefore also the map 

^ o^^otpf : (§(g*),7f) ^ (§(g*),g7rs), 

is a Poisson diffcomorphism. This map is isotopic to the identity, because ip^^ = P^is > ^^"^ ^y construction 
pi o Tpi^ o iff is isotopic to the identity. □ 
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7.2.1 The Poisson cohomology of the Lie-Poisson sphere 

Recall from subsection 11.1.41 that 

This group will be described in section [775] more explicitly. Recall also that iJ^g(§(g*)) has the heuristic 
interpretation of being the "tangent space" to the Poisson moduli space at Trg. Theorem [5] shows that all 
deformations of tts are, modulo diffeomorphisms, of the form tt* — e^^irs, where F £ £asim(§(0*), tts). As 
expected, this is reflected also at the level of the Poisson cohomology. 

Proposition 7.2.2. The first Poisson cohomology groups of the Lie-Poisson sphere satisfy: H^^^(E>{q*)) — 
and H°^{S{q*)) ^ H^^{S{q*)) via the map 

<(§(0*))^i/|,(§(fl*)), f^UM. 

Proof. The invariant open U := 0*\{O} is integrable by the Lie groupoid G i< U. This groupoid is proper 
and has 2-connected s-fibers. Therefore, by the results of [13] (discussed in section [273]) . or by our Theorem 
IA.1.2i we have that 

<,.(t^) = o, <,,(c/) = o. 

Using the Poisson diffeomorphism tpi from Lemma 17.2.11 we identify (U^ng^jj) with the Poisson manifold 
(§(r) xR+,i7rs). 

Let X e X^(§(g*)) be such that [tts, X] = 0. If we regard X as a vector field on S(g*) x it is also a 
cocycle. Since H^^^^^U) = 0, there is a function ft € C°°(§(0*) x E+) such that [tng, ft] = X. For t = 1, 
this shows that X is a coboundary. Hence Hl^{S{g*)) = 0. 

Let W G be such that [tts, W] = 0. As before, there exists vector fields Vt — Xt + ff§t such 

that W = [tiTs, Vt]. Hence, 

W = t[Trs, Xt] + t[Trs, /«] A ^ - /t^s- 

For t = 1, this shows that [7rs,/i] = (i.e. /i is a Casimir), and so [W] and — [/itts] represent the same 
class. Therefore, multiplication by [tts] is onto: 

<(§(g*))=<(§(0*))H. 

To check injectivity, let / G H°J§{q*)) be so that [tts,X] = /tts, for some X e ^^(^(fl*)). Then we 
have that 

d 

[iTTs, 1/tX + /-] = [tts, X] - /tts = 0. 

So the vector field Vt — 1/tX + is a cocycle in Hl^^^{U). Since this group is trivial, there exists a 
smooth function gt such that Vt — [irg^gt]. This implies that f — and finishes the proof. □ 

7.3 Some standard Lie theoretical results 

In this section we recall some results on compact semisimple Lie algebras, which will be used in the proof 
of part (6) of Theorem [5) Most of these can be found in standard textbooks like [24j [27l l42l 146) . 

7.3.1 The coadjoint action and its symplectic orbits 

Recall from subsection II . 1.21 that the symplectic leaf of the linear Poisson manifold (g*, TTg) through ^ G g* 
is the coadjoint orbit through ^; we will denote it by {0^,uj^). Denote the stabilizer of ^ by C G, and 
its Lie algebra by C g. Recall also (jl.ip that the puUback of via the map 

p-.G^O^, g^Adl-^iO, 

is given by 

p*{w^) = ^de, 
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where ^' is the left invariant extension of ^ to G. 

The adjoint and the coadjoint representations are isomorphic, the invariant metric gives an intertwining 
map between the two. We restate here some standard results about the adjoint action in terms of the 
coadjoint (as a reference see section 3.2 in [37]). We are interested especially in the set g*'^^^ of regular 
elements. An element ^ S g* is regular if and only if it satisfies any of the following equivalent conditions: 

• is a maximal abelian subalgebra; 

• the leaf has maximal dimension among all leaves; 

• is a maximal torus in G. 

We fix T C G a maximal torus and denote by i its Lie algebra. We regard i* as a subspace in g*, via the 
identification 

t*-Ueg*|tC0ac0*. 

Consider := t* n Q*^^^, the regular part of t*. Then t*'°s is the union of the open Weyl chambers. 
Fix c such a chamber. The structure of q*"^"^ is described by the equivariant diffeomorphism (Proposition 

3.8.1 EZ]) 

* : G/T X c ^ 0*-^ ^{[g],0=Adl-,{0. (7.1) 

7.3.2 Roots and dual roots 

Let $ C it* be the root system corresponding to t. Denote the group of automorphisms of $ by 

Aut{<i>) :={/GG/(it*)|/($) = $}. 

For a G $ let C g (8i C be the corresponding root space. The root dual to a e $ is the element 
G [fl-ajfla] satisfying a(a^) — 2. The set of dual roots forms the dual root system C it. For all 
a, f3 G $, we have that a{f3'^) e Z, and these numbers are called the Cartan integers (Theorem 3.10.2 
[37]). One can also define $^ in terms of only the abstract root system namely, is the unique 
element in it for which the map 

s„:it* — ^it*, Sc{X) = X- X{a'^)a (7.2) 

sends a to —a and preserves the root system (Lemma 9.1 [42j). With this description, one can define the 
double dual This turns out to be $. 

Lemma 7.3.1. We have that — a, and that the following map is a group isomorphism 

Auti<f)^Auti<f''), f^if-'T- 

Proof. By Lemma 9.2 [42], we have that f o sp o f~^ = s/(/3), for all / G Aut{^) and € $. For f = Sa 
this gives Sq, o o Sq = Ss^(^). Computing both sides of this equation, we obtain Sq(/3)^ = — a(/3^)a^. 
This shows that the map 

it — > it, ^- a{^)a^ 

maps $^ to itself, and sends to — a^. So, by the canonical definition of the dual root system, we obtain 
that = a. 

Using the first part, it suffices to show that (/^^)* £ Aut{^'^) for all / e Aut{^). Since / preserves 
that Cartan integers (Lemma 9.2 '4?), for all a, /3 G $, the following holds: 

"((r')*(/3^)) = r'(«)(/3^) = «(/(/3)^)- 

Since $ spans it*, we obtain (/"i)*(/3'') ^ f{l3y, hence (f-^)* G AMt($^). □ 

Remark 7.3.2. Denote the Killing form of g by (•, •) and the induced isomorphism g = g* by 

«::g— >g*, ^i{X){Y) :-(X,r). 

We note that some authors (e.g. [12]) regard the dual roots inside it*, they refer to the element as 
being the root dual to a G <f>. These two conventions are related by the formula (Proposition 8.3 (g) [H]): 

K{a-) = j^ (7.3) 
(a, a) 
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Denote the kernel of the exponential of T by 

n := ker(expn) C t. 

Then 11 is a lattice in t. For each a e consider the element 

Xa := 2ma^ e i. 

These elements satisfy the following: 

Lemma 7.3.3. For all a G we have that M.Xa H 11 = ZXq,. Moreover, 

t*™g = {^et*|^(X„)^OVae$}. 

Proof. According to Theorem 3.10.2 (iv) we have that Xa G H. Let ai, ... ,a/ be a simple system 
for $ such that ai = a. The corresponding fundamental weights Ai, . . . , A; € t* (g) C are defined by the 
relations Ai(aJ) = 5ij, for all I < i,j < I- Let V\-^ be the irreducible representation of g (g) C of highest 
weight Ai. In particular, Vai contains a vector v ^ 0, such that the action of X G t on is given by 
X -v^ Xi{X)v. Thus 

tXa ■ V = Ai(27rito^)w = 2Tritv, Vt G M. 

Integrating Va^ to the action of G, we have that exp{tXa) ■ v = e^^** • i;. So, if tXa £ 11, then e^'^** = 1, 
hence t e Z. This shows that RX„ n H = ZX„. 

Theorem 3.7.1 (ii) [37] describes as the complement of the hyperplanes ker(a) for a € $. Since 
K : — g* is G-equivariant and symmetric (i.e. a* = k), and since K{Xa) — (|7.3L we have that i*'^"^ 

is the complement of the hyperplanes {CIC(^q) = 0}: for a G $. □ 

The result below plays a crucial role in the proof of Theorem [SJ 

Corollary 7.3.4. // / : t* — t* is an isomorphism such that it preserves i*'''^s and /* : i — > t induces an 
isomorphism of II, then f £ Aut{^). 

Proof. By the previous lemma, the complement of t*'^''^ jg ^j^g union of the hyperplanes {^[^(Xq) — 0} for 
a e $. Thus /* preserves the set of lines {MXcja G So we can write f*{Xa) = 0{a)Xc(a)- Since 
^~(T{a) — ~-'^(t(q)j we may assume that 0{a) > 0. On the other hand, /* is an isomorphism of 11, so it 
induces an isomorphism between nnMXc and IlnB.X„(a)- By the lemma, 9{a) is a generator of Z, hence 
0{a) = 1. So = and also /*(a^) = a{ay . This shows that /* e Hence, by 

Lemma [7.3. 11 we obtain that / e Aut{^). □ 

7.3.3 Automorphisms 

The group Aut{Q) of Lie algebra automorphisms of g contains the normal subgroup Ad{G) of inner automor- 
phisms. Below we recall two descriptions of the group of outer automorphisms Out{Q) :— Aut{Q) / Ad{G) . 

Let Aut{g, t) be the subgroup of Aut{g) consisting of elements which send t to itself. Since every two 
maximal tori are conjugated, Aut{Q,t) intersects every component of Aut{Q)] hence 

Outig) ^ Autig,t)/Ad{NGiT)), 

where Ng{T) is the normalizer of T in G. An element a e Aut{2,i) induces a symmetry of $, and we 
denote the resulting group homomorphism by 

T : Aut{g,t) — > Aut{'^), a ^ (o"^^)*. 

Recall also that the Weyl group of $, denoted by C Aut{^), is the group generated by the 
symmetries Sa (defined in (j7.2p ). for a € 

For the following lemma see Theorem 7.8 [IB] and section 3.15 [?7] . 

Lemma 7.3.5. The map t : Aut(Q,{) — > Aut(^) is surjective, and 

T-\W) - AdiNaiT)) c Aut{g,t). 
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Therefore, r induces an isomorphism between the groups 

Out{Q) = Aut{'i>)/W. 

// c C i* is an open Weyl chamber, then Aut(^) — Aut{^, c) x W , where 

Aut{<P, c) := {/ e = ic}. 

Moreover, Aut{^,c) (hence also Out{Q)) is isomorphic to the symmetry group of the Dynkin diagram of 
$. 

The last part of the lemma allows us to compute Out^Q) for all semisimple compact Lie algebras. 
First, it is enough to consider simple Lie algebras, since, if q decomposes into simple components as 
niSi © . . . ® rifcSfc, then 

Out{Q) ^ Sm X Out{siY^ X . . . X s-n, IX Ou^(sfe)"^ 

Further, for the simple Lie algebras, a glimpse at their Dynkin diagrams reveals that the only ones with 
nontrivial outer automorphism group are: A„>2, -Dn>5, £-6 with Out = Z2, and D4 with Out ^ S3. 

7.3.4 The maximal coadjoint orbits 

The manifold G/T is called a generalized flag manifold, and it is diffeomorphic to all maximal leaves 
of the linear Poisson structure on g*. The topology of G/T is well understood [3]; here we discuss some 
aspects needed for the proof. 

Using that G is 2-connected, we see that the first terms in the long exact sequence in homotopy 
associated to the principal T-bundle G ^ G/T are 

1 ^ MG/T) 7ri(r) 1 ni{G/T) ^ 1. 

Hence G/T is simply connected and that 7ri(T) = 7r2 (G/T). On the other hand, we have an isomorphism 
between 

n^7ri(T), X n- 7x, where jx{t) '■— exp{tX). 

The induced isomorphism H 7r2 (G/T) can be given explicitly: X 1— > Sx, if and only if there is a disc 
Dx in G which projects to Sx and has as boundary the curve 7x- 
The lemma below describes the dual of this isomorphism. 

Lemma 7.3.6. (a) For ^ G t*, the 2-form —dS} is the pullback of a closed 2-form rj^ on G/T, which 
satisfies 

ax) = - / 774, X e n. 

(b) The assignment t* 9 ^ i— )• [rj^] G H'^{G/T) is a linear isomorphism. 

(c) We have that ^ e t*''=s if and only tf A^°P[r](^] G H^°p{G/T) is not zero. 

Proof. Since —d£_^ is the pullback of uj^ via the map G G/G^ = O^, and since T C Gj, it follows that 
?7j is the pullback of lu^ via the projection G/T — > G/G^. The second claim in (a) follows using Stokes' 
theorem: 

~Is ''^^ Id '^^'"Z j\odl^^^_,)[^{t)^dt^£,{X). 

Since G/T is simply connected, we can apply the Hurewicz theorem to conclude that iJ2(G/T, Z) = 
'K2{G/T) = n. In particular, the second Betti number of G/T equals dim(t). So it suffices to show 
injectivity of the map ^ [77^]. For ^ G t*, with ^ 7^ 0, we can find X G 11 such that ^{X) 7^ 0. Then 
Isx ^ ^' thus 77^ is not exact. This proves (b). 

If ^ G then T = G^ and so 77^ = wj, which is symplectic. Therefore A'°p?7^ is a volume form, and 

so A*°P[r;^] ^ 0. On the other hand, if ^ ^ t*""^, then i C g^, thus dim(T) < dim(G5). Now, 77^ is the 
pullback of LU(^ via the map G/T — > G/G^, whose fibers have positive dimension. Therefore, the rank of 77^ 
is constant and strictly smaller than dim(G/T); hence A*°P77^ — 0. This finishes the proof of (c). □ 
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An element a £ Aut{Q,€) integrates to a Lie group isomorphism of G, denoted by the same symbol, 
which satisfies a{T) = T . Therefore it induces a diffeomorphism a of G/T. This diffeomorphism satisfies: 

Lemma 7.3.7. We have thata*{r}^) = V<7*{^)- 

Proof. Using that ^^(g)-! o a = cr o l^-i for g G G, the result follows from the computation below, for 
X e TgG: 

a*{S!){X) = adla(g)-^ o da{X)) - ^d'J ° dlg-^iX)) = a*iO\X). □ 

Every diffeomorphism of G/T induces an algebra automorphism of the cohomology ring H'{G/T; Z), 
and by Theorem 1.2 61 , the possible outcomes are covered by the maps a. For completeness, we include 
a proof for the action on H'^{G/T); this will be needed later on. 

Proposition 7.3.8. For every diffeomorphism ip : G/T G/T there exists a € Awi(g, t) such that a 
induces the same map on H'^{G/T) 

if* =a* : H^{G/T) — > H^(G/T). 

Proof. By part (b) of Lemma r7.3.61 there exists an automorphism / : t* — > t* such that f*{[r]^]) — [?7/(^)]- 
Since ip* preserves the classes [cj] e H^{G/T) with A*°p[w] = 0, Lemma [7.3.61 (c) implies that / preserves 
t"°s. Let X eU, and denote F e H the element satisfying ip^{Sx) = Sy e 7r2(G/T). By Lemma [7X^ 
(a), for all ^ e t*, we have that 

af*ix))^fiOix)^^[ vm) = -[ ^*ivi)^-[ Vi-m- 

Thus f*{X) = Y. This shows that ip^,{Sx) — '^'/•(x) for all X e 11. Since (p^ is an isomorphism of 
H2{G/T, Z), it follows that /* is an isomorphism of 11. By Corollarv 17.3.41 we conclude that / G Aut{^). 
By Lemma r7.3.5l there exists a E Aut{g, t) such that (T|*, = /, and so Lemma [7.3.71 implies the result. □ 

The following consequence will not be used in the proof of Theorem [5j 

Corollary 7.3.9. The map C '7c induces a homeomorphism between the space i*''°^ / Aut{^) and an open 
in the moduli space of all symplectic structures on G/T. 

Proof. First, Proposition 1 7 . 3 . 8l Lemma [7.3.71 and Lemma [7.3.51 implv that for ^1,^2 G t*'°s^ we have that 
Ty^j^ and 77^3 are symplectomorphic, if and only if ^1 = /(^2) for some / G Aut{^). Therefore the map 
C '-^ induces a bijection 

e : t*"'^/Aut{<^>) ^ 5/Difr(G/T), 

where S denotes the space of all symplectic forms on G/T that are symplectomorphic to one of the type 
77^, for ^ e t*rcg^ ^]-^g Moser argument implies that S is G°-open in the space of all symplectic forms. 
Next, we show that is a homeomorphism. Continuity of Q follows from that of the map ^ M- 77^ e 5. 
Hodge theory implies that taking cohomology is a continuous map S — > H^(G/T) and, composing with 
the isomorphism H'^{G/T) = t*, it follows that the induced map 5 — ^ t* is continuous. By Lemma [7.3.61 
(c), the image of this map is Therefore, the lift of to a map S — !• i*'^°^ / Aut{^) is continuous. 

Thus also is continuous, and so is a homeomorphism. □ 

7.4 Proof of part (6) of Theorem [5] 

In Poisson geometric terms, g*''°s is described as the regular part of (g*,7rg), i.e. the open consisting of 
leaves of maximal dimension. The regular part of §(0*) is S(0*)''°^ — n S(0*). Let c C t* be an open 
Weyl chamber and denote by §(c) := c n §(0*). From (|7.ip it follows that S(0*)''''s jg described by the 
diffeomorphism 

: G/T X §(c) ^ §(fl*)-s, ■^{[g],0 Ad^^^iO, 
and the symplectic leaves correspond to the slices {G/T x {^},77j), C ^ 
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Proof of part (h) of Theorem\^ Let cj) : (§(0*),/7r§) — > (§(0*),g7r§) be a Poisson diffeomorphism, where 
f,g are positive Casimirs. Now, the symplectic leaves of /tts and gir^ are also the coadjoint orbits O^, for 
^ G S(g*), but with symplectic structures l/f{(,)u}^, respectively l/g{^)uj^. In particular, they have the 
same regular part S(0*)''°s. So, after conjugating with ^, the Poisson diffeomorphism on the regular parts 
takes the form 

^-'o(bo^>: [G/T X §(c), **(/7rs)) ^ (G/T x §(c), **(57rs)), 

for a diffeomorphism 9 : §(c) §(c) and a symplectomorphism 

0« : (G/r,r/j//(^)) ^ (G/r,rye(^)/3(e(^))). 

By connectivity of §(c), the maps 0^ for ^ e §(c) are isotopic to each other. In particular, they induces the 
same map on H'^{G/T). By Proposition 17.3.81 this map is induced also by a diffeomorphism ct, for some 
a e A%it{Q,i). Lemma FfXTI implies the following equality in H^{G/T) for all ^ e §(c): 

Using Lemma [7.3.61 we obtain that ^//(C) = Since cr* preserves the norm, we get that 

/(^) = g{e{^)). This shows that ^ = o-*(6'(0)- So ct* preserves S(c) and on this space 9 = (cr"^)*. So 
/ o tT*(f) = f;(^) for all ^ S S(c). Since the regular leaves are dense in S(0*), they all hit §(c), and since 
both f o a* and g are Casimirs, it follows that f o a* — g. □ 



7.5 The space of Casimirs 

Theorem [S] implies that the map that associates to G £asim(§(g*), Trg) the Poisson structure e^Trg on 
S(g*) induces a parametrization of an open in the Poisson moduli space of §(g*) around Trg by the space 

e:osim(S(0*),7rs)/OMt(0). 

In this section we describe this space using classical invariant theory. 

Let P[q*\ and P[i*] denote the algebras of polynomials on g* and i* respectively. A classical result (see 
e.g. Theorem 7.3.5 [24j) states that the restriction map P[q*] — P[i*] induces an isomorphism between 
the algebras of invariants 

P[Q*f^P[i*]^. (7.4) 
A theorem of Schwarz, extends this result to the smooth setting 

C°°{Q*'f '^C°^[i*)^ . (7.5) 

To explain this, first recall that P[g*]'^ is generated by I := dim(t) algebraically independent homogeneous 
polynomials pi, . . . ,pi (Theorem 7.3.8 [22)- Hence by (|7.4I) . P[t*]'^ is generated by qi :— p^* , . . . ,qi :— 
Pi\i* ■ Consider the maps 

p = {pi,...,pi) : g* — > R', and q = {qi,...,qi) : i* — > R\ 

and denote by A := p{q*)- Since the inclusion t* C g* induces a bijection between the H^-orbits and the 
G-orbits, it follows that q{t*) = A. The theorem of Schwarz [65j applied to the action of G on g* and to 
the action of on i* , shows that the pullbacks by p and q give isomorphisms 

G°°ig*f '^C°°{A), G°°{i*)^ '^G°°{A). (7.6) 

In particular, we obtain (|7.5p . Schwarz's result asserts that p, respectively q, induce homeomorphisms 
between the orbit spaces and A 

gVG ^A = l*/W. (7.7) 
We can describe the orbit space also using an open Weyl chamber c C t*. 

Lemma 7.5.1. The map g : c — > A is a homeomorphism and restricts to a diffeomorphism between the 
interiors q : c — > int(A). 



157 



Chapter El 



Proof. It is well known that c intersects each orbit of W exactly once (see e.g. ^7\) and so, by (|7.7p . the 
map is a bijection. Since g : — >■ M' is proper, it follows that also q^^ is proper, and this implies the 
first part. We are left to check that q^^ is an immersion. Let V £ T^c be a nonzero vector. Consider x ^ 
smooth, compactly supported function on c satisfying dx^(V) ^ 0. Since the action gives a homeomorphism 
W X c = t*'°s, X ti^s a unique M^-invariant extension to t*, which is defined on wc by x = w*(x), and 
extended by zero on t*\t*''°s. Then, by (|7.6p . x is of the form x = hoq, for some h e C°°(A). Differentiating 
in the direction of V , we obtain that d^q{V) ^ 0, and this finishes the proof. □ 

The polynomials pi, . . . ,pi are not unique; a necessary and sufficient condition for a set of homogeneous 
polynomials to be such a generating system is that their image in I/P forms a basis, where / C P[g*]'^ 
denotes the ideal of polynomials vanishing at 0. Since is Out(g) invariant, it is easy to see that we can 
choose pi, . ■ ■ ,pi such that pi{£,) = and the linear span of p2, ■ ■ ■ ,Pi is Out{g) invariant. This choice 
endows with a linear action of Out(g) for which p is Aut{Q) equivariant. Moreover, the action is trivial 
on the first component and {0} x R'~^ is an invariant subspace. The isomorphism Aut{^)/W = Out{g) 
from Lemma lY . 3 . 51 shows that also q is equivariant with respect to the actions of Aut{^) and Out{g). Thus 
we have isomorphisms between the spaces 

C°^{Q*f/Aut{Q) - C^{i*)'^/Aut{^) = C°^{A)/Out{Q). 

Notice that every Casimir / on §(g*) can be extended to a G- invariant smooth function on g*, therefore 

e:asim(§(0*),^s) = C°°(0*)fl(g.). 

Since pi{^) = l^p, it follows that p(S(0*)) = ({1} x R'-i) n A. Denote 

p' ■.^{P2,...,pi):g* ^M.'-' and A' := p' {§{g*))- 

We have that C°°(A') = C°°(A)|{i}xA'- By Lemma [7.5.11 we have that q' '■— p'\g(^i*^ is a homeomorphism 
between §(c) = A', which restricts to a diffeomorphism between S(c) = int(A'). This shows that A' = B, 
where i? is a bounded open, diffeomorphic to an open ball. 

With these, we have the following description of the Casimirs. 

Corollary 7.5.2. The polynomial map p' ■ Q* M'^^ is equivariant with respect to the actions of Aut{Q) 
and Out{g), and q' := p'^* is equivariant with respect to the actions of Aut{^) and Out{Q). These maps 
induce isomorphisms between the spaces 

G:a5im(S(0*),7rs)/Owt(0) ^ C°°(§(t*))^/Out(0) ^ C°"{A')/Out{Q), 

and Out{g)- equivariant homeomorphisms between the spaces 

S{g*)/G'^S{t*)/W ^ A'. 



7.6 The case of 5u(3). 

In this section, we describe our result for the Lie algebra = su(3), whose 1-connected Lie group is 
G = SU(3). Recall that 

su(3) = {A e M3(C)|yl + A* = 0, tr{A) = 0}, 

SU(3) = {U e M3{C)\UU* = I, det{U) = 1}. 

We use the invariant inner product given by the negative of the trace form {A, B) :— —tr(AB). Let t be 
the space of diagonal matrices in su(3) 

i := < D(ixi, 1X2, 1x3) ■— ( 1x2 | Xj G M, xj — 0> . 
[ V ix3 / j J 

The corresponding maximal torus is 

T := {Die'^\e''^\e''^') | 9^ G M, ]Je"^^ = 1}. 

j 
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The Weyl group is W = ^s. It acts on t as follows 

aD{ixi,ix2,ixs) = D{ix„(^i),ix„(^2),ix„(^3)), a G Ss- 

The Dynkin diagram of su(3) is A2 (a graph with one edge), so its symmetry group is Z2. A generator of 
Out{su{3)) is complex conjugation 

7 e Aut{su{3),i), j{A) = A. 

On t, 7 acts by multiplication with —1. 

Under the identification of t = I* given by the inner product, the invariant polynomials P[t]'^^ are 
generated by the symmetric polynomials 

qi{D{ixi,ix2,ix3)) = xf + xl + X3, q2{D{ixi, 1x2,1x3)) = V6{xl + x^ +xl). 

Identifying also su(3) = su*(3), qi and (72 arc the restriction to t of the invariant polynomials pi, P2 S 
P[su* (3)]SU(3) (which generate P[su*(3)]SU(3)) 

Pi{A) = -triA"), p2{A)=iV6tr{A^). 
Clearly p2 o 7 = —P2- The inner product on i is 

(D [1x1,1x2,1x3), D{ix[,ix'2,ix'^)) — xix'i + X2x'2 + 2^3X3, 
and we have that S(i*) = §(t) is a circle, isometrically parameterized by 

A{e) := (i, -i, 0) + (z, z, -2i) , € [0, 2n]. 

In polar coordinates on t, the polynomials qi and q2 become 

qi{rA{0)) = r^ q2{rA{e)) = r^sin{3e). 

This implies that the space A is given by 

A = {{r^,r^sin{39))\r > 0, 6* G [0, 27r]} = {{x, y) G U^\x^ > y'^}. 

The map q := {qi, q2) : t R"^ , restricted to the open Weyl chamber 

c := {rA{e)\r > 0, 9 G (-7r/6,7r/6)}, 

is a difFeomorphisin onto int(A). The linear action of Z2 = Out{su{3)) on R^. for which q is equivariant, 
is multiplication by —1 on the second component. Therefore q' := q2 is a Z2 -equivariant homeomorphism 

between 

q' : §(c) = {Aie)\0 e [-77/6,77/6]} ^ A' := [-1,1], 

which restricts to a diffeomorphism between the interiors. 

We conclude that the Poisson moduli space of the 7-dimensional sphere S(su(3)*) is parameterized 
around TTg by the space 

C-([-l,l])/Z2, 
where Z2 acts on C°°([— 1, 1]) by the involution 

i{f)ix) = fi-x), /eC7°°([-i,i]). 
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The Tame Vanishing Lemma, and 
Rigidity of Foliations, an unpublished 
paper of Richard S. Hamilton 

In the first part of this appendix we prove the Tame Vanishing Lemma, an existence result for tame 
homotopy operators on the complex computing Lie algebroid cohomology with coefficients. We have used 
this result in chapter [5] for the Poisson complex. In the second part we revisit a theorem of Richard 
S. Hamilton |39] on rigidity of foliations, and we show that the Tame Vanishing Lemma implies "tame 
infinitesimal rigidity", which is a crucial step in the proof of this result. 

A.l The Tame Vanishing Lemma 
A. 1.1 The weak C°°-topology 

The compact-open C'^-topology, defined in section [Ol can be generated by a family of semi-norms, and 
we recall here a construction of such semi-norms, generalizing the construction from section 16.31 These 
semi-norms will be used to express the tameness property of the homotopy operators. 

Let W ^ M he a, vector bundle. Consider U :— {Ui}i^i a locally finite open cover of M by relatively 
compact domains of coordinate charts {xi '■ Ui M™}ig/ and choose trivializations for W\(j.. Let 
O :— {Oi}i^i be a second open cover, with Oi compact and Oi C Ui. A section a E r(W^) can be 
represented in these charts by a family of smooth functions {ai : M™ — M'^jig/, where k is the rank of 
W. For U C M, an open set with compact closure, we have that U intersects only a finite number of the 
coordinate charts Ui. Denote the set of such indexes by lu C /. Define the n-th norm oi a on U by 

lkll„,F-sup||^^(a;)| : |a| <n, xEX:{UnO,), i G /[/j . 

For a fixed n, the family of semi- norms || • ||„ y-, with U a relatively compact open in M, generate the 
compact-open C"-topology on r(M^) discussed in section ISTTl The union of all these topologies, for 
n > 0, is called the weak C°°-topology on r(iy). Observe that the semi-norms {|| • |l„77}ii>o induce 
norms on T{W^jj). 

A. 1.2 The statement of the Tame Vanishing Lemma 

We use the notations from subsection 12. 3. 21 Lie algebroid cohomology with coefficients. The main result of 
the appendix is: 

Tame Vanishing Lemma. Let Q ^ M he a Hausdorff Lie groupoid with Lie algebroid A and let V be a 

representation of Q. If the s-fibers of G are compact and their de Rham cohomology vanishes in degree p, 
then 

HP{A,V):^0. 
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Moreover, there exist linear homotopy operators 

dyhi + h2dy — Id, 

which satisfy 

(1) invariant locality: for every orbit O of A, they induce linear maps 

n'^-\A\o,V\o) ^ n''{A\o,V\o) nP+\A\o,V\o), 
such that for all uj e nP{A,V), r/ e nP+'^{A, V), we have that 

hi,o{^\o) = {hii^)\o, h2^o{v\o) = {h2V)\o, 

(2) tameness: for every invariant open U d M, with U compact, there are constants Cn,u > 0; such that 

for all uj e nP{A^jj, V^jj) and rj G nP+^{A^jj, V^jj), where 

s = [^rank{A)\ + 1. 

We also note the following consequences of the proof: 

Corollary A. 1.1. The constants Cn.u can be chosen such that they are uniform over all invariant open 
subsets of U . More precisely: if V d U is a second invariant open, then one can choose Cn.v ■— Cn,u > 
assuming that the norms on U and V are computed using the same charts and trivializations. 

Corollary A. 1.2. The homotopy operators preserve the order of vanishing around orbits. More precisely: 
if O is an orbit of A and a; € ^^[A, V) is a form such that J^qOJ = 0, then ji^Qhi{uj) = 0; and similarly for 

/l2- 

A. 1.3 The de Rham complex of a fiber bundle 

To prove the Tame Vanishing Lemma, we first construct tame homotopy operators for the foliated de 
Rham complex of a fiber bundle. For this, we use a result on the family of inverses of elliptic operators 
(Proposition I A. 1 ."6|) . which we prove at the end of the section. 

Let TT : B M he a locally trivial fiber bundle whose fibers Bx ■— tt^^{x) are diffeomorphic to a 
compact, connected manifold F and let V ^ M he a vector bundle. The space of vertical vectors on B will 
be denoted by T'^B and the space of foliated forms with values in tt*{V) by ft* {T'^ B , tt* (V)) . An element 
UJ £ n* {T'^ B , n* (V)) is a smooth family of forms on the fibers of tt with values in V 

w = {uJxjxeM, e VL'{Bx,Vx). 

The fiberwise exterior derivative induces the differential 

d (g) /y : n'iT^'B, n*{V)) — > Vl'+^iT^B, ti*{V)), 

d®Iv{ijj)x {d® Iv^){ujx), xeM. 

We construct the homotopy operators using Hodge theory. Let m be a metric on T'^B, or equivalently a 
smooth family of Riemannian metrics {mx}x£M on the fibers of tt. Integration against the volume density 
gives an inner product on D,*(Bx) 

{r,,e):^ [ mx{rj,9)\dVolimx)l rj,een^Bx). 
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Let Sx denote the formal adjoint of d with respect to this inner product 

i.e. 6x is the unique hnear first order differential operator satisfying 

0) = if], SxO), V r, e n'{Bx), G n'+^Bx). 
The Laplace-Beltrami operator associated to rux will be denoted by 

A, : n'{Bx) n'{Bx), Ax d6x + Sxd. 
Both these operators induce linear differential operators on il'{T'^B,TT*{V)) 

S®Iv: n'+\T^ B, t:* (V)) ^n'{T^B, 7r*{V)), 5 ® Iv{u:)x := (4®/vJ(wx), 

A®/y : n'{T^B,TT*{V))~^n'{T''B,Tr*{V)), A<»Iv{uj)x := (A,®/vJK). 

By the Hodge theorem (see e.g. [71]), if the fiber F oi B has vanishing de Rham cohomology in degree 
p, then Ax is invertible in degree p. 

Lemma A. 1.3. If HP{F) — then the following hold: 

(a) A® Iv is invertible in degree p and its inverse is given by 

G®Iv: ^^{T''B,TT*{V)) nP{T''B,TT*{V)), 
iG®Iv)iuj)x ■.= {A-^ ®Iv^){ujx), xeM; 

(b) the maps Hi {5 ® ly) o {G ® ly) and H2 (G (g) ly) o {S (g> ly) 

nP-^T^'B, Tr*{V)) ^ nP{T''B,TT*{V)) ^ nP+^ {T'' B , n* {V)) 
are linear homotopy operators in degree p; 

(c) Hi and H2 satisfy the following local-tameness property: for every relatively compact open U C Af, 
there are constants Gn,u > such that 

||i?iWII„,B,^ < Cn,uh\Us,B,^, V e nP{T-B^jj,TT*iV^jj)), 

\\H2iu)\\„,B,- < C„,c/||^|l„+.,e,-, V ^ e nP+\T^B^jj,7:*{V^jj)). 
where s = [idim(i^)J + 1. 

Moreover, if V d U , then one can take Gny '■— Cn.u- 

Proof. In a trivialization chart the operator A (g) is given by a smooth family of Laplace-Beltrami 
operators: 

A^ : nP{F)'' — > 

where k is the rank of V. These operators are elliptic and invertible, therefore, by Proposition IA.1.6[ 
A^^{ujx) is smooth in x, for every smooth family ujx G ft^{F)''. This shows that G (E) ly maps smooth 
forms to smooth forms. Clearly G ® ly is the inverse oi A® ly, so we have proven (a). 

For part (c), let U C M be a relatively compact open. Applying part (2) of Proposition IA.1.61 to a 
family of coordinate charts which cover U, we find constants Dn.u such that 

\\G®Iyiv)\\n,B,^<D„,uMn+s~l.B,-, V 7? G (T^^, TT* ( V^^) ) . 

Moreover, the constants may be assumed to be decreasing in U. Since Hi and H2 are defined as the 
composition oi G (E) ly with a linear differential operator of degree one, it follows that we can also find 
constants Gn,u such that the inequalities form (c) are satisfied, and which are also decreasing in U. 
For part (b), using that — 0, we obtain that A^. commutes with d6x 

AxdSx = {dSx + Sxd)dSx — dSxdSx + Sxd^Sx = dSxdSx, 
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dSx^x = dSx{dSx + Sxd) = dSxdSx + dS'^d = dSxdSx- 

This implies that A(8)/y commutes with (c?(g)/y)((5(8)/y), and thus G®Iv commutes with {d® Iv){5 ® ly) ■ 
Using this, we obtain that Hi and H2 are homotopy operators 

/ =(G(8)/y)(A(^/y) = {G ® Iv){{d ® Iv){5 ® Iv) + {5®Iv){d®Iv)) = 
= {d®Iv){5®Iv){G®Iv) + {G®Iv){5®Iv){d®Iv) = 
= {d® Iv)Hi + H2{d® Iv). 

□ 



A. 1.4 Proof of the Tame Vanishing Lemma 

Let Q ^ M he as in the statement. By passing to the connected components of the identities in the 
s- fibers (see subsection 12.2. 4p . we may assume that Q is s-connected. Then s : Q ^ M \s a. locahy trivial 
fiber bundle, so we can apply Lemma FA. 1.31 to the complex of s-foliated forms with coefficients in s*{V) 

{n'{T'g,s*{v)),d®iv)- 

Recall from subsection 12.3.21 that the Q invariant part of this complex is isomorphic to the complex 
computing the Lie algebroid cohomology of A with coefficients in V . Moreover, we obtained an explicit 
isomorphism (12.51) 

J : {n'{A,v),dv) ^ in'{T'g,s*{v)f,d®iv), (a.i) 

and a left inverse of J, defined in (j2.6p . was denoted by P. 

Let (•, •) be an inner product on A. Using right translations, we extend (•, •) to an invariant metric m 
on T^g-. 

m{X,Y)g {drg-iX,drg-iY)tig^, V X, F G T^Q. 
Invariance of m implies that the right translation by an arrow 17 : x — ?> ?/ is an isometry between the s-fibers 

rg ■■ {Qy.my) — > [Qx.mx). 

The corresponding operators from subsection I A . 1 . 31 are also invariant. 

Lemma A. 1.4. The operators S (® ly , A <S) ly, Hi and H2, corresponding to m, send invariant forms to 
invariant forms. 

Proof. Since right translations are isometrics and the operators 5z are invariant under isometrics we have 
that r* o 5x = o r*, for all arrows g : x y. 
For T] e n'iT^g, s*{V)f we have that 

{r;®g)i6®Iviri))ig^ = K°4®g)(?7|eJ = (^y ° '^^ ® 5)(??|eJ = 

= i^v ® IvJ{r; ® g)irj\gj = {6y ® ly J iv\gj = (S ® Iy)iv)\g^- 

This shows that 5®Iy{ff) e V^iT^g, s*{V)f. The other operators are constructed in terms oi 5® ly and 
d ® ly, thus they also preserve fi*(T^^, s*{V)f. □ 

This lemma and the isomorphism (lA.ip imply that the maps 

np^^{A,v) ^ np{A,v) ^ ^p+^{A, V), 

hi:= PoHio J, h2:= P0H20 J, 

are linear homotopy operators for the Lie algebroid complex in degree p. 

For part (1) of the Tame Vanishing Lemma, let uj e flP{A,V) and O C Af an orbit of A. Since G 
is s-connected we have that s^^(O) — t^^{0) — Q^q- Clearly J(w)|^-i(o) depends only on oj^q- By the 
construction of Hi, for all a; e O, we have that 

hi{uj)x = Hi{J{uj))i^ = {Sx o A-^ ® IyJ{.J{uj)\,-^x))u- 

Thus /ii(a;)|o depends only on uj\o- The same argument applies also to 
Before checking part (2), we give a simple lemma: 
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Lemma A. 1.5. Consider a vector bundle map A : Fi ^ F2 between vector bundles Fi — >■ Mi and 
F2 — > M2, covering a map f : Mi Af2- If A is fiberwise invertible and f is proper, then the pullback 
map 

A* : r(F2) T{Fi), A{a)^ := A'^a^^^^) 

satisfies the following tameness inequalities: for every open U C M2, with U compact, there are constants 
Cn.u > such that 

P*MII„,7-TM < Cn,uMn,u, V a G TiF.^jj). 

Moreover: 

(a) if U' C U is open, and one uses the same charts when computing the norms, then one can choose 

(b) if N C M2 is a submanifold and a G r(i^2) satisfies j^j^ (a) — 0, then its pullback satisfies j^^-i^j^'^{A* [a)) = 
0. 

Proof. Since A is fiberwise invertible, we can assume that Fi = f*(F2) and A* = /*. By choosing a 
vector bundle F' such that F2 ffi F' is trivial, we reduce the problem to the case when F2 is the trivial 
line bundle. So, we have to check th at /* : C°°{M2) C°°(Mi) has the desired properties. But this is 
straightforward: we just cover both f~^{U) and U by charts, and apply the chain rule. The constants 
Cn.u are the C"-norm of / over f~^{U), and therefore are getting smaller if U gets smaller. This implies 
(a). For part (b), just observe that = implies j^(a- o /) = 0. □ 

Note that the maps J and P are induced by maps satisfying the conditions of the lemma (see the 
explicit formulas (j2.5p and p.GI) '). 

Part (2) of the Tame Vanishing Lemma follows by Lemma FA. 1.31 fc) and by applying Lemma [A. 1.51 to 
J and P. Corollarv I A. 1 . 1 1 follows from Lemma [A. 1.51 (a) and Lemma [A. 1.31 (c). To prove Corollarv lA.1.21 
consider w a form with j|Qi^ = 0, for O an orbit. Then, by Lemma [A. 1.51 fb). it follows that J(w) vanishes 
up to order k along t^^{0) — Q\o- By construction, we have that Hi is C°°{M) linear, therefore also 
Hi{J{uj)) vanishes up to order k along Q\o', and again by Lemma [ST|5](b) = P{Hi{J{lu))) vanishes 

along O up to order k. 

A. 1.5 The inverse of a family of elliptic operators 

This subsection is devoted to proving the following result: 

Proposition A. 1.6. Consider a smooth family of linear differential operators between the vector bundles 
V and W over a compact base F 

p^:r{v) — ^r(w^), .tgm™. 

If Px is elliptic of degree d > 1 and invertible for all x G M™, then 

(1) the family of inverses {Qx '■= P^^}x£M"^ induces a linear operator 

Q : r{p*{W)) r{p*{V)), {LJxjxm'^ ^ {Qx^xjxm'-, 
where p*{V) := F x R™ ^ x M™ and p*iW) -.^ W x R"' ^ F x M™; 

(2) Q is locally tame, in the sense that for all bounded opens U C K™, there exist constants Cn,u > 0, 
such that the following inequalities hold 

\\Q{^)\\n,F.U < t^n,t/|l^ll„+s-l,FxF. G ^p* (W) , 

with s — [^dim(F)J + 1. If U' C U, then one can take Cn,u' '■— Cn,u- 
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Fixing C^-norms \\ ■ ||„ on T{V), we induce semi-norms on r{p*{V)): 

II II II ^'"'^^11 

\M\n,FxU-^ sup SUpll— — life, 
0</c+|Q|<n 2;e!7 

where w S r(p*(y)) is regarded as a smooth family uj — {lUx e T{V)}xeWL"^- Similarly, fixing norms on 
r(M^), we define also norms on r{p*{W)). 

Endow T{V) and r(M^) also with Sobolev norms, denoted by {| • |„}„>o- Loosely speaking, |a;|„, 
measures the L^-norm of to and its partial derivatives up to order n (for a precise definition, see e.g. |32j). 
Denote by i?„(r(F)) and by Hn{T{W)) the completion oiT{V), respectively of r(W^), with respect to the 
Sobolev norm | • |„. 

We will use the standard inequalities between the Sobolev norms and the C"-norms that follow from 
the Sobolev embedding theorem 

ll'^lln ^ Cnl^^ln+si l^^ln ^ C„||c.||„, (A.2) 

for all UJ G r(V) (resp. T{W)), where s = [idim(F)J + 1 and C„ > 0. 

Since Px is of order d, it induces continuous linear maps between the Sobolev spaces, denoted by 

[PccU ■■ Hn+d(T{V)) Hn(T{W)). 

These maps are invertible. 
Lemma A. 1.7. If an elliptic differential operator of degree d 

P : T{V) — > r{W) 
is invertible, then for every n > the induced map 

[P]„ : Hr,+d{r{V)) Hr,{r{w)) 
is also invertible and its inverse is induced by the inverse of P. 

Proof. Since P is elliptic, it is invertible modulo smoothing operators (see Lemma 1.3.5 in |32]^. i.e. there 
exists a pseudo-differential operator 

* : r{W) — > T{V), 

of degree —d such that "ifP — Id = i^i and P'^ — Id = K2, where Ki and K2 are smoothing operators. 
Therefore, ^ induces continuous maps 

[*]„ : H^inW)) Hr,+d(T(y)), 

and Ki and K2 induce continuous maps 

[KiU ■■ Hnir{v)) — > r(y), [K2U ■■ Hn(T{w)) riw). 

Now we show that [P]n is a bijection: 

injective: For r] G i?„+d(r(F)), with [P]nV = 0, we have that 

77 = (Id - mn[P]n)V = -[Kl]nV ^ ^V), 

hence [P]nil — Pv- By injectivity of P, we have that 77 = 0. 
surjective: For 9 E Hn{r{W)), we have that 

{[PUmn-ld)9=[K2]ne eTiW). 

Since P is onto, [K2]nS = Prj for some e T{V). We obtain that 9 is in the range of [P]n- 

d^ipumno-v)- 

The inverse of a bounded operator between Banach spaces is bounded, therefore [P]^^ is continuous. 
Since on smooth sections [P]^^ coincides with P^^, and since the space of smooth sections is dense in all 
Sobolev spaces, it follows that P^^ induces a continuous map Hn(r{W)) — > Hn+d(r{V)), and that that 
map is [P]^"^. □ 
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For two Banach spaces Bi and B2 denote by Lin{Bi, B2) the Banach space of boimded Hncar maps 
between them and by Iso{Bi, B2) the open subset consisting of invertible maps. The following proves that 
the family [Px]n is smooth. 

Lemma A. 1.8. Let {PxyxeR™- be a smooth family of linear differential operators of order d between the 
sections of vector bundles V and W, both over a compact manifold F. Then the map induced by P from 
M"* to the space of bounded linear operators between the Sobolev spaces 

R'^Bx^ [Px]n e Lin{Hr,+d{T{V)),Hn{T{W))) 

is smooth and its derivatives are induced by the derivatives of Px ■ 

Proof. Linear differential operators of degree d from 1/ to W are sections of the vector bundle Hom{J'''{V); W) 
J'^{V)* W, where J'^{V) F is the d-th jet bundle of V. Therefore, P can be viewed as a smooth 
section of the puUback bundle 

p*{Hom{J'^{V);W)) := Homi J'^{V);W) x -S^ F x M™. 

Since F is compact, by choosing a partition of unity on F with supports inside opens on which V and 
W trivialize, one can write any section of p* {Hom{J'''{V);W)) as a linear combination of sections of 
Hom{J'^(V): W) with coefficients in C°°(M"* x F). Hence, there are constant differential operators and 

fi G C°°(M'" x F), such that 

Px = ^fiix)Pi. 

So it suffices to prove that for / e C°°(M'" x F), multiplication with f{x) induces a smooth map 

ffi" 9 X ^ [/(a;)Id]„ e Lin{HniT{W)),Hr,{T{W))). 

First, it is easy to see that for any smooth function g E C^{R™ x F) and every compact K C R™, there are 
constants Cn{g,K) such that \g{x)a\n < Cn{g,K)\a\n for all x & K and a G Hn{r{W)); or equivalently 
that the operator norm satisfies |[g(.T)Id]„|op < Cn{g,K), for x G K. 

Consider / e C°"(K™ x F), and x € K™ and is a closed ball centered at x. Using the Taylor 
expansion of / at x, write 

m 

/(x)-/(x)=^(a;.-x.)Tl(x), 

i=l 

fix) - f{x) - ^{Xi - Xi) — {x) = J2 (^i- - ^j)^J^(^)' 

i=l * '^^i^j^f^n 

where T±, tI'^' g C~(R'" x F). Thus, for all xeK,we have that 

\[f{x)ld]n-[f{x)ld]n\op<\x-x\ ^ Cn{Ti,K), 

l<2<m 

\[f{x)Id]n - [f{x)IdU-J2iXi - Xi)[-^{x)Id]n\op < 

i=l ' 

<\x-x\' J2 Cn{Ti\K). 

The first inequality implies that the map x ^ [/(x)Id]„ is C° and the second that it is C^, with partial 
derivatives given by 

A[/Idl„ = [|iHl.. 

The statement follows now inductively. □ 
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Proof of Proposition IA.1.61 

By Lemma lA.1.71 Qx = induces continuous operators 

[Qx]n ■■ H^{T(W)) Hn+dinV)). 
We claim that the foUowing map is smooth 

9 a; ^ [QJ„ G Lin{H„{r{W)), H„+d{T{V))). 
This foUows by Lemma IA.1.71 and Lemma IA.1.81 since we can write 

[Qx]n — [Px ]n — [Px]n ~ ^{[Px]n)j 

where t is the (smooth) inversion map 

L : IsoiHr,+4r{V)),Hr,{T{W))) Iso{Hr,{T{W)),Hn+d{r{V))). 
Let u! — {wx}x6R™ G r(p*(Vl^)). By our claim it follows that 

[Qx^^T]n+d e Hn+d(r{v)) 

is a smooth map. On the other hand, the Sobolev inequalities (jA.2|) show that the inclusion r{V) r"(F), 
where r"(V') is the space of sections of V of class C" (endowed with the norm || • ||„), extends to a continuous 
map 

i?„+,(r(T/)) r«(y). 

Since also evaluation evp : r"(V^) Vp at p € F is continuous, it follows that the map x i— Qx^^xip) € Vp 
is smooth. This is enough to conclude smoothness of the family {QxL^x}x<^M.■^^ so Q(w) S T{p*{V)). This 
finishes the proof of the first part. 

For the second part, let U C K.™ be an open with U compact. Since the map x i— > [Qx]n is smooth, it 
follows that the numbers are finite: 

Dn,m,U S.n-p sup \-^[Qx]n\op, (A.3) 
xi^U \a\<m ClX 

where | • \op denotes the operator norm. Let uj = {'^xl^gfj be an element of T{p*{W)^p^jj). By Lemma 
lA.l.Si also the map x [uJx]n G Hn{T{W)) is smooth and that for all multi-indices 7 

gh\ ghl 

Let k and a be such that \a\ + k < n. Using (jA.2p . (jA.3[) we obtain 

\\-g^iQxi^x)\\k < \\-g^iQxi^x)\\k + d-l < Ck + d-l\-g^iQxU}x)\k + S + d-l £ 



gW ^ g\-f\ 



<Ck+d-i ( ^)l7^:;^^^7):;7''"l^+^+'*-i - 

gh\ 



/3+7=Q ^'^ 



<Ck+d-l 2^ \Dk+s-lM,u\^^^\k+s^l< 
< Ck+d-lCk+s-1 2^ \g jDk+s-l,\P\,u\\-Q-T^^x\\k+s-l 



< Cn,u\H\„+s-l,FxU- 

This proves the second part: 

\\Qi^)\\n,FxU ^ C!nMM\n+s-UFxU- 

The constants Dn,m,u are clearly decreasing in U, hence for [/' C [/ we also have that Cn.v ^ Cn,u- This 
finishes the proof of Proposition IA.1.61 
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A. 2 Rigidity of foliations, an unpublished paper of Richard S. 
Hamilton 

In this section we revisit an unpublished paper of Hamilton [35] on rigidity of foliations. The novelty 
in our approach compared to Hamilton's lies in the use of Lie groupoids and Lie algebroids, and the 
only point where we deviate from his proof is in the construction of the tame homotopy operators for 
the deformation complex of the foliation. This complex computes the Lie algebroid cohomology of the 
foliation with coefficients in the Bott representation, and therefore, the Tame Vanishing Lemma provides 
such operators. Besides this, we briefly rewrite the content of ^3^ . 

A. 2.1 The statement of Hamilton's rigidity theorem 

Let M be a compact connected manifold and let T he a, foliation on M. The foliation is called Hausdorff 
if the quotient topology on the space of leaves M /F is Hausdorff. This condition has some strong conse- 
quences, it implies that M has a generic compact leaf L such that all the leaves in an saturated dense open 
of M are diffeomorphic to i, and such that L is a finite covering space of any other leaf (see the proof of 
Lemma E. 2. 61) . 

We recall now the main result from ^U] (see also [5^ for a similar result on C'^-foliations). 

Theorem A. 2.1 (Global Reeb-Thurston Stability Theorem). Let M be a compact manifold and let T he 
a Hausdorff foliation on M. If the generic leaf L satisfies H^{L) = 0, then the foliation J- is -rigid. 

The rigidity property is similar to the rigidity of Poisson structures presented in Definition 16.1.11 we 
will state this conclusion in more detail in Theorem lA. 2. 51 

Principal S^-bundles 

To motivate a bit the condition H^{L) = 0, let us look at the foliation T given by the fibers of a compact 
principal S^-bundle M ^ N. This foliation is Hausdorff, since its leaf space is N. We claim that, unless 
is a point, is not rigid. For this, let 

• ^ be the infinitesimal generator of the S^-action, 

• A be a vector field on N with at least one noncompact flow line, 

• A be a lift of A to M. 

Denote by J^e the foliation given by the flow lines of ^ + eX. Then J^o — but for e ^ 0, J^e is not 
diffeomorphic to J- since it has at least one noncompact leaf. So J- is not rigid. 

A. 2. 2 The Inverse Function Theorem of Nash and Moser 

The proof of Theorem I A . 2 . 1 1 uses the Nash-Moser Inverse Function Theorem developed by Hamilton |37) . 
In this subsection we explain this result. 

Tame EVechet manifolds 

First, we recall some terminology developed in |37) . 

• A Frechet space F endowed with an increasing family of norms {|| • ||„}n>o generating its topology is 
called a graded Prechet space. 

• A family {St : F ^"}t>i of linear operators are called smoothing operators of degree d, if there 
exist constants Cn,m > such that for all n,m> and a E F the following inequalities hold: 

ll'5'tO'lln+m < t"''^'^Cn^m\\o'\\n, ll'S'tC — Cr||„ < t"^ '"Cn,m\\l^\\n+m- 

• A graded Frechet space that admits smoothing operators is called a tame Frechet space. 

Let (F, {II • ||„}„>o) and {E,{\\ ■ ||„}„>o) be two graded Frechet spaces. 

• A liner map 

A: F — > E, 
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is called tame linear of degree r and base b if it satisfies 

\\A(j\\n < C„||a||„+^, y (jeF, 
for all n> h, with constants C„ > depending only on n. 

• A continuous map P : U E, where [/ C is an open set, is called tame of degree r and base b, if 
each point in U has an open neighborhood V C U on which the following estimates hold: 

||P(<T)||„<C„(l + ||a||„+,), yaeV, 
for all n > 6 and with constants C„ > depending only on V and n. 

• P is called smooth tame, if P is smooth and all its higher derivatives are tame. We denote the 
differential of P by 

DP -.U X F — > E, D^Pv := lim - (Pia + tv) - P(a)) . 

t^Q t 

The higher derivatives of P are the symmetric maps 

D'P ■.UxFx...xF — > E, 

Ql 

DlP{vi, ...,vi}:^ — —P{a + tn-i + . . . + i/t;;)|ti=...=t,=o- 

• A tame Frechet manifold is a Hausdorff topological space endowed with an atlas with values in graded 
Frechet spaces, for which the transition functions are smooth tame maps. 

• A smooth tame map between two tame Frechet manifolds is a continuous map which is smooth tame 
in every coordinate chart. 

• A tame Frechet vector bundle consists of a smooth tame map between tame Frechet manifolds 

P:V — >M, 

such that the fibers of P are endowed with the structure of tame Frechet spaces and there are (smooth 
tame) local charts on V of the form 

Uv^FxUm, 

where Um is a chart on A^, is a tame Frechet vector space, P\Uv is the second projection, and the tame 
Frechet space structure on the fibers of P is that of F. 

Examples of tame manifolds 

The reference for the examples below is again [37j . 

The main example of a tame Frechet space is the space of section of a vector bundle V M, 

{nV),{\\-\\n}n>0), 

where Af is a compact manifold and the norms || • ||„ are C"-norms (see subsection lA. 1 . 
If is a second vector bundle over M, and 

P : r{V) — > T(W) 

is a linear differential operator of degree d, then P is a tame linear map of degree d and base 0. More 
generally, let P be a nonlinear differential operator of degree d, i.e. P is of the form 

P:T{V)^T{W), P(a)=p4/(a)), V a G r(\^), 

where p is a smooth bundle map from the d-th jet bundle 

p : J'^iV) — > W. 

Then P is a smooth tame map of degree d and base 0. 
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The main example of a tame Frechet manifold is the space of section T{B) of a fiber bundle b : B ^ M 
over a compact manifold M. The topology on r{B) is the weak C°°-topology described in subsection 
IA.1.11 which, by compactness of A/, coincides with the strong C°°-topology. 

The tangent space at G r(i3) is 

T^T{B) = T{a*{T''B)), 

where T'^B C TB is the kernel of db. The tangent bundle of r{B) is 

Tr{B) ^ r{T''B M) T{B). 

The space of vector fields on V{B) is X{T{B)) = T{T^B). 
To construct a chart around a E r(_B), let 

* : (j*{T^B) ^ B 

be a tubular neighborhood of a{M) in _B along the fibers of b (i.e. 4* is a bundle map). Then a chart 
around a is given by 

: T{a*{T''B)) — > T{B). 

Let 61 : -Bi — ^ M, 62 : -B2 — J' A^ be two fiber bundles. A bundle map p : Bi ^ B2 induces a smooth 
tame map between the Frechet manifolds : r(_Bi) — >■ r(i?2). The differential of is simply 

^dpove T{{p o a)*(r^^B2)), 

where a € r(Bi) and w e r(cr*(r''iBi)) = T<,r(Bi). More generally, a bundle map p : J'^{Bi) ^ B2 
induces a nonlinear differential operator 

P : r(i?i) ^ r(B2), - 

Then P is a smooth tame map. 

The space of functions C°°{M, N), for M compact, is a tame Frechet manifold. This can be easily seen 
by identifying 

C°°(M, N) = T{M X N ^ M). 
In particular, the group of diffeomorphisms of a compact manifold M 

Diff(A/) C C°°{M,M) 

is a C^-open. In fact, it is a tame Lie group, in the sense that all structure maps are tame and smooth. 
The Lie algebra of this group is 

(X(Af), [.,•], {II • ||„}„>o), 

and the exponential map is the map that sends a vector field to its time 1 fiow. As opposed to finite 
dimensional Lie groups, the exponential is not a local diffeomorphism (its range is not a neighborhood of 
the identity [37] )• This is related to the failure of the standard inverse function theorem in the case of tame 
Frechet manifolds. Nevertheless, a version of it exists and will be explained in the following subsection. 

The Inverse Fiinction Theorem of Nash and Moser 

Hamilton has several versions of the inverse function theorem for tame Frechet manifolds ^TJ [351 [SH] • Here 
we state the version needed for Theorem lA. 2. 1[ which is more of an implicit function theorem. 

Consider V Ai a tame Frechet vector bundle over a tame Frechet manifold and Q : Ai V a. section 
of V. We are interested in the problem of locally parameterizing the zeros of Q. Identifying A4 with the 
zero section 

we have a canonical isomorphism 

If CT is a zero of Q, then the differential of Q takes the following form 

D^Q : T^M T^M ® V^, D^Qv ^ {v, S^Qv). 
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We call the tame linear map 

S^Q : T,M V„ 

the vertical derivative of Q at tr. 

Consider a second tame Frechet manifold V and a tame smooth map 

such that Qo P We say that P parameterizes the zeros of Q around ctq — P{'''o), if f^o has an open 
neighborhood U, such that for every a G U with Q{<j) — 0, there exists t G V such that P{t) = a. The 
infinitesimal version of this condition is exactness at r = tq of tame linear the complex: 

T.T'^Tpf.jA^'^-n^VpM, rev. (A.4) 

We state now the Nash-Moser Exactness Theorem from [35]. 

Theorem A. 2. 2. Assume that the linear complex is tame exact, i.e. there exist smooth tame vector 

bundle maps 

TV P*{TM) P*{V), 

such that 

DrP O VrPv + VrQ O 5p(r)Qv = V, 

for all T G V and v G Tp(-^-)A^. Then P parameterizes locally the zeros of Q. More precisely, for every 
tq e V , there exists an open neighborhood U d Ai of ctq :— P{tq), and a smooth tame map S : U V , 
such that S'(cro) = ci'fT'd for every a £ U that satisfies Q{(j) = 0, we have that 

a^PiSia)). 

In order to apply this result, one needs to find the operators VrP and VrQ, for every t £V . Potentially, 
this means solving infinitely many equations. Nonetheless, for our application to foliations (and in general 
in rigidity problems coming from geometry) this problem simplifies. To explain this, consider an equation 

Q{<j) = 

that is equivariant with respect to the action of a group Q, and fix a solution (Tq- The corresponding 
rigidity problem is to determine whether the orbit Qoq is a neighborhood of ap in Q~^{Q). If this happens, 
we call (To rigid. 

We put this abstract rigidity problem in the setting of the theorem. Consider the following objects: 

• V ^ M. a. tame Frechet vector bundle, 

• Q a, tame Frechet Lie group, 

• a tame smooth action of Q by vector bundle maps on V — > A^, 

• Q : — > V a tame smooth C/-equivariant section, 

• CTo G a zero of Q. 

Denote the smooth tame map parameterizing the orbit of ctq by 

P-.g^M, P{g):^gaQ. 

Rigidity of ctq is equivalent to Q^^(O) being parameterized by P around ctq. 
Consider the linear complex at the unit e Cz G 

T^G^T^.m'^V,,, (A.5) 
and let us assume that it is tame exact, i.e. there are tame linear maps 
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such that 

DePoVePv + VeQo6„„Qv = v, VveT^.M- (A.7) 

Let Ig denote the left translation by g on Q and /ig denote the action of g on and V. Since P{g) = lg{(yo) 
and since Q is equi variant, we have that 

DgP = Da„flg O DeP O DJg-l, SgaoQ = ^'cT,, A^S " ^(To Q " -DfTf, Mg " 1 ' 

Consider the smooth tame vector bundle maps 

rg ^ P*{TM) ^ P*(V), 

VgP := DgZg o VeP o D^„Hg-i, VgQ := D^^fig o V^Q o D^^^Xg-i. 
The above properties imply that these maps satisfy 

DgP O VgPV + VgQ O Sg„„QV = V, 

for all g e and v € Tgcro-^- So, as in [39], we obtain: 

Corollary A. 2. 3. // there are tame linear maps as in IIA.6\) . satisfying |^.7| j, then is rigid. More 
precisely, there exists an open neighborhood U d Ai of ao and a smooth tame map S : U ^ Q , such that 
S{ao) = e and such that, for a € U, the following implication holds 

Q(cr)=0 ^ a^S{a)aQ. 

A. 2. 3 Proof of Theorem IA.2.11 
The Grassmannian 

We start with some facts from linear algebra. Let y be a vector space, and denote the fc-th Grassmannian 
of V by Gr(fc, V). A point in Gr(/c, V) is a /c-dimensional subspaces W of V. We claim that the tangent 
space of Gr(fc, V) at W can be canonically identified with 

TwiGT{k,V)) ^W* (g)V/W, WeGT{k,V). (A.8) 

To see this, note that Gr(fc, V) is a homogenous Gl(y)-space and that the stabilizer of W has Lie algebra 

gl(W,V) = {Ae gliV)\AiW) c W}. 

Since g[(y)/0[(Ty, V) = W* (g) V/W, (jA.Sp follows from the short exact sequence induced by the action 

bKW, V) Ql{V) Tw{Gr{k, V)) 0. 

Rigidity of foliations 

For a compact manifold M, denote the k-th Grassmannian bundle by 

Grfe(M) M, Grfc(M), := Gr(A:, T,M), x £ M. 

A section of Grfc(M) is a called a distribution of rank k, i.e. a subbundle of TAI of rank k. By the 
discussion in subsection IA.2.2[ the space of distributions is a tame Frechet manifold, which we denote by 

M := r(Grfe(M)). 

Denote the normal bundle of B e by 

i^B ■■= TM/B. 

The description of the tangent bundle from subsection lA. 2. 21 and formula (|A.8|) . allow us to identify 

TbM = n\B, vb) := T{B* ® vb). 
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Explicitly, let be a family of distributions, with Bq = B and consider a family 0^ € r{Gl{TM)) of 
automorphisms of TM, such that 

flo = Id, a^{B) = B^. 
Then the 1-form ij E ^^{B, vb) corresponding to the tangent vector 

^ Be e TbM 

ae|e=o 

is given by 

r]{X) := {ao{X) mod B) E vb, X E B. 

By the Frobenius theorem, a distribution is the tangent bundle of a foliation if and only if it is involutive. 
To put this condition in our setting, consider the tame Frechet vector bundle over 

V ^M, Vb ■.= n^iB,iyB)- 

This vector bundle has a canonical section which measures integrability 

Q:M^V, 

QBiX,Y) := i[X,Y] mod B) E r(i/s), X,Y E T{B). 

That Qs is C°°(M)-linear follows from the Leibniz rule. The zeros of Q is the space of foliations on M. 
The tame Frechet Lie group 

g := Diff(M) 

has a smooth tame action on V — ;> A^. For cp E G, B E M and u E Vb, the action is defined as follows 

'P*{B)^(x) ■■^d^ipiB^), (p^{uj){X,Y) := dip o uj{dip^'^{X),dip^'^(Y)), 
for X,Y E T{ipt,{B)), where dip denotes the isomorphism induced between 

dxip ■■ VB^ ^ ^v>,{B)^M- 

The section Q is equivariant with respect to the action. 

Let be a foliation on M and denote its tangent bundle by 

Bjr = TTEM. 

As before, we consider the map 

p-.g^M, p{ip) ■.= MB^)- 

We compute now the linear complex. 
Lemma A. 2. 4. The linear complex 1^4.5)) is isomorphic to: 

x(M) ^riM^l), n\Br,.^) ^^^^ n\B^,.^). (a.9) 

Proof. First, note that we have a canonical identification 

X(M) ^ T,g, X^^ ip'x, 
de|c=o 

where 1^9 3^ denotes the flow of X. 

Fix X E X(Af), and consider E T{Gl{TM)) such that 

ao = Id, a^{Bjr) = ipx^^XBjr). 

For Y E r{Bjr), let E T{Bjr) denote the smooth family defined by 
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Clearly Yq = Y. Taking the derivative at e = 0, we obtain that 

-[X,Y]=ao{Y) + Yo. 
Since Yq G T{Bjr), we obtain the first map of the complex: 

DeP{X){Y) = (do(r) mod B^) = {[Y,X] mod B^) = 

^S/y[X] = dA[X]){Y), 

where [X] := {X mod Bjr) € r(i/_7r) and we used the differential djr corresponding to the Bott connection 
V on i/jr (see subsection l3.3.1l) . 

We compute now Sbj^Q- Consider ry e Tb^M and let B^ be a smooth path in Ai with Bq = Bj- 
and Bq = rj. To compute Sbj^Q{'>])j '^^ must trivialize V along B^. For this, choose a smooth family 
a, e tIgI{TM)), such that 

oo = Id, a^{B) = B^. 

A trivialization is given by the map 

A, : Vb, ^ Vb^, A,{uj){X,Y) := {a,)-^ o u:{a,{X),a,{X)), 
for X, y G r(_Bjr), where denotes the induced isomorphism 

a^-.vjr^ vb, ■ 

For X, y G r(i3_7r), we compute 

5b^Q{ii){X, Y) = ^ {[a,)-^ o Qs, (a,(X), ae(X))) = 
de |e=o 

= ^1 _^ (ar' ° K(^),ae(^)]) mod = 

= {-Iiq{[X,Y]) + [X,ao(i")] + [ao{X),Y]) mod = 
= -rj{[X, Y]) + Vx(ry(y)) + Vy{v{X)) = i")- 

This identifies also the second map in the complex. □ 

As in [39], we obtain the following result. 

Theorem A. 2. 5. Let Ad he a compact manifold with a foliation J- of rank k. Assume that H^{J- ,vjr) 
vanishes tamely, in the sense that there are tame linear maps 

satisfying 

djr o hi{ri) + /i2 o djr{rj) ^ ri, y rj e 9}{TF, vjr). 
Then J- is rigid. More precisely, there is a smooth tame map 

S-.Ud r{Grk{M)) Diff{M), 

where U is an open neighborhood ofTJ- in the space of all rank k distributions on M, such that S{TJ-) ~ 
Idj\/, and for every foliation T , with TT G U , we have that :— S(TT) is an isomorphism of foliated 
manifolds 

ip:{M,T)^{M,T). 
Proof. Using a metric on Af, we obtain a tame linear splitting 

L : r{i^jr) ^ X{M) 

of the exact sequence 

— ^ r(B^) X{M) — > r(iy^) 0. 
The tame linear homotopy operators for the complex (IA.9I) are given by: 

X(M) n'iTF,^^) ^ n\TT,vr). 
Therefore, Corollary (jA.2.3p concludes the proof. □ 
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Hausdorff foliations 

In order to put the HausdorfFness condition on MjT in the framework of Lie algebroids/groupoids, we 
prove a weU- known resuh (yet difficuh to extract from the hterature) . 

Lemma A. 2. 6. Let T he a foliation on a compact connected manifold M. The condition that T is 
Hausdorff is equivalent to the holonomy groupoid 

Hol(J-) =1 M, 

being Hausdorff and proper. In this case, the generic leaf of T is diffeomorphic to any s-fiber o/Hol(J^). 

Proof. Assume first that Hol(J^) is Hausdorff and proper. Since M is compact, this imphes compactness 
of Ho^J-"). In particular, its s-fibers are compact and its isotropy groups are finite. Since the s-fibers are 
the holonomy covers of the leaves, it follows that the leaves are compact, and since the isotropy groups are 
the holonomy groups, it follows that the Local Reeb Stability Theorem 13.2.11 applies. We conclude that 
every leaf S has a saturated open neighborhood U of the form 

{U,Tiu) = {S xuoi^iy,,TN), (A.IO) 

where S is the holonomy cover of S and is endowed with the linear holonomy action of Hol^; . The leaves 
of J^N are of the form 

Sy = S XHoU H01j;U = S/Ry, V ^V^, 

where II„ C HoU is the stabilizer of v. Since HoU is finite and it acts faithfully on the set of points 
V, with H„ = {e} is open and dense in Vx- This follows by presenting its complement as a finite union of 
proper vector subspaces 

geHoU\{e} 

This implies the fact that the generic leaf of F\u is diffeomorphic to S, the s-fiber of Y{o\{F)\u. Since M 
is connected, this also provides a proof for the fact that M has a generic leaf which is a finite cover for 
any other leaf. 

Let Br be the open ball in Vx of radius r centered at the origin with respect to a IIolj;-invariant inner 
product on and let J/^ C ?7 be the open corresponding to S" x hoI^ ■ If S' is a second leaf, denote by 
U'r the corresponding opens around S' . Since 5* and S' are compact, there exist r, s > small enough, 
such that UrC\U g = 0. Hence Ur/J' and U'^/ F are opens in MjT separating the images of S and S' . This 
shows that Mj T is Hausdorff. 

Conversely, assume that MjT is Hausdorff. In particular, the points in MjT are closed, therefore, 
the leaves of T are closed. By compactness of Af, the leaves are also compact. Now, Hausdorffness and 
compact leaves imply that all holonomy groups are finite, for this see Theorems 4.1 and 4.2 in |29j. Hence, 
around every leaf S', the local model (jA.10|) holds on some open [/. Using the description of the holonomy 
groupoid of such foliations from subsection 13.4.31 and that Hol^, acts linearly and faithfully on , we see 
that the holonomy groupoid of U is isomorphic to 

^A.q\(T\u) '^(Sy.Vx-x Vx)IRo\x. 

In particular it is Hausdorff and proper. Since IJ is invariant, we have that 

HoKJ-^;) =Hol(J-)|y. 

This implies that Hol(J-") is proper: a sequence gn in Hol(J^), such that {s{gn), t{gn)) converges to {x, y) G 
S X S, will belong to Hol(J^)|(7, for n big enough, thus it contains a convergent subsequence. Hausdorffness 
also follows: if g ^ g' are arrows over the leaves S and S' respectively, then, if 5 = S" then g and g' can be 
separated in Hol(J^)|(7, and if 7^ S", by Hausdorffness of MjT , we can find opens neighborhoods 5 C F 
and S' C V such that V = %, and then Hol(J^)|y and Hol(J")|y/ separate g and g' . □ 
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Proof of Theorem IA.2.11 

Since T is HausdorfF and M is compact, the lemma above implies that Hol(J^) is Hausdorff, proper and 
that its s- fibers are compact and have vanishing fl^ . Now, the parallel transport of the Bott connection 
(see section [3T2|) defines an action of Hol(J^) on the normal bundle vjr^ and this action integrates the Bott 
representation of TT . Thus, we may apply the Tame Vanishing Lemma to construct tame homotopy 
operators for the complex {il'{TT,i'jr),djr) in degree one. Theorem I A . 2 . 5 1 concludes the proof. 



177 



178 



Bibliography 



[1] R. Almeida, P. Molino, Suites d'Atiyah et feuilletages transversalement complets, 
C. R. Acad. Sci. Paris 300 (1985), 13-15. 

[2] C. Arias Abad, M. Crainic, B. Dhcrin, Tensor products of representations up to homotopy, J. Homo- 
topy Relat. Struct. 6 (2011), no. 2, 239-288. 

[3] A. Borcl. Sur la cohomologic dcs cspaccs fibres principaux et des espaces homogenes de groupes de 
Lie compacts, Ann. of Math. (2) 57, (1953), 115-207. 

[4] R. Bott, L. Tu, Differential forms in algebraic topology, Graduate Texts in Mathematics, 82, Springer- 
Verlag, New York-Berlin, 1982. 

[5] O. Brahic, R.L. Fernandes, Poisson fibrations and fibered symplectic groupoids, Poisson geometry in 
mathematics and physics, Contemp. Math., 450 (2008), 41-59. 

[6] H. Bursztyn, V. Dolgushev, S. Waldmann, Morita equivalence and characteristic classes of star prod- 
ucts, J. Reine Angew. Math. 662 (2012), 95-163. 

[7] H. Bursztyn, O. Radko, Gauge equivalence of Dirac structures and symplectic groupoids, 
Ann. Inst. Founer (Grenoble) 53 (2003), no. 1, 309-337. 

[8] A. Cattanco, G. Folder, Poisson sigma models and symplectic groupoids. Quantization of singular 
symplectic quotients, 61-93, Progr. Math., 198, Birkhauser, Basel, 2001. 

[9] A. Cattaneo, P. Xu, Integration of twisted Poisson structures, J. Geom. Phys. 49 (2004) 187-196. 

[10] J. Conn, Normal forms for smooth Poisson structures. Annals of Math. 121 (1985), 565-593. 

[11] A. Costc, P. Dazord, A. Weinstein, Groupoides symplectiques, Publ. Dep. Math. Nouvelle Ser. A2 
(1987), 1-62. 

[12] T. Courant, Dirac manifolds. Trans. Amer. Math. Soc. 319 (1990), no. 2, 631-661. 

[13] M. Crainic, DifFerentiable and algcbroid cohomology, van Est isomorphisms, and characteristic classes. 
Comment. Math. Helv. 78 (2003), no. 4, 681-721. 

[14] M. Crainic, R.L. Fernandes, Integrability of Lie brackets, Ann. of Math. (2) 157 (2003), 575-620. 

[15] M. Crainic, R.L. Fernandes, Integrability of Poisson brackets, J. Diff. Geom. 66 (2004), 71-137. 

[16] M. Crainic, R.L. Fernandes, Rigidity and flexibility in Poisson geometry, Trav. Math. XVI, Univ. 
Luxemb. (2005), 53-68. 

[17] M. Crainic, R.L. Fernandes, Stability of symplectic leaves, Inv. Math. 180 (2010), no.3, 481-533. 

[18] M. Crainic, R.L. Fernandes, A geometric approach to Conn's Linearization Theorem, Ann. of 
Math. (2) 173 (2011), no.2, 1121-1139. 

[19] M. Crainic, I. Marcut, On the existence of symplectic realizations, J. Symplectic Geom. 9, (2011), 
no. 4, 435-444. 

179 



Bibliography 



[20] M. Crainic, I. Marcut, A normal form theorem around symplectic leaves, J. Differential Geom. 92 
(2012), no. 3, 417-461. 

[21] M. Crainic, I. Struchiner, On the linearization theorem for proper Lie groupoids. !! arXiv:1103.5245k fl. 

[22] B. L. Davis, A. Wade, Nonlinearizability of certain Poisson structures near a symplectic leaf, Trav. 
Math., XVI (2005), 69-85. 

[23] N. Desolneux-Moulis, Linarisation de certaines structures de Poisson de classe C°° . Seminaire de 
geometrie, 1985-1986, 55-68, Puhl. Dep. Math. Nouvelle Ser. B, 86-4, Univ. Claude-Bernard, Lyon, 
1986. 

[24] J. Dixmier, Enveloping algebras, Graduate Studies in Mathematics, 11. American Mathematical So- 
ciety, Providence, RI, 1996. 

[25] J. P. Dufour, N.T. Zung, Poisson structures and their normal forms, Progress in Mathematics, 242, 
Birkhauser Verlag, Basel, 2005. 

[26] J.J. Duistermaat, G.J. Heckman, On the variation in the cohomology of the symplectic form of the 
reduced phase space, Inv. Math. 69 (1982), no. 2, 259-268. 

[27] J.J. Duistermaat, J. Kolk, Lie groups, Universitext, Springer- Verlag Berlin, 2000. 

[28] D.B.A. Epstein, H. Rosenberg, Stability of compact foliations, Geometry and topology (Rio de Janeiro, 
1976), Lecture Notes in Math. 597, (1977), 151-160. 

[29] D.B.A. Epstein, Foliations with all leaves compact, Ann. Inst. Fourier 26, (1976), no. 1, viii, 265-282. 

[30] R.L. Fernandes, Connections in Poisson geometry. I. Holonomy and invariants, J. Diff. Geom. 54 
(2000), no. 2, 303-365. 

[31] R.L. Fernandes, J. P. Ortega, T. Ratiu, The momentum map in Poisson geometry, Amer. J. Math.131 
(2009), no. 5, 1261-1310. 

[32] P. B. Gilkey, Invariance theory, the heat equation, and the Atiyah-Singer index theorem. Mathematics 
Lecture Series, 11, Publish or Perish, Inc., Wilmington, DE, 1984. 

[33] M.J. Gotay, R. Lashof, J. Sniatycki, A. Weinstein, Closed forms on symplectic fibre bundles, Com- 
mentarii Mathematici Helvetici, 58 (1983), Issue 1, 617-621. 

[34] V. Guillemin, E. Lerman, S. Sternberg, Symplectic fibrations and multiplicity diagrams, Cambridge 
University Press, 1996. 

[35] V. Guillemin, S. Sternberg, Symplectic techniques in physics, Cambridge University Press, 1984. 

[36] A. Haefliger, Differential cohomology Differential topology (Varenna, 1976), pp. 19-70, Liguori, Naples, 
1979. 

[37] R. Hamilton, The inverse function theorem of Nash and Moser, Bull. Amer. Math. Soc. (N.S.)7 (1982), 
no. 1, 65-222. 

[38] R. Hamilton, Deformation of complex structures on manifolds with boundary. I. The stable case, 
J. Diff. Geom. 12 (1977), no. 1, 1-45. 

[39] R. Hamilton, Deformation theory of foliations. 

[40] G. Hochschild, J-P. Serre, Cohomology of Lie Algebras, Ann. of Math. (2) 57 (1953), 591-603. 

[41] J. P. Serre Lie algebras and Lie groups. Lectures given at Harvard University, 1964 W. A. Benjamin, 
Inc., New York- Amsterdam 1965. 

[42] J.E. Humphreys, Introduction to Lie algebras and representation theory. Graduate Texts in Mathe- 
matics, Vol. 9. Springer- Verlag, New York-Berlin, 1972. 

180 



Bibliography 



[43] V.M. Itskov, M. Karasev, Yu.M. Vorobjev, Infinitesimal Poisson cohomology, Amer. Math. Soc. 
Transl. (2), Vol. 187, (1998), 327-360. 

[44] M.V. Karasev, Analogues of objects of the theory of Lie groups for nonlinear Poisson brackets, 
Math. USSR-Izv. 28 (1987), 497-527. 

[45] A. Kumpera, D. Spencer, Lie equations. Vol. I: General theory^ Annals of Mathematics Studies, No. 
73. Princeton University Press, Princeton, N.J. (1972). 

[46] A. W. Knapp, Lie groups beyond an introduction^ Second edition. Progress in Mathematics, 140. 
Birkhauser Boston, Inc., Boston, MA, 2002. 

[47] S. Lang, Introduction to dijferentiable manifolds, Interscience Publishers, New York-London 1962. 

[48] Z.-J. Liu, A. Weinstein, P. Xu, Manin triples for Lie bialgebroids, J. Differential Geom. 45 (1997), 
no. 3, 547-574. 

[49] K. Mackenzie, Integrability obstructions for extensions of Lie algebroids, Gahiers Topologie Geom. 
Differentielle Categ. 28 (1987), no. 1, 29-52. 

[50] K. Mackenzie, Lie groupoids and Lie algebroids in differential geometry, London Math. Soc. Lecture 
Note Ser. 124, Cambridge Univ. Press 1987. 

[51] K. Mackenzie, General theory of Lie groupoids and Lie algebroids, London Math. Soc. Lecture Note 
Ser. 213. Cambridge Univ. Press, 2005. 

[52] K. Mackenzie, P. Xu, Integration of Lie bialgebroids. Topology, 39 (2000), no. 3, 445-467. 

[53] I. Marcut, Formal equivalence of Poisson structures around Poisson submanifolds. Pacific J. Math. 
255 (2012), no. 2, 439-461. 

[54] I. Marcut, Deformations of the Lie- Poisson sphere of a compact semisimple Lie algebra, 
ar Xiv:1208.2298. 

[55] I. Marcut, Rigidity around Poisson submanifolds. ' arXiv:1208.2297l 

[56] E. Miranda, P. Monnier, N. T. Zung, Rigidity of Hamiltonian actions on Poisson manifolds, Adv. 
Math. 229 (2012), no. 2, 1136-1179. 

[57] I. Moerdijk, G. Reyes, Models for smooth infinitesimal analysis, Springer- Verlag, New York, 1991. 

[58] I. Moerdijk, J. Mrcun, Introduction to foliations and Lie groupoids, Cambridge Studies in Advanced 
Mathematics, 91. Cambridge University Press, 2003. 

[59] P. Monnier, N. T. Zung, Levi decomposition for smooth Poisson structures, J. Differential Geom. 68 
(2004), no. 2, 347-395. 

[60] R. Montgomery, The Bundle Picture in Mechanics, PhD Thesis, UC Berkeley 1986, available at 
|http: / / count.ucsc.edu/~rmont / papers/thesis.pdf 

[61] S. Papadima, Rigidity properties of compact Lie groups modulo maximal tori. Math. Ann. 275 (1986), 
no. 4, 637-652. 

[62] M. J. Pflaum, H. Posthuma, X. Tang, Geometry of orbit spaces of proper Lie groupoids 
arXiv:1101.0180if3. 

[63] P. Severa, A. Weinstein, Poisson geometry with a 3-form background Progr. Theoret. Phys. Suppl. 
144 (2001), 145-154. 

[64] O. Radko, A classification of topologically stable Poisson structures on a compact oriented surface, J. 
Symplectic Geom. 1 (2002), no. 3, 523-542. 

[65] G. W. Schwarz, Smooth functions invariant under the action of a compact Lie group. Topology 14 
(1975), 63-68. 

181 



[66] M. Spivak, A Comprehensive Introduction to Differential Geometry, Vol. 1, 3rd Edition Publish or 
Perish, Inc. Houston. Texas 1999. 

[67] I. Vaisman, Lectures on the geometry of Poisson manifolds, Progress in Mathematics, 118. Birkhauser 
Verlag, Basel, (1994). 

[68] Y. Vorobjev, Coupling tensors and Poisson geometry near a single symplectic leaf, Banach Center 
Publ. 54 (2001), 249-274. 

[69] Y. Vorobjev, Poisson equivalence over a symplectic leaf. Quantum algebras and Poisson geometry in 
mathematical physics, Amer. Math. Soc. Transl. Ser. 2, 216 (2005), 241-277. 

[70] A. Wade, Poisson fiber bundles and coupling Dirac structures, Ann. Global Anal. Geom. 33 (2008), 
207-217. 

[71] F. W. Warner, Foundations of differentiable manifolds and Lie groups, Graduate Texts in Mathemat- 
ics, 94. Springer- Verlag, New York-Berlin, 1983. 

[72] A. Weinstein, The local structure of Poisson manifolds, J. Diff. Ceom. 18 (1983), 523-557, Errata 
and addenda, J. Differential Geom. 22 (1985), 255. 

[73] A. Weinstein, Poisson geometry of the principal series and nonlinearizable structures, J. Diff. Geom. 
25 (1987), no.l, 55-73. 

[74] A. Weinstein, P. Xu, Extensions of symplectic groupoids and quantization, J. Reine Angew. Math., 
417 (1991), 159-189. 

[75] A. Weinstein, Lagrangian mechanics and groupoids. Fields Inst. Commun., 7, (1996), 207-231. 

[76] A. Weinstein, Linearization of regular proper groupoids, J. Inst. Math. Jussieu 1 (2002), no. 3, 493- 
511. 

[77] M. Zambon, Submanifolds in Poisson geometry: a survey. Complex and differential geometry, Springer 
Proc. Math., 8 (2011), 403-420. 

[78] N.T. Zung, Proper Groupoids and Momentum Maps: Linearization, Affinity and Convexity, Ann. Sci. 
Ec. Norm. Super., Ser. 4, 39 (2006), no.5, 841-869. 



182 



Samenvatting 



Dit proefschrift presenteert een aantal nieuwe resultaten in het vakgebied Poisson-meetkunde. Het gaat 

hoofdzakelijk om cen normaalvormstelling ('normal form theorem'), een stelling over lokale rigiditeit en 
een expliciete beschrijving van de Poisson-moduli-ruimtes rond Lie-PoissonboUen. Daarnaast bewijzen 
we ook een standaardvormstelling voor symplectische foliaties, een stelling over formele equivalentie rond 
Poissondeelvarieteitcn en een resultaat over het getemd verdwijnen van Lie-algebroide-cohomologic. We 
geven ook in detail de bewijzen van enkele bekende resultaten: de existentie van symplectische realisaties 
(met een origineel bewijs), Conn's lineariserings-stelling (met enkele vereenvoudigingen) en een resultaat 
van Hamilton over de rigiditeit van foliaties (welke een applicatie is van het getemd verdwijnen van de 
cohomologie) . 

Poissonstructuren leven op differentieerbare varieteiten. Een varieteit van dimensie n is een ruimte 
die rond elk punt lijkt op cen n-dimcnsionale kopie van de Euclidische ruimte R". Zo'n ruimte is differ- 
entieerbaar als er calculus op gcdaan kan worden (vergelijkbaar met calculus in meerdere variabelen op 
R"). Lijnen en cirkels zijn een-dimensionale varieteiten. Twee-dimensionale varieteiten worden ook wel 
oppervlakken genocmd. Voorbccldcn hiervan zijn het vlak, de bolschil (het oppervlak van een bol) en de 
torus (het oppervlak van een donut). 

Symplectische varieteiten zijn de klassieke voorbeelden van Poisson-varieteiten. Een symplectische 
structuur op een varieteit is een gesloten niet-gcdcgenereerde twee-vorm. Symplectische meetkunde hccft 
zijn oorsprong in het Hamilton-formalisme van de klassieke mechanica, waarbij de faseruimtes van bepaalde 
klasieke systemen de structuur aannemen van een symplectische varieteit. Poisson-meetkunde stelt ons 
in staat om op een differentieerbare manier meerdere van zulke systemen samen te voegen. De con- 
figuratieruimte van een object met massa m dat beweegt in een gravitationeel veld is bijvoorbeeld een 
symplectische varieteit. Door deze ruimtes samen te voegen voor alle waarden van m ontstaat er een 
Poissonvariotcit . 

Meetkundig gczicn hccft cen Poissonvarictcit cen canonieke ontbinding in symplectische 
varieteiten van verschillende dimensies, welke symplectische bladeren worden genoemcl. Voor de drie- 
dimensionale Euclidische ruimte MP bestaat er bijvoorbeeld een Poissonstructuur wiens bladeren bestaan 
uit de cocentrische bollen rond de oorsprong (die twee-dimensionaal zijn) en de oorsprong zelf (die nul- 
dimensionaal is). 

Een van de hoofdresultaten van dit proefschrift (Stelling 2) is een standaardvormstelling rond symple- 
cische bladeren. Het generaliseert Conn's stelling vanuit vaste punten (nul-dimensionale bladeren) . In het 
bijzonder geeft de stelling voor bladeren die aan onze hypothese voldoen een expliciete beschrijving van 
alle nabijgelegen bladeren. 

We bewijzen ook een rigiditeitsresultaat (Stelling 4) voor integreerbare Poissonvarieteiten. Een "rigide" 
Poissonvarictcit is er een die in essentie niet vervormd kan worden. Dit betekent dat elke nabijgelegen 
Poissonstructuur gelijk is op een isomorfisme na. Dit resultaat heeft als gevolg een versterking van Stelling 
2. 

Lie-theorie geeft interessante voorbeelden van Poissonvarieteiten. In het bijzonder kan er vanuit een 
compacte semi-simpele Lie algebra een zogenaamde Lie-Poissonbol geconstrueerd worden. Stelling 4 blijkt 
hier een verrassende toepassing te hebben: in Stelling 5 beschrijven we de ruimte van gladde vervormingen 
van de Lie-Poissonstructuur op isomorfisme na. We bewijzen dat de Lie-Poissonbol in feite rigide is: Elke 
nabijgelegen Poissonstructuur is isomorf aan de Lie-Poissonstructuur op een herschaling van de symplec- 
tische vormen op de bladeren na. Dit resultaat is de eerste berekening van een Poisson-moduli-ruimte in 
een dimensie groter dan twee rond een Poissonstructuur die niet symplectisch is. 
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